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ESTIMATES FOR THE SECOND HANKEL–CLIFFORD
TRANSFORM AND TITCHMARSH EQUIVALENCE

THEOREM

Abstract. We obtain estimates of integrals containing the sec-
ond Hankel–Clifford transforms of functions from Sobolev-Hankel–
Clifford spaces. As a corollary, we obtain a new variant of Titch-
marsh equivalence theorem for the second Hankel–Clifford trans-
form.
Key words: second Hankel–Clifford transform, Hankel–Clifford
translation, Sobolev–Hankel–Clifford spaces, Titchmarsh equivalence
theorem
2020 Mathematical Subject Classification: 44A15, 47A10

1. Introduction. Let 𝑓 : RÑ C be in 𝐿1pRq. The Fourier transform
of 𝑓 is defined by

p𝑓p𝑥q “ p2𝜋q´1{2
ż

R
𝑓p𝑡q𝑒´𝑖𝑡𝑥 𝑑𝑡, 𝑥 P R.

If 𝑓 P 𝐿𝑝pRq, 1 ă 𝑝 6 2, then Fourier transform p𝑓p𝑥q is defined as the

limit of p2𝜋q´1{2
𝑏
ş

´𝑎

𝑓p𝑥q𝑒´𝑖𝑡𝑥 𝑑𝑥 in the norm of 𝐿𝑞pRq, 𝑞 “ 𝑝{p𝑝 ´ 1q, as

𝑎, 𝑏Ñ `8.
From the definition it follows that p𝑓 P 𝐿𝑞pRq. The following Hausdorff–

Young inequality

} p𝑓}𝑞 6 𝐶}𝑓}𝑝 :“ 𝐶
´

ż

R

|𝑓p𝑡q|𝑝 𝑑𝑡
¯1{𝑝

, 𝑓 P 𝐿𝑝pRq, 1 ă 𝑝 6 2, (1)

is valid. For 𝑝 “ 𝑞 “ 2, we have the Plancherel equality instead of (1).
More about these results can be found in [14, Ch. III and IV] or [3, Ch. 5].
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In [14, Ch. 4, Theorem 85] the following Titchmarsh equivalence theorem
is proved:

Theorem 1. Let 0 ă 𝛼 ă 1 and 𝑓 P 𝐿2pRq. Then the conditions

(i) }𝑓p¨ ` ℎq ´ 𝑓p¨ ´ ℎq}2 “ 𝑂pℎ𝛼q, ℎ ą 0, and

(ii)
ş

|𝑥|>𝑦

| p𝑓p𝑥q|2 𝑑𝑥 “ 𝑂p𝑦´2𝛼q, 𝑦 ą 0,

are equivalent.

The norm in 𝐿2pRq is translation-invariant and }𝑓p¨`ℎq´𝑓p¨´ℎq}2 “
=}𝑓p¨ ` 2ℎq ´ 𝑓p¨q}2, ℎ ą 0, so the condition (i) may be substituted by
}𝑓p¨ ` 2ℎq ´ 𝑓p¨q}2 “ 𝑂pℎ𝛼q, ℎ ą 0.

Lorentz [8] proved

Theorem 2. If 1 6 𝑝 6 2, 1 > 𝛼 ą 1{𝑝´1{2, and a 2𝜋-periodic function
𝑓 P 𝐿1r0, 2𝜋s with trigonometrical Fourier coefficients 𝑎𝑛, 𝑏𝑛 belongs to
𝐿𝑖𝑝p𝛼q (i.e., |𝑓p𝑥q ´ 𝑓p𝑦q| 6 𝐶|𝑥´ 𝑦|𝛼 for all 𝑥, 𝑦 P R), then

8
ÿ

𝑘“𝑛

p|𝑎𝑘|
𝑝
` |𝑏𝑘|

𝑝
q 6 𝐶𝑛´𝛼𝑝´𝑝{2`1, 𝑛 P N.

Since the proof of Theorem 2 uses the Parseval equality, the condition
𝑓 P 𝐿𝑖𝑝p𝛼q may be replaced by the condition 𝑓 P 𝐿𝑖𝑝p𝛼, 2q (i.e., 𝑓 is

2𝜋-periodic, 𝑓 P 𝐿2r0, 2𝜋s, and
2𝜋
ş

0

|𝑓p𝑥` ℎq ´ 𝑓p𝑥q|2 𝑑𝑥 “ 𝑂pℎ2𝛼q, ℎ ą 0.)

The aim of this paper is to obtain analogues and generalizations of The-
orems 1 and 2 for the second Hankel–Clifford transform. Note that an ana-
logue of Theorem 1 was obtained for the first Hankel–Clifford transform
by El Hamma, Daher, and Mahfoud [4], while estimates of this transform
in terms of corresponding differential operator were proved by Lahmadi
and El Hamma [7], but there are doubts in the last result. A more ele-
mentary estimate for the first Hankel–Clifford transform was obtained by
the author [15, Theorem 3]. Some close results and facts about the second
Hankel–Clifford transform can be found in [16].

2. Definitions. Let 1 6 𝑝 ă 8, 𝜇 > 0, R` “ r0, ` 8q, and
𝐿𝑝𝜇pR`q be the space of all real-valued measurable functions, such that

}𝑓}𝐿𝑝𝜇 “
´8
ş

0

|𝑓p𝑥q|𝑝𝑥𝜇 𝑑𝑥
¯1{𝑝

ă 8. If 𝜒𝐸 is the indicator of a set 𝐸 Ă R`

and 𝑓𝜒𝐸 P 𝐿𝑝𝜇pR`q, then 𝑓 P 𝐿𝑝𝜇p𝐸q.
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The Bessel-Clifford function of the first kind of order 𝜇 > 0 (see,
e.g., [5]) is defined by

𝑐𝜇p𝑥q “
`8
ÿ

𝑘“0

p´1q𝑘𝑥𝑘

𝑘!Γp𝜇` 𝑘 ` 1q
, 𝑥 > 0,

where by Γp𝛼q we have denoted the Euler gamma function. It is known
that 𝑐𝜇p𝑥q is a solution of the differential equation 𝑥𝑦2`p𝜇`1q𝑦1` 𝑦 “ 0.

If 𝑗𝜈p𝑥q is the normalized Bessel function of the first kind and order
𝜈 ą ´1{2, given by

𝑗𝜈p𝑥q “ Γp𝜈 ` 1q
8
ÿ

𝑛“0

p´1q𝑛

𝑛!Γp𝑛` 𝜈 ` 1q
p𝑥{2q2𝑛,

then 𝑐𝜇 and 𝑗𝜇 are connected by

𝑐𝜇p𝑥q “ Γ´1p𝜇` 1q𝑗𝜇p2
?
𝑥q, 𝑥 > 0. (2)

Hayek [6] introduced the second Hankel–Clifford transform for
𝑓 P 𝐿1

𝜇pR`q by

ℎ2,𝜇p𝑓qp𝑦q “
`8
ş

0

𝑐𝜇p𝑦𝑥q𝑓p𝑥q𝑥
𝜇 𝑑𝑥.

By Lemma 2 below and (2), we have |𝑐𝜇p𝑥q| 6 Γ´1p𝜇 ` 1q on R`. As
a corollary, we obtain

}ℎ2,𝜇p𝑓q}𝐿8𝜇 6 Γ´1p𝜇` 1q}𝑓}𝐿1
𝜇
, 𝑓 P 𝐿1

𝜇pR`q. (3)

For 𝜇 > 0, the transform ℎ2,𝜇 extends from 𝐿1
𝜇pR`q X 𝐿2

𝜇pR`q onto
𝐿2
𝜇pR`q and

}ℎ2,𝜇p𝑓q}𝐿2
𝜇
“ }𝑓}𝐿2

𝜇
, 𝑓 P 𝐿2

𝜇pR`q. (4)

This Plancherel-type equality can be found in [6] or in [9]. Using Riesz–
Thorin interpolation theorem (see [2, Ch. 1, Theorem 1.1.1]), we obtain
a Hausdorff–Young type inequality

}ℎ2,𝜇p𝑓q}𝐿𝑞𝜇 6 𝐶}𝑓}𝐿𝑝𝜇 , 𝑓 P 𝐿𝑝𝜇pR`q, (5)

where 1 ă 𝑝 6 2 and 𝑞 “ 𝑝{p𝑝´ 1q as in (1).
Let ∆p𝑥, 𝑦, 𝑧q “ p𝑝p𝑝 ´ 𝑥qp𝑝 ´ 𝑦qp𝑝 ´ 𝑧qq1{2, where 𝑝 “ p𝑥 ` 𝑦 ` 𝑧q{2,

be the area of the triangle with sides 𝑥, 𝑦, 𝑧. For 𝜇 > 0, set
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𝐷𝜇p𝑥, 𝑦, 𝑧q “
∆2𝜇`1p𝑥, 𝑦, 𝑧q

22𝜇p𝑥𝑦𝑧q𝜇Γp𝜇` 1
2
q
?
𝜋
,

when the triangle with sides 𝑥, 𝑦, 𝑧 exists, and 𝐷𝜇p𝑥, 𝑦, 𝑧q “ 0 in other
cases. Then 𝐷𝜇p𝑥, 𝑦, 𝑧q is non-negative and symmetric in 𝑥, 𝑦, 𝑧. In
[12], Prasad, Singh, and Dixit suggested the generalized Hankel–Clifford
translation of 𝑓 P 𝐿1

𝜇pR`q as follows:

𝑇𝑥p𝑓qp𝑦q “

`8
ż

0

𝑓p𝑧q𝐷𝜇p𝑥, 𝑦, 𝑧q𝑧
𝜇𝑑𝑧 , 0 ă 𝑥, 𝑦 ă 8.

Using Lemma 1.3 from [12], we have, for 𝑓 P 𝐿1
𝜇pR`q:

ℎ2,𝜇p𝑇𝑥p𝑓qqp𝑦q “ 𝑐𝜇p𝑥𝑦qℎ2,𝜇p𝑓qp𝑦q, 𝑦 > 0. (6)

By Lemma 2.3 in [16], this result is also valid for 𝑓 P 𝐿𝑝𝜇pR`q, 1 ă 𝑝 6 2,
a.e. on R`.

Now we introduce the difference of order 𝑚 P N with step 𝑡 ą 0 by

∆𝑚
𝑡,𝜇,ℎ𝑐𝑓p𝑥q “ p𝐼 ´ Γp𝜇` 1q𝑇𝑡q

𝑚𝑓p𝑥q “
𝑚
ÿ

𝑖“0

p´1q𝑖
ˆ

𝑚

𝑖

˙

Γ𝑖p𝜇` 1q𝑇 𝑖𝑡 𝑓p𝑥q,

where 𝐼 is the identical operator, and the modulus of smoothness of order
𝑚 in 𝐿𝑝𝜇pR`q, 1 6 𝑝 ă 8, by

𝜔𝑚p𝑓, 𝛿q𝑝,𝜇,ℎ𝑐 “ sup
06𝑡6𝛿

}∆𝑚
𝑡,𝜇,ℎ𝑐𝑓}𝐿𝑝𝜇 .

Due to Lemma 1, for 1 6 𝑝 ă 8, 𝜇 > 0, and 𝛿 > 0, we have
𝜔𝑚p𝑓, 𝛿q𝑝,𝜇,ℎ𝑐 6 𝐶}𝑓}𝐿𝑝𝜇 .

Let 𝑆p0,`8q be the set of all infinitely differentiable functions 𝜓p𝑥q
defined on p0,`8q, such that

𝜌𝑚.𝑘p𝜓q “ sup
0ă𝑥ă8

|𝑥𝑚𝜓p𝑘qp𝑥q| ă 8

for all 𝑚, 𝑘 P Z`. In [9] it is proved that ℎ2,𝜇 is an automorphism of
𝑆p0,`8q. Also, in [9, Proposition 6] it is established that for differential
operator 𝐵𝜇p𝜓q “ 𝑥𝜓2 ` p𝜇` 1q𝜓 and 𝜓 P 𝑆p0,`8q the equality

ℎ2,𝜇p𝐵
𝑖
𝜇p𝜓qqp𝑦q “ p´𝑦q

𝑖ℎ2,𝜇p𝜓qp𝑦q, 𝑦 ą 0, 𝑖 P N, (7)
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holds (see also (1.14) in [12]). For 𝜇 > 0, 1 6 𝑝 ă 8, and 𝑚 P N, we
define the Sobolev space 𝑊𝑚

𝑝,𝜇pR`q consisting of 𝑓 P 𝐿𝑝𝜇pR`q, such that 𝑓 ,
𝑓 1, . . . , 𝑓 p2𝑚´1q are absolutely continuous on each segment from p0,`8q
and 𝐵𝑖

𝜇p𝑓q P 𝐿
𝑝
𝜇pR`q, 𝑖 “ 1, 2, . . . ,𝑚.

Also, we can consider the space 𝑆𝑒pR`q as the space of 𝜙𝑋r0,`8q, where
𝜙 are even Schwartz functions. Then 𝑆𝑒pR`q Ă 𝑆p0,8q and 𝑆𝑒pR`q is
dense in all 𝐿𝑝𝜇pR`q, 1 6 𝑝 ă 8. Using the usual density arguments, we
state that (7) is valid for 𝜓 P 𝑊𝑚

𝑝,𝜇pR`q and 𝑖 “ 1, 2, . . . ,𝑚.
Denote by Φ the set of continuous and increasing on R` “ r0,8q

functions 𝜔, such that 𝜔p0q “ 0. If 𝜔 P Φ and
𝛿
ş

0

𝑡´1𝜔p𝑡q 𝑑𝑡 “ 𝑂p𝜔p𝛿qq,

𝛿 > 0, then 𝜔 belongs to the Bary class𝐵; if 𝜔 P Φ and 𝛿𝑚
8
ş

𝛿

𝑡´𝑚´1𝜔p𝑡q 𝑑𝑡 “

= 𝑂p𝜔p𝛿qq for some 𝑚 ą 0 and all 𝛿 ą 0, then 𝜔 belongs to the Bary-
Stechkin class 𝐵𝑚 (see [1]). We say that 𝜔 P Φ satisfies the ∆2-condition
(𝜔 P ∆2), if 𝜔p2𝑥q 6 𝐶𝜔p𝑥q, 𝑥 P R`.

3. Auxiliary propositions.

Lemma 1. Let 1 6 𝑝 ă 8, 𝜇 > 0, 𝑓 P 𝐿𝑝𝜇pR`q. Then

}Γp𝜇` 1q𝑇𝑡𝑓}𝐿𝑝𝜇 6 }𝑓}𝐿𝑝𝜇 .

The proof of Lemma 1 belongs to Prasad and Singh [13, Lemma 1.1].

Lemma 2. Let 𝜇 > 0. Then

(i) |𝑗𝜇p𝑥q| 6 1 for 𝑥 > 0 and 𝑗𝜇p𝑥q ă 1 for 𝑥 ą 0;
(ii) 1´ 𝑗𝜇p𝑥q > 𝐶 ą 0 for 𝑥 > 1;
(iii) the double inequality 𝐶1𝑥

2 6 1 ´ 𝑗𝜇p𝑥q 6 𝐶2𝑥
2 is valid for some

𝐶2 ą 𝐶1 ą 0 and all 𝑥 P r0, 1s.

Proof. For (i) and (ii), see papers by Platonov [11] and [10, Lemma 3.3].
The assertion of (iii) see, e.g., in [17]. l

From (6), (7), (2), and using induction, we deduce

Lemma 3. Let 1 6 𝑝 6 2, 𝜇 > 0, 𝑓 P 𝐿𝑝𝜇pR`q, 𝑚 P N, 𝑡 > 0. Then

ℎ2,𝜇p∆
𝑚
𝑡,𝜇,ℎ𝑐𝑓qp𝑦q “ p1´ 𝑗𝜇p2

?
𝑦𝑡q𝑚ℎ2,𝜇p𝑓qp𝑦q for a.e. 𝑦 P R`.

For 𝑘 P N and 𝑓 P 𝑊 𝑘
𝑝,𝜇pR`q, we have:

ℎ2,𝜇p∆
𝑚
𝑡,𝜇,ℎ𝑐𝐵

𝑘
𝜇p𝑓qqp𝑦q “ p1´ 𝑗𝜇p2

?
𝑦𝑡q𝑚p´𝑦q𝑘ℎ2,𝜇p𝑓qp𝑦q for a.e. 𝑦 P R`.
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Lemma 4 can be found in [16].

Lemma 4. Let 𝜇 > 0, 𝑚 ą 0, 𝜔 P 𝐵𝑚, and 𝐺p𝑡q be a non-negative
measurable function on R`, such that

8
ż

𝑦

𝐺p𝑡q𝑡𝜇 𝑑𝑡 “ 𝑂p𝜔p1{𝑦qq, 𝑦 ą 0.

Then 𝑡𝑚𝐺p𝑡q is integrable on each segment r𝑎, 𝑏s Ă R` and
𝑦
ż

0

𝑡𝑚𝐺p𝑡q𝑡𝜇 𝑑𝑡 “ 𝑂p𝑦𝑚𝜔p1{𝑦qq, 𝑦 ą 0.

Lemma 5 is proved in [1].

Lemma 5. Let 𝜔 P Φ and 𝑚 P N. Then the conditions (i) 𝜔 P 𝐵𝑚; and
(ii) there exists 𝛼 P p0,𝑚q, such that for all 0 ă 𝑢 6 𝑣 ă 8 the inequality
𝜔p𝑣q{𝑣𝑚´𝛼 6 𝐶𝜔p𝑢q{𝑢𝑚´𝛼 holds; are equivalent. In particular, if 𝜔 P 𝐵𝑚,
then 𝜔 satisfies the ∆2-condition.

4. Main results. Theorem 3 is an analogue and an extension of
Theorem 2.

Theorem 3. Let 𝜇 > 0, 1 ă 𝑝 6 2, 1{𝑝 ` 1{𝑞 “ 1, 𝑚 P N, 𝑘 P Z`,
𝑓 P 𝐿𝑝𝜇pR`q for 𝑘 “ 0 or 𝑓 P 𝑊 𝑘

𝑝,𝜇pR`q for 𝑘 P N. If 0 ă 𝑟 6 𝑞 and 𝛼 P R,
then for all 𝑁 ą 0 we have:

8
ż

𝑁

𝑦𝛼|ℎ2,𝜇p𝑓qp𝑦q|
𝑟𝑦𝜇 𝑑𝑦 6 𝐶

8
ż

𝑁{2

𝑡𝛼´𝑘𝑟´p𝜇`1q𝑟{𝑞𝜔𝑟𝑚p𝐵
𝑘
𝜇p𝑓q, 𝑡

´1
q𝑝,𝜇,ℎ𝑐𝑡

𝜇 𝑑𝑡.

Proof. By Lemma 3 and Hausdorff–Young inequality (5), we have
ż

R`
|ℎ2,𝜇p𝑓qp𝑦q|

𝑞𝑦𝑘𝑞p1´ 𝑗𝜇p2
?
𝑦𝑡qq𝑚𝑞𝑦𝜇 𝑑𝑦 6

6 𝐶1}∆
𝑚
𝑡,𝜇,ℎ𝑐𝐵

𝑘
𝜇p𝑓q}

𝑞
𝐿𝑝𝜇

6 𝐶1𝜔
𝑞
𝑚p𝐵

𝑘
𝜇p𝑓q, 𝑡q𝑝,𝜇,ℎ𝑐.

Let 𝑁 ą 0 and 𝐷𝑖 “ r2𝑖𝑁, 2𝑖`1𝑁q, 𝑖 P Z`, 𝑡𝑖 “ 2´𝑖𝑁´1. Then, by
Lemma 2 (ii), we find that

ż

𝐷𝑖

|ℎ2,𝜇p𝑓qp𝑦q|
𝑞𝑦𝜇 𝑑𝑦 6 𝐶2p2

𝑖𝑁q´𝑘𝑞𝜔𝑞𝑚p𝐵
𝑘
𝜇p𝑓q, 𝑡𝑖q𝑝,𝜇,ℎ𝑐.
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By the Hölder inequality, for 0 ă 𝑟 ă 𝑞 we obtain:
ż

𝐷𝑖

𝑦𝛼|ℎ2,𝜇p𝑓qp𝑦q|
𝑟𝑦𝜇 𝑑𝑦 6

´

ż

𝐷𝑖

𝑦𝛼𝑞{p𝑞´𝑟q`𝜇 𝑑𝑦
¯1´𝑟{𝑞´

ż

𝐷𝑖

|ℎ2,𝜇p𝑓qp𝑦q|
𝑞𝑦𝜇 𝑑𝑦

¯𝑟{𝑞

6

6 𝐶3p2
𝑖𝑁q𝛼`p𝜇`1qp1´𝑟{𝑞qp2𝑖𝑁q´𝑘𝑟𝜔𝑟𝑚p𝐵

𝑘
𝜇p𝑓q, 2

´𝑖𝑁´1
q𝑝,𝜇,ℎ𝑐 6

6 𝐶4

2𝑖𝑁
ż

2𝑖´1𝑁

𝜔𝑟𝑚p𝑓, 𝑡
´1
q𝑝,𝜇,ℎ𝑐𝑡

𝛼´𝑘𝑟´p𝜇`1q𝑟{𝑞`𝜇 𝑑𝑡. (8)

For 𝑟 “ 𝑞, we see that
ż

𝐷𝑖

𝑦𝛼|ℎ2,𝜇p𝑓qp𝑦q|
𝑞𝑦𝜇 𝑑𝑦 6 𝐶5p2

𝑖𝑁q𝛼´𝑘𝑞𝜔𝑞𝑚p𝐵
𝑘
𝜇p𝑓q, 2

´𝑖𝑁´1
q𝑝,𝜇,ℎ𝑐 6

6 𝐶6

2𝑖𝑁
ż

2𝑖´1𝑁

𝜔𝑞𝑚p𝐵
𝑘
𝜇p𝑓q, 𝑡

´1
q𝑝,𝜇,ℎ𝑐𝑡

𝛼´𝑘𝑞´1 𝑑𝑡. (9)

Summing up (9) or (8) over 𝑖 “ 0, 1, . . . , we obtain
8
ż

𝑁

𝑦𝛼|ℎ2,𝜇p𝑓qp𝑦q|
𝑟𝑦𝜇 𝑑𝑦 6 𝐶7

8
ż

𝑁{2

𝑡𝛼´𝑘𝑟´p𝜇`1q𝑟{𝑞𝜔𝑟𝑚p𝐵
𝑘
𝜇p𝑓q, 𝑡

´1
q𝑝,𝜇,ℎ𝑐𝑡

𝜇 𝑑𝑡.

l

Corollary 1. Let 1 ă 𝑝 6 2, 𝑞 “ 𝑝{p𝑝 ´ 1q, 𝜔 P ∆2, 𝑚, 𝑘 P N,
𝑓 P 𝑊 𝑘

𝑝,𝜇pR`q and 𝜔𝑚p𝐵𝑘
𝜇p𝑓q,𝛿q𝑝,𝜇,ℎ𝑐 “ 𝑂p𝜔p𝛿qq, 𝛿 > 0. Then

8
ż

𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
𝑞𝑦𝜇 𝑑𝑦 6 𝐶

𝜔p𝑁´1q

𝑁𝑘𝑞
, 𝑁 ą 0. (10)

Proof. By Theorem 3, we have for 𝛼 “ 0 and 𝑟 “ 𝑞:
8
ż

𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
𝑞𝑦𝜇 𝑑𝑦 6 𝐶1𝜔

𝑞
𝑚p𝐵

𝑘
𝜇p𝑓q,2{𝑁q𝑝,𝜇,ℎ𝑐

8
ż

𝑁{2

𝑡´𝑘𝑞´1 𝑑𝑡 6
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6 𝐶2
𝜔p𝑁´1q

𝑁𝑘𝑞
, 𝑁 ą 0,

due to the condition 𝜔 P ∆2. l

Remark. It is interesting to compare Corollary 1 with Theorem 2.1
in [7], where a similar to (10) estimate with ℎ1,𝜇 instead of ℎ2,𝜇 is obtained.
It seems that a factor 𝑁´2𝑘𝑞 in the analogue of (10) in [7] is not proper.

Now we can obtain a variant of Theorem 1 (or Titchmarsh equivalence
theorem).

Theorem 4. Let 𝜇 > 0, 𝑓 P 𝐿2
𝜇pRq, 𝑚 P N and 𝜔2 P 𝐵 X 𝐵2𝑚. Then

the conditions (i) 𝜔𝑚p𝑓,𝛿q𝑝,𝜇,ℎ𝑐 “ 𝑂p𝜔p𝛿qq, 𝛿 > 0;

piiq

8
ż

𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 “ 𝑂p𝜔2

p𝑁´1
qq, 𝑁 ą 0,

and

piiiq

2𝑁
ż

𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 “ 𝑂p𝜔2

p𝑁´1
qq, 𝑁 ą 0,

are equivalent.

Proof. Let (i) be valid. By Theorem 3 in the case 𝛼 “ 𝑘 “ 0, 𝑟 “ 𝑝 “ 2,
we obtain

8
ż

𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 6 𝐶1

8
ż

𝑁{2

𝑡´𝜇´1𝜔2
p𝑡´1q𝑡𝜇 𝑑𝑡 “

“ 𝐶1

2{𝑁
ż

0

𝜔2p𝑡q

𝑡
𝑑𝑡 6 𝐶1𝜔

2
p2{𝑁q 6 𝐶2𝜔

2
p𝑁´1

q,

since 𝜔2 P 𝐵 and, by Lemma 5, 𝜔2 satisfies ∆2-condition. Thus, we prove
piq ñ piiq ñ piiiq.

Conversely, let (iii) be true. Then

8
ż

𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 “

8
ÿ

𝑖“0

2𝑖`1𝑁
ż

2𝑖𝑁

|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 6
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6 𝐶4

8
ÿ

𝑖“0

𝜔2
pp2𝑖𝑁q´1q “ 𝐶4𝜔

2
p𝑁´1

q ` 𝐶4

8
ÿ

𝑖“1

2𝑖𝑁

1{p2𝑖´1𝑁q
ż

1{p2𝑖𝑁q

𝜔2
p𝑡q 𝑑𝑡 6

6 2𝐶4

´

𝜔2
p𝑁´1

q `

8
ÿ

𝑖“1

1{p2𝑖´1𝑁q
ż

1{p2𝑖𝑁q

𝜔2p𝑡q

𝑡
𝑑𝑡
¯

6 𝐶5𝜔
2
p𝑁´1

q, 𝑁 ą 0,

by the condition 𝜔2 P 𝐵, i.e., piiiq ñ piiq.
By Lemma 3 and Plancherel-type equality (4), we have:

}∆𝑚
𝑡,𝜇,ℎ𝑐𝑓}

2
𝐿2
𝜇
“

ż

R`

|ℎ2,𝜇p𝑓qp𝑦q|
2
p1´ 𝑗𝜇p2

?
𝑦𝑡qq2𝑚𝑦𝜇 𝑑𝑦 “

“

´

1{p4𝑡q
ż

0

`

8
ż

1{p4𝑡q

¯

|ℎ2,𝜇p𝑓qp𝑦q|
2
p1´ 𝑗𝜇p2

?
𝑦𝑡qq2𝑚𝑦𝜇 𝑑𝑦 “ 𝐼1p𝑡q ` 𝐼2p𝑡q.

By Lemma 2 (i), Lemma 5, and condition (ii) of the Theorem, we
obtain:

𝐼2p𝑡q 6 22𝑚

8
ż

1{p4𝑡q

|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 6 𝐶6𝜔

2
p4𝑡q 6 𝐶7𝜔

2
p𝑡q. (11)

On the other hand, by Lemma 2 (iii):

𝐼1p𝑡q 6 𝐶7

1{p4𝑡q
ż

0

|ℎ2,𝜇p𝑓qp𝑦q|
2
p𝑦𝑡q2𝑚𝑦𝜇 𝑑𝑦.

But by (11), the condition 𝜔2 P 𝐵2𝑚, and Lemma 4, we find that

1{p4𝑡q
ż

0

𝑦2𝑚|ℎ2,𝜇p𝑓qp𝑦q|
2𝑦𝜇 𝑑𝑦 6 𝐶8p1{p4𝑡qq

2𝑚𝜔2
p4𝑡q

and 𝐼1p𝑡q 6 𝐶9𝜔p𝑡q, 𝑡 ą 0, by Lemma 5. From the last inequality and
(11), we deduce that }∆𝑚

𝑡,𝜇,ℎ𝑐𝑓}𝐿2
𝜇
6 p𝐶7`𝐶9q

1{2𝜔p𝑡q, 𝑡 ą 0, and piiq ñ piq
follows. Theorem 4 is proved. l
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