Probl. Anal. Issues Anal. Vol.13(31), No2, 2024, pp.49-62 49
DOLI: 10.15393/j3.art.2024.15830

UDC 517.58

S. JBELI

A NEW CHARACTERIZATION OF ¢g-CHEBYSHEV
POLYNOMIALS OF THE SECOND KIND

Abstract. In this work, we introduce the notion of U, ,)-classical
orthogonal polynomials, where U, ) is the degree raising shift
operator defined by U,y = x(xHy + q 'Ip) + pHy, where p
is a nonzero free parameter, Ip represents the identity operator
on the space of polynomials P, and H, is the g-derivative one.
We show that the scaled ¢-Chebychev polynomials of the second
kind Un(m, q),n = 0, are the only U, ,-classical orthogonal poly-
nomials.
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1. Introduction. Chebyshev polynomials and their g-analogues are
used in many fields in the mathematics as well as in the physical sciences.
Note that several contributions have been devoted to the g-extension of
the Chebyshev polynomials and their properties [1], [8], [12], [18]. Our ob-
jective in this paper is to characterize the scaled g-Chebyshev polynomials
of the second kind [18] via a raising operator.

Let O be a linear operator, acting on the space of polynomials, that
sends polynomials of degree n to polynomials of degree n + ng, where ng
is a fixed integer (n > 0 if ng = 0 and n > ng if ng < 0). We call a se-
quence {F,}, -, of orthogonal polynomials O-classical if {OP,}, . is also
orthogonal. An orthogonal polynomial sequence {F,}, . is called classical
if {P)},, is also orthogonal. This is the Hahn property (see [10]) for the
classical orthogonal polynomials. In [11], Hahn gave similar characteriza-
tion theorems for orthogonal polynomials P,, such that the polynomials
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D, P, or H,P,(n > 1) are again orthogonal; here D,, is the divided differ-
ence operator and H, is the g-derivative operator given, respectively, by
D, f(z) = f(w+w£—f(w)’ w# 0and H,f(z) = f(qm)—f(x), q#1.

(¢-1)=
In this paper, we consider the raising operator

U = z(xHy + ¢ Ip) + pH,,

where p is a nonzero free parameter and Ip represents the identity op-
erator. We show that the scaled ¢g-Chebyshev polynomial sequence of

the second kind [18], {b‘”ffn(bm)} , where b? = — (qu)_l, is the only
>0

=

Uy, -classical orthogonal polynomial sequence.

Several authors have been interested in the study of the orthogonal
polynomials using the lowering, transfer, and raising operators [2], [3] [5],
1, f6], 14, [17].

The structure of the paper is as follows. In Section 2 , we give some
useful results . In Section 3, we solve the problem. In Section 4, a property
of the scaled ¢-Chebychev polynomials of the second kind is given.

2. Preliminaries. We denote by P the vector space of the polyno-
mials with coefficients in C and by P’ its dual space. The action of u € P’
on f € P is denoted as (u, f). In particular, we denote by (u), :=
{u, 2™y ,m > 0, the moments of u. For instance, for any form w, any
polynomial g, and any (a,c) € (C\{0}) x C, we let Hyu, gu, hou, Du,
(r — ¢)"'u, and 6, be the forms defined as usually ( [15] and [13]) for the
images related to the operator H,

(Hyu, [ = =Cu, Hyf)  {gu, [) = Cu, 9f)  Chau, £) = Cus haf)

(Du, f) = —u, '), {(x =) u, )= (u,0.f), (b, [ = f(o),
where for all f € P andqeﬁzz {ZGC, 2#0,2"#1,n> 1}, [13]

{Hq<f>(x) = [EEL  # 0,
Hy(f)(0) = £(0),

flx) = 1e)

r—cC

(haf)(x) = f(ax), (0.f)(x) =
In particular, this yields

(Hqu)n = _[n]q(u)n—l ;n=0,
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where (u)_1; = 0 and

g—1"
Let {P,},>0 be a sequence of monic polynomials with deg P, =n, n > 0,
(MPS for short) and let {u,},>o be its dual sequence, u, € P’ defined
by {(un,Pn) = 0pm, n,m = 0 [7], [15]. The form u is called regu-
lar if we can associate with it a MPS {P,},>0, such that ( [7], [15])
(uy PoPr) = 10pm, n,m = 0; r, # 0, n > 0. The sequence {P,},>0
is then said to be orthogonal with respect to u (MOPS for short) and
is characterized by the following three-term recurrence relation (Favard’s

theorem) (TTRR for short) |7]:
Po(z) =1, Pi(z) =z — P,

(1)
Popo(z) = (2 — Bpy1) Pov1 () — 1 Pu(z), n 20,

(uzBp) Py
€C, Y1 =0 €C\{0}, n=>0
Gy < ey <O
The shifted MOPS {Pn = a " (haPn) }n>0 is then orthogonal with
respect to 4 = h,-1u and satisfies (1) with [15]

P B ~ Tn+1
Bn_ nu 7%-&-1:%7 n>0

where 3, =

Moreover, the form w is said to be normalized if (u)y = 1. In this paper,
we suppose that any regular form are normalized. In addition, {P,},>0
is a symmetric MOPS if and only if 5, = 0, n > 0 or, equivalently,
(W)ant1 = 0, n = 0 [7], [15]. When u is regular, let ® be a polynomial,
such that ®u = 0, then ® = 0 [15].

Lemma 1. [15], [17] Let {P,},>0 be a MPS and let {u,},>0 be its dual
sequence. For any u € P" and any integer m > 1, the following statements
are equivalent:

(1) <U7Pm—1> # 07 <U,Pn> = Oa n > m
m—1
(ii)) 3, € C, 0 <v <m—1, A\y,_1 # 0 such that u = Z ApUy -
v=0
As a consequence, when the MPS {F,} _ is orthogonal with respect
to u, necessarily, u = uqg.

Proposition 1. [I5] Let {P,},., be a MPS with deg P, = n, n > 0, and
let {uy}, -, be its dual sequence. The following statements are equivalent:
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(i) {Pn},50 is orthogonal with respect to uo;
(i) un = (ug, P2~ Pyug, n > 0;
(iii) {P,},, satisfies the three-term recurrence relation (1).

Let us recall some results in the field of g-theory.

Lemma 2. [9], [13]

Hy(fg) (x) = (hyf) (x) (Heg) () + g(x) (Hof) (), f,9€ P, (2)
H, (fu) (@) = FHyu + (Hysf) by, f € P, ue P, 3)
he (£9) (@) = (haf) (2) (hag) (), f.g e PaeT— {0}, (4)
ho(gu) = (he-19) (hu), g€ P,ue P’ ae C — {0}, (5)
H,oh, =ah,oH, inP, (6)
hy10H;=H, inP. (7)
Now, consider a MPS {F,}, ., as above and let [13]

PM(z;q) := (H,P,y1) (), n >0,

[n+1],
Denote by {UL1 ] (q)}n>0 the dual sequence of {Rgl](-; q)}n>0. The following
equality holds [13]:

Hy (ug](q)) = —[n+1gups1, n
Definition 1. [13] The form ug is said to be H,-classical if it is regular
and there exist two polynomials, ® monic, deg® < 2, and ¥, degV¥ = 1,
such as:

WV

0.

Hy(®(x)uo) + ¥ (x)up = 0,

where the pair (®,V) is admissible, ie., U'(0) — 1®"(0)[n], # 0, n > 1.
The corresponding MOPS {P,}, ., is said to be H,-classical.

Lemma 3. [13] When ug satisfies the equation H, (Pug)+VYug = 0, then
Ug = hg-1ug fulfils the equation

H, ¥ty ) + itp =0,
where ®(z) = a=42®(az), U(z) = a' 98 * U (az).

Proposition 2. [13] For any orthogonal sequence { P}, ., the successive
assertions are equivalent:
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(i) The sequence {P,}, ., is H,-classical.
(ii) The sequence {qul]} is orthogonal.
n=0
(iii) There exist two polynomials, ® monic, deg® < 2, U, degV¥ = 1,
and a sequence {\,}, o, An # 0, n >0, such that

O(z)(HyoH~1 Pyir) () =V (2)(Hy-1 Pogr) () + A Prgi (z) = 0,n > 0.

(8)

Let us recall the g-Chebyshev MOPS of the first kind: {YA}L(.,q)}n}0

orthogonal with respect to 7, and the ¢-Chebyshev MOPS of the second
kind {Un('>Q)}n>o orthogonal with respect to U,. We have [18|:

T T n+1
N =W = e 2 L o)
Hy((2* = 1)T,) —q 2T, =0,

and
qn+2

Uq
’Yn—i-l = (qn+1+1)(qn+2+1)7 n 2 O;

(10)

H,((z*—q YU, + 17‘]73qu =0.

1—q
Denote by {Un(.,q)}wo the MOPS with respect to Z;lq = hq_%l/{q. We
have [18]:

Un(z,q) = q 20U, (q%fc,q) , n>0, (11)
1 1
2 J— = ——— = —_——
(2?2 =1) T, =" h,-1Ua i s (12)
and o
~ q" — 1 -~
- = > 0.
Hy (Torw.0)) = 5 —-Ou(.0), >0 (13)

Finally, denote by {Tn}mo’ {Un}n>0 and {Un}mo respectively, the se-
quences {T5,(, @)}, oo {Un( @)}, and {Un(,, 0)},o,-
3. Main results. Let us introduce the operator
U(q#) :P— P
fr—Uguw(f) = (2 + p) Hy(f) + ¢ ' f.

Definition 2.  The MOPS {P,}, ., is said to be Uq,)-classical if
{u(qw)Pn}mo is also orthogonal.

(14)



54 S. Jbeli

For any MPS {P,}, -, the MPS {Q,},. is defined by

Uigu)Pn

Qnii(z) := m,n >0, (15)

or, equivalently,
[+ 1,Qui(@) = (% + p) Hy (P) (2) + ¢ "ePu(2),n > 0, (16)

with Qo(z) = 1.

It is clear that the operator U, ,) raises the degree of any polyno-
mial. Such operator is called raising operator [14]. By transposition of
the operator U, ), we have:

tu(q,u) = _u(q,u)' (17)

Denote by {u,},-, and {v,},., the dual basis in P’ corresponding to
{Pn},s0 and {Qn},-0, respectively. Then, according to Lemma 1 and
(17), we get the relation

(332 + ,u) H, (Vpi1) + ¢ vy = —¢ ' [n+ 1], u,, n=0. (18)

Assume that {P,},., and {Q,},., are MOPSs satisfying

Py(z) =1, Pi(x) =2~ fo, (19)
Pn+2(x) = (ZL’ - /Bn—i-l) Pn+1(x) - 7n+1Pn(x)7 Vn+1 7 0, n = Oa
Qo(z) =1, Qi(z) =2 — X0, (20)
Qn+2($) = (33 - Xn+1) Qn-i—l(x) - 9n+lQn(x)> 9n+1 #0,n > 0.

Our goal is to describe all the U, ,)-classical orthogonal polynomial se-
quences. Note that it is necessary that p # 0 to ensure the orthogonality
of the sequence {Qn},-,- In fact, if we suppose that y = 0, the rela-
tion (16) becomes, for z = 0, @,+1(0) = 0, n > 0, which contradicts
the orthogonality of {Q,},-,- Indeed, from (20) we have Q,(z) = = and
Q2(z) = (x — x1)x — 61. For z = 0, we obtain §; = 0, which is impossible.

We are going to establish the connection between the two sequences
(P}, g and {Qu),oy:

Proposition 3. The sequences { Py}, ., and {Qn}, - satisfy the follow-
ing relation:

(2 + 1) hgPu(2) = ¢"Qui2(z) + MQni1 () + 0,Qn(x), n = 0,
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where L
)\n = qi [n + 1]q (ﬁn - XTL+1) , I 2 07

On = q_l ([n]q’yn o [n + 1]q9n+1) ,n =0,
with ~y := 0.
Proof. By applying the operator H, to (19) and using (2), we get
Hy(Pasa) () = (05— 1) Hy( Pas) () s Hy(Pa) (&) + Prca(2), 1> 0.
(21)

Multiply equation (21) by x? + p and relation (20) by x. Then take
the sum of these two resulting equations. Next, substituting (16), get

¢ 1+ 3]y Qnis(z) =
= qil[n + 2]y ( = Bns1) Qnaa(z) — qil[n + 1] Y1 @n1 () +
+ (2% + p) hgPoia(z), n > 0.

On account of the recurrence relation (20), we get
("EQ + :“) hqPot1(z)

=" Qnys(x) + ¢ [n+ 2]y (Brs1 — Xn+2) Qnaa(z)+
+ qil ([n + 1]q'Yn+1 —[n+ 2](1 Oni2) Qni1(z), n > 0.

Now, replacing n + 1 by n, we have for all n > 1:

(2 + 1) hPu(2) = ¢"Qna(x) + ¢ [n + g (B — Xns1) Qnr () +
+ qil ([n]q%@ - [n + 1]q 9n+1) Qn(x>7

with the constraint g := 0.
For n = 0, the Proposition 3 gives

Q2(x) + ¢ (Bo — x1) Q(x) = 2 + p+ ¢ o4,

and using the fact that Q;(z) = x, we obtain

2 Bo qau
r)=ua"— xr+ . 22
Qala) =2 = gy M 2
By comparing (20) and (22) for n = 0, we obtain x; = ﬁ—ol and

6, = —2=. O

q+1°
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In the following lemma, we establish an algebraic relation between the
forms uy and vy.

Lemma 4. The forms ug and vy satisfy the relation

hyg ((x2 + ,u)vo) = . f: 7 Uo-

Proof. By virtue of Proposition 3, we get
{(2* + 1) vo, hgPry = 0,n > 1. (23)

Moreover, by (22) we have 2%+ p = Qo+ qﬁ—olQl + 5. Since {Qn},,5, is or-
thogonal with respect to the form vy, and vy is supposed to be normalized,
we obtain:

H H
+— = 24
Q1> g+1 qg+1 (24)

{(@* + p) vo, Py )y = (vo, Q2 + .

On account of Lemma 1, (23), and (24), the desired result holds. []

Using the last lemma, we are going to establish a first-order ¢-difference
equation satisfied by {Qn},,--

Proposition 4. The following relation holds:

Hy (Qnir) (x) = [0+ 1y g7 (hg Pa) (), n = 0. (25)

Proof. Based on Proposition 1, we may write the relation (18) as
(@ + 1) Hy=1 (Que1) () rgvo + ¢ Qe () vo + (2% + 1) Quern () Hy (v0) =
= A\ Po(x)ug, n >0, (26)

where A, := —¢ ![n + 1], (v, Q% 1) (ug, P2)~', n > 0.
Making n = 0 in (26) and using (3), we get:

(Jc2 + ,u) zH, (v9) = — (x2 + u) hqvo — ¢~ 20 + Aouo.
Substituting this relation in (26), for n > 0 we obtain:
(xHy1(Qni1)(x) — Qn+1(l’))($2 + 1)hgvo= (A Py () — AoQny1())uo.

By virtue of Lemma 4, the fact that A\g = —60; = qﬁ—l, and taking into
account the regularity of ugy, we finally get

,qu*I (Qn+l) (J:) = (C] + 1)>‘nPn($)v n = 0.
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The comparison of the degrees in the last equation gives (¢ + 1)\, =
= [n+ 1],~1p, n > 0. Therefore,

Hyt (Quan) (2) = [0+ 1], Pala), n >0,
which is equivalent to
Hy (@ni1) (x) = [0+ 1g g "hePo(2), n = 0.

[

Now we will show that the scaled ¢-Chebyshev polynomial sequence
{b*”Un(bx)}mo, where b = — (qu)~", is the only Uq,)-classical orthog-

onal sequence. In particular, {Un(m)}n>0 is U(y,—1)-classical orthogonal
sequence.

Theorem 1. For any nonzero complex number p and any MPS { P, }
the following statements are equivalent:

n=0’

(i) {Pn},>0 18 Uig-classical.
(ii) There exists be C, b # 0, such that P,(z) = b="U,(bz), n > 0.

Proof. (i) = (ii). Assume that {P,}, ., is U -classical. Then there
exists a monic orthogonal sequence {Q,},, satisfying (16). By applying
vy to (16), we get for n > 0:

<007 q_l[n + 1]an+1(I)> = <UOa <x2 + M)Hq (PTL) + q_len> =0.

The preceding equation can be written as

(H, ((332 + ,u)vo) —q tavy, By =0, n>=0.

Equivalently,
H, ((JU2 + ,u)vo) —q tayy = 0.
The choice a? = —p ! in Lemma 3 gives vy = 7. Then, from (4) and (5),
—U, B
. +01 = 1" he (&% + p)vo) = hg (ha(2® — 1)he—1Ty) =
] 3
= hq ¢) ha—l ((562 - 1)7;) = mh(q—la)—l Uq.

Consequently, uy = hg-14)-1 Uq. Thus, for n > 0

~ ~ —1

Qu(x) = a " Tp(az), Pu(x) = (ag™) "Unlag~'z) = (ag™ ) "Un(ag x).
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The desired result is found by taking b = aq%l; so, b = — (qu) "

(i) = (i). Let b in C, with b # 0, and let P,(z) = b"U,(bx), n > 0.
It is clear that {P,},-, is a MOPS. The sequence {Tn}n>o is H,-classical;
then, according to (8), (9), it satisfies the ¢-diffrence equation

(x2 = 1)(Hy o Hy Ty () — ¢ o (Hy1Tpyr) () = =ApTpia (), n > 0.
From (7), we get
(22 = V) Hy (g (HyToe1) ) (2) + a7 whgs (BT ) (@) =
= —/\nTn_H(ZE), n > 0.
On account of (13), the last equation becomes
[+ 1],(a — 1)H, (hq,lffn) (@) + ¢ Y + 1], @ hyr Un(z) =
= ANTpii(z), n>0.

According to (11), we get

=1 =1
2 2

q2 [n+1],(=z* - 1)H, (hq Un) () +q2 n+ 1]qachq U, (x) =
= —)\nTnH(x), n > 0.
Applying hq% to the previous equation and using (6), we get

)\,
[n+ 1],

—n—1

¢z (qz*— 1)HqUn(:c) + qin{lx Un(x) =

h%TnH(az), n = 0.

Finally, applying h;, to (27) and using (6), we get

For p = —(q%b) % and multiplying (28) by b~", we get

*)\n(bq%)*(”“) )
[ + 1]q (bq%

($2+N)Hq (FPn) (x)"‘q_lx P, (r) =
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Then

1\ —(n+1)
—\n (qu) .

Since {Tn} an orthogonal polynomials sequence, then U, )P, is also an
orthogonal polynomials sequence. Therefore, {Pn}n>0 is U(q,u)-classical. []

4. A property of the scaled ¢-Chebyshev polynomials.

Lemma 5. There exists an endomorphism £ of P into itself, such that
the polynomials P,(x), n > 0, are eigenfunctions. We have:

E(P,) =M P, n=0, (29)
with
A= ¢ " ([0 + 1],)%. (30)
Moreover,
£ .= bl(x)Hq_l o Hq + bz(x)Hq—l + bg(l’)[p, (31)
where
bi(x) = 2+ p, ba(x) = (q_2 +q '+ 1) z, by(z) = gt (32)

and Ip represents the identity operator on the space of polynomials P.

Proof. By applying the operator H, to (15) and using (24), we obtain
HyoUguy (Po) = g Y ([n+ 1]q)2 (hePn), n=>0. (33)
Then, applying the operator h,-1 to (33) and using (7), we get
Hyr ol (P) = "0 ((n+ 1) P n>0.  (34)

Consequently, from (2), (7), (15), and (34), we deduce (31)-(32). In
addition, we have:

E(X™) = M X" + X" 2 n >0,

with
pn =" [nlg[r = gp, n = 0.
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Thus, the matrix of the endomorphism & in the canonical basis {X"} _,
of P is given by

N 0 gy 0 o 0
0 A 0 :
N o 0
M, — 2 ’g
An
0

Using the relation (29), the matrix of £ in the basis {P,.}, ., is as
follows:

N O - o 0
0 M\ :
E— o
Ao O
0 0
[]
Remark 1.

1. When g — 1 in Proposition 3, Lemma 4, Proposition 4 and Theorem
1, we recover the results, as well as the characterization of Chebyshev
polynomials of the second kind in [3].

2. When ¢ — 1 in Lemma 5, we find the property described in [19]
with & = 0 for the Chebyshev polynomials of the second kind.
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