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Abstract. We propose the concept of ZX-convergence of sequences
of bi-complex numbers. We explore the fundamental properties
of this newly introduced notion and its relationships with other
convergence methods.
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1. Introduction. Ideal convergence, originally proposed by Kostyrko
et al. [7] in 2001 as an extension of statistical convergence, has gar-
nered significant attention from researchers in subsequent years. Starting
from this foundational work, researchers (e.g.) Debnath and Rakshit [6],
Choudhury and Debnath [3], Savas and Das [13], among others, have con-
ducted extensive research in this area, exploring its applications and prop-
erties. Through their investigations, they have highlighted ideal conver-
gence as a generalized form encompassing various established convergence
concepts, contributing to the advancement of mathematical analysis and
its applications. For an extensive study on Ideal convergence, one may
refer to 9], [10], [13].

In 2011, Macaj and Sleziak [8] proposed the concept of Z*-convergence,
which extends the idea of Z*-convergence by incorporating two ideals, 7
and IC. Unlike the traditional convergence, where convergence is assessed
along a single set, Z®-convergence considers convergence along a large set
with respect to another ideal, K. This extension presents an intriguing
analogy and offers avenues for further exploration. For an extensive study
on Z*-convergence, one may refer to [4].

The notion of Z®-convergence being a generalization of Z*-convergence
suggests potential for deeper investigation and application. Recent ad-
vancements in this direction, particularly from a topological perspective,
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have been made by Debnath et al. [5] and other researchers. Their works
shed light on the topological aspects of Z®-convergence, contributing to
a broader understanding of this generalized convergence concept and its
implications in various mathematical contexts.

The exploration of convergence is a fundamental aspect of analysis,
playing a crucial role in various mathematical investigations. However,
the study of convergence of sequences of bi-complex numbers remains
relatively underdeveloped and has not yet received substantial attention.
Despite its nascent stage, recent research indicates a notable analogy in
the convergence behavior of sequences of bi-complex numbers.

Recently, Bera and Tripathy [1] made significant strides by introducing
the concept of statistical convergence for sequences of bi-complex numbers.
Their work marks a pivotal advancement in the study of convergence in
this domain, as they explored the different properties from both algebraic
and topological perspectives.

Given this recent progress, it is indeed a natural progression to explore
the Z®-convergence of sequences of bi-complex numbers. Building upon
the foundation laid by Bera and Tripathy, investigating Z*-convergence
offers the opportunity to deepen our understanding of the convergence
behavior of bi-complex sequences in a more generalized setting. This
exploration may unveil new insights into the convergence properties of bi-
complex numbers, contributing to the broader landscape of mathematical
analysis.

Throughout the paper, C, represent the set of all bi-complex numbers.

2. Definitions and Preliminaries. Segre [15] defined a bi-complex
number as £ = 21 + 929 = X1 + 11X + 1223 + 111924, Where 21 = 1 + 1122,
2o = x3 + 1924 € C (set of complex numbers) and z7, x9, 3,14 € R (set of
real numbers) and the independent units 7y, 75 are such that 3 =3 = —1
and i19o = i2i;. Denote the set of all bi-complex numbers by C,; it is
defined as: Cy = {£: £ = 21 + i929: 21, 29 € C}.

In the realm of bi-complex numbers, a number £ = x1 + i1x5 + iox3 +
+ dq1i9x4 is classified as a hyperbolic number if x5 = 0 and x3 = 0. These
hyperbolic numbers are collectively denoted as H, and the set comprising
them is referred to as the H-plane.

Equipped with coordinate-wise addition, real scalar multiplication, and
term-by-term multiplication, the set C; becomes a commutative algebra
with the identity 1 = 1412, -0+ 49 - 0 + 4129 - 0.

Within C,, there exist four idempotent elements, specifically 0, 1,
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1+ dq29 1 —dyis
,and ey = )

€1 =

It is obvious that e; +e5 = 1 and ejes = ese; = 0. Every bi-complex num-
ber & = 2z + 1322 has a unique idempotent representation as
& = Tiey + They, where T = 2y — 1129 and Ty = 21 + 1125 are called the
idempotent components of £. The Euclidean norm || - || on Cy is defined as

T2 + |T5|?
€llc, = \/x% + o5+ a3+ 2] =/ |2+ | = T+ Tl 5 IZ:| ,
where f =2z + iQZQ = + i1$2 + in’g + i1i2134 = T161 + T262 with this
norm C, is a Banach space. For an extensive view, [11], [14], [16] can be
addressed where many more references can be found.

Definition 1. [2]| In the context of bi-complex numbers, several conju-
gates are defined as follows:

The 11-conjugate of a bi-complex number £ = z; + 1525 is denoted by &*
and is defined as £* = Z; + 1225 for all z1, z9 € C. Here, Z; and Z; represent

the complex conjugates of z; and zy, respectively, and i3 = i3 = —1.
B The z'g—conjugate_ of a bi-complex number £ = z; + 1325 is denoted by
€ and is defined as € = 2z — iy2y for all 21,20 € C. Again, i3 = i3 = —1.

The iyis-conjugate of a bi-complex number & = zy + i329 is denoted by
5/ and defined as f/ = Z1 — 192y for all z1,20 € C, where z; and Z, are the
complex conjugates of z; and z, respectively, and 13 = i3 = —1.

Properties of i;-conjugation. Some of the properties of i;-conjugation,
which were obtained by Rochon and Shapiro [12] are listed as follows:

(i) (€ +n)* =& +n%

(
(i) (ag)* —045*
(i) (£*)* =
(iv) (En)* = é* 5
(v) (€H* = (€%)71if &1 exists;
i)

G =5

They are obtained similarly to the properties of i5 -conjugation.

(v

Definition 2. [2] A sequence of bi-complex number (&) is considered
statistically convergent to & € Cs if, for every € > 0,

6({k € N: [|§p — Elle, = €}) = 0.
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Symbolically, we write stat-lim &, = €.

Definition 3. [7] Consider a nonempty set X. A family of subsets
T < P(X) is called an ideal on X if it satisfies the following conditions:

(1) For every X1,Xs € Z, the union X; U X5 belongs to Z.
(2) For every X € Z and every subset X, of X1, X5 is also in T.

Further Z is said to be admissible if Vo € X,{x} € Z, and it is said to
be nontrivial if Z # ¢ and X ¢ 7.

Example 1. Here are some standard examples of ideals:

(1) The collection of all finite subsets of N constitutes a nontrivial
admissible ideal on N, denoted as Z;.

(2) The set comprising all subsets of N with natural density zero forms
a nontrivial admissible ideal on N. This particular ideal is denoted as Zs.

(3)Let Z. = {A= N: > a! <o} = N. Then Z, forms an ideal in N.
acA
(4) Consider a partitioning of the natural numbers N into disjoint sets

e}
Dy, Dy, Ds, ..., such that N = | J D, and D, n D, = & for a # b. The set
=1

p_
Z, comprising all subsets of N that have finite intersections with the sets
D, constitutes an ideal in N.

Definition 4. [3| A family F < 2% of subsets of a nonempty set X is
called a filter in X if it satisfies the following conditions:

(1) The empty set ¢ does not belong to F.

(2) For all Xy, Xy € F, the intersection X1 n Xy is also in F.

(3) For every X, € F and every superset Xy of X; containing X1, X
is also in F.

Definition 5. [3| If Z is a proper nontrivial ideal in Y, then
F(Z)={AcY:3dBeZI: A=Y — B} constitutes a filter in Y. This filter
is commonly referred to as the filter associated with the ideal .

Definition 6. [7] Let T < P(N) denote a nontrivial ideal over N. We
define an Z-convergence for a real-valued sequence (§,) towards | as fol-
lows: for every € > 0, the set H(e) = {n € N : |§, — ] > ¢} must be
an element of Z. Here, [ is called the Z-limit of the sequence (&,) and is
denoted by T — liin &=L

Definition 7. [4] Consider an admissible ideal Z in N. Define Z*-conver-
gence for a real-valued sequence (&) towards | as follows: there exists a
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set T'= {t; <ty <...<t, < ...} in the associated filter F(Z) such that
%{H{Fl &x = 1. Symbolically, T* — liin =1L
€

Definition 8. [8] Let Z and KC be two ideals in N. A real-valued sequence
(&) is said to be T®-convergent to [ if there exists M € F(Z), such that

&k, ke M,

is KC-convergent to |.
L, k¢ M,

the sequence (ny,) defined by ny, = {
Definition 9. [8] Let K be an ideal on N. Then P cx @ denotes the
property P\Q € K. Also, P cx @ and () cx P together imply P ~x Q.

Thus, P ~x @ if and only if PAQ € K. A set P is said to be K-pseudo
intersection of a system {P;: 1 € N} if for every i € N, P cx P; holds.

Definition 10. [8] Let Z and K be two ideals on N. Then T is said to
have the additive property with respect to K (or the condition AP(Z,K)
holds), if every sequence (F),)nen of sets from F(Z) has K-pseudo inter-
section in F(Z).

Definition 11. With respect to the Euclidean norm on C,, a sequence
of bi-complex numbers (&) is called Z-convergent to t € Cy if, for each
g1 > 0, the set

F(&l) = {k’ eN: ka — tHC2 = 81} el.

Z—| ey
—

Symbolically, we write, &, t.

Definition 12. Let Z be an admissible ideal. A sequence (&) of Cy is
called T*-convergent to ¢ € Cy with respect to the Euclidean norm on C,
if3asetT ={t] <ty <...<t <...} in the associated filter F(I),
such that the sub-sequence (&;,) converges to . Symbolically, we write,

|
& ——2 €.
3. Main Results.

Definition 13. LetZ and K be two admissible ideals in N and (&) be a
sequence of bi-complex numbers. Then (&) is considered T"*-convergent to
[ € C, with respect to the FEuclidean norm on C, if there exists
fk, ke M,

M e F(ZI), such that the sequence () defined by n, = {l b

“—||
is IC-convergent to [. Symbolically, we write, & 2, L.
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0
Example 2. Let D, = {2/"'k: k is an odd number}. Then, N = | J D,

p=1
is a decomposition of N. Let Z = Zp, those subsets of N that intersect with
e1—e
finitely many D,’s. Consider the sequence (§) defined by &, = L=
p

Vk € D,’s. Then the sequence is Z*-convergent to 0.

Justification. Let M = N\D;. Then M e F(Z). Now, consider the
gka ke M7
0, k¢M
€1 — €2 €1 — €2
0
2 77 3

sequence () defined by n, =

Now, the sequence (n;) = (0, ,0,...) is Z-convergent
to 0.

Ife > 1 then A(e) = {k e N: |, —0|c, > ¢} = F € I, as J intersects
none of D,’s. If ¢ = £, then A(3) = {k € N: |, — Olc, > 1} = Dy € Z,
as it intersects only Dy. If € = g, then A(3) = {k e N: |y — Ofc, > 3} =
= Dy U D3 € 7, as it intersects only Dy and Ds. Proceeding like this, we
can say that if ¢ = >, then A(3) = {k € N: |, — 0fc, > 5} intersects
(p — 1) of sets namely Do, D3, Dy,...D, and, hence, A(%) € Z. Now, by
the Archimedean property, we can say that there exists % < ¢ that implies

Ae) < A(%) e Z. Hence, Z — limn;, = 0. Thus, our claim is established.
K_|.
Theorem 1. Let (&) be a sequence in Cy, such that & T les, ¢. Then
¢ is uniquely determined.
: 8|l lley I8l lley
Proof. If possible, suppose: & ¢ and & — n hold for

some ¢ # n in Cy. Choose € > 0, such that | — 7|/c, = 2e. Then, by

Definition 13, there exists M;, My € F(Z), such that the sequences (xy)
§k7 ke Mlv 51(27 ke M27

and y = satisfy

d defined b =
and (y) defined by o =3 070y 0, k¢ M,

the following properties:

o Ve>0,{keN: |z, —&|c, >} €K,
o Ve >0, {keN: |yx —nlc, =} e K.

Then, Ve > 0, {k € N: ||(zx, — yx) — (€ — n)|c, = €} € K. Now, as the
inclusion, My n My < {k € N: |(zx — yx) — (£ — n)|c, = €} holds, so,
by hereditary of KC, My n My € K, which implies N\(M; n Ms) € F(K).
Again, as My, My € F(I), so My n My € F(Z). Now, N\(M; n M) € F(K)
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and M; n My € F(Z) implies N\(M; n M) n (My; n My) € F(Z v K) ie
e F(Z v K), a contradiction. []

Theorem 2. Let (&) and (ny) be two sequences in C,, such that
K
5 dk

*~|lc, —[-le,

&k 1 hold. Then
. =
(i) & + nk ]
(ii) c§k e, c€ where c € R.
. *~|-le, T8~ ley
Proof. (i) Suppose & —— £ and g, ——— 1. Then there ex-
ists My, My € F(Z), such that the sequences (zj) and (yx) defined by
ke M ke M-
Ty = Sk, ke M, and y, = Moy NE e K-convergent to & and
57 k ¢ M17 , k ¢ M27

7, respectively.

In other words, Ve > 0, we have Dy(e)={keN: [z, —§|c, =25} €KX
and Do(e) = {k € N: |lyx —nfc, = 5} € K. Now, as the inclusion
(N\D;) n (N\D3) < {k € N: ||z + yr. — & — nlc, < €} holds, we must
have {k e N: |z + vy — & —1lc, =€} € Dy u Dy e K.

. *~||c,
Proving x + ys E+. (1)
Now we take M = M; n My € F(Z) and define the sequence (Sk) as
ke M,
Sk = Sk 1, e Then by virtue of (i), we have Sk ez — &+
§+n, kg M

- II(c2

This implies that &, + 77k E+n
(ii) Proof of this part is easy and so is omitted. []

T*—|-
Theorem 3. Let (&) be any sequence in Co, such that & Tle, £.
K
Then &, !

—[-llc,

&, for any admissible ideal K.

Z*—| ey

Proof. Let & &, Then, by Definition 8, there exists a set
M={m < my < ... <my < ...} € F(), such that the subse-
quence (&, ) is convergent to {. This implies that for any ¢ > 0, the set
A ={keN:|ng—&|c, = ¢} contains finite number of elements, where
&, ke M,

& ke M

Since K is admissible, so the above set A € IC and the result follows. []

the sequence (ny) is given by n, =
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Remark 1. The converse of the theorem mentioned earlier may not be
valid.

Proof. The result is illustrated by the following example. []
Example 3. Consider Example 2. The sequence (&) is Z"-convergent
to 0 for K = Z. But (&) is not Z*-convergent to 0.

Z*—|lley

Justification. If &, 0 holds, then, by Definition 8, there exists
aset T={t; <ty <...<ty<...}eF(Z),such that

for any € > 0, there exists N= N, € N: |[§, —0|c, < ¢ for all £ > N. (2)

Now, as T'e F(Z), so T = N\B for some B e Z. By definition of Z, there

J
exists some j € N, such that B < |J D,, which as a consequence implies
p=1
D1 < T. But then we have, &, = j% for infinitely many ks, which is a
contradiction to (2).

Theorem 4. Assuming (&) is an arbitrary sequence in Co, if (&)
converges with respect to K to £ € Cy, then the sequence (&) is also
TI*-convergent to &.

. K=l
Proof. Since &, ——2 &, so,

for any € > 0,{k € N: | — ]|, = €} € K. (3)

Choose M = N from F(Z). Define the sequence ny as n, = &, k € M.

Then, using (3), we get for any ¢ > 0, {k € N: |, —¢llc, = €} € K, ie.,
°—|
Nk is K—convergent to £. Hence, &, e, &0

Remark 2. The reverse of the previously mentioned theorem may not
necessarily be valid.

Proof. The result is illustrated by the following example. []
p—1

Example 4. Define Q; = ¢tNu {1} and @, = ¢,N\ |J D;, p > 1, where
i=1

o0

qp is the p'" prime number. Then N = | J @, 1s a decomposition of N.
p=1

Consider the ideal Z that consists of those subsets of N that intersect with
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finitely many @),’s, and another ideal Z;. Let () be any sequence in C,
+ ey, k is prime,
defined by & = 1 @ " P

e1€s, k is not prime.

Then, (&) is Zs -convergent to 0 but not Z- convergent to 0.

Justification. Let P be the set of all prime numbers. Then 6(P) =
0, so Pe Zs. Let M = N\P. Then M € F(Zs). Now the sequence

&k, ke M,
0, k¢ M,
(n) is Z-convergent to 0. Hence, the sequence (&) is Zs'-convergent

to 0. But (&) is not Z-convergent to 0. Since for each ¢ > 0, the set
A(e) = {keN: & = Ofc, 2 e} ¢ Z.

Theorem 5. LetZ and K be two ideals in N, such that T < K. Consider
€. Then & —1%, ¢

*~|le,

(k) defined as n = is the null sequence and, therefore,

—[-le,

T
a sequence (&) in Cq, such that &

Proof. Let Z < K hold, and suppose & &, So, by defini-
tion, there exists M e F(Z), such that the sequence () defined as

ke M,
Nk = {EK’ ke M is JC-convergent to &, which as a consequence implies

Ve >0{ke M: ||& —&|c, = ¢} € K. (4)

Thus, {k € N: [|§, —&c, =2 e} S (ke M: |§ —&]c, > EH}HU (N\M) € K, by
[CQ 5 |:|

equation (4) and our assumption Z < K. Hence, & ——>

Remark 3. If a sequence is T"-convergent, then it may not be Z-conver-
gent to the same limit.

Example 5. Let D, = {2""'k: k be an odd number}. Then N = U D,

is a decomposition of N. Let Z = Zp, those subsets of N that mtersect
finitely many D,’s. Consider the sequence (&) defined by &, = %
Vk e D,’s. Then the sequence is Z-convergent to 0. Let Zy consist of all
finite subsets of N. Then &, is not Z%/-convergent to 0.

Theorem 6. LetZ and K be two ideals in N. Let (&) be a sequence in
K
C,. Then &, - T, ¢ if and only if K = 7.

—I-lle,

¢ implies &, ——
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" —|lc,

Proof. Let £ < 7 and suppose &
directly from the following inclusion:

&. Then the result follows

{keN:[& —¢&|c, 2 e} = {ke M: | —¢&|c, > e} u (N\M).

For the converse part, let (¢) be a sequence in C,, such that

A I llcy
& — & implies & &. To prove that, I € Z. Let us assume

the contrary. Then, there exists a set, say A € K\Z. Choose &,&; € Cy
such that & # &.

&, ke A,
&, ke (N\A).

Let € > 0 be arbitrary. Then, clearly, {k € N: |{,—&c, = €} € A€ K;
this implies (&) is K-convergent to &. Thus, (&) is Z%-convergent to &.
For e = [&1 — &cyy {k e Nt & — &, = €} = A € Z: a contradiction.
Hence, we must have K € Z. [

Define a sequence (&) as & =

Theorem 7. LetZ and K be two ideals in N, such that the condition

AP(Z,K) holds. Then for a sequence (&) in Cq, & ZlHea, implies

T*— |
& —> &
-,

Proof. Let & —— £. Choose a sequence of rationals (&;)en.

Then, for all ¢, M; = {k € N : ||& — &l||c, < &} € F(Z). Then,
by Definition 11, there exists a set M € F(Z), such that for any i € N,
fk, ke M,
&, k¢ M
To complete the proof, it is sufficient to show that the sequence (ny) is
KC-convergent to & € Cy. Now,

(M\M;) € K. Consider the sequence (7)) defined by n; =

{keN: |m—&le, <&} =
= (N\M) u{k e M: ||& —&llc, <&} = (N\M) U (M; 0 M) = N\(M\M;).
Now, as (M\M;) € K, so N\(M\M;) € F(K) and, consequently, we have
(ke N: [ —Ele, < &) € FOK), Lo, i — ¢,
I8~ lley

Hence, & ——— €.

Theorem 8. Let Z, K, Z;, I, K1, Ky be ideals in N and (&) be any
sequence in Cy. Then:
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(i) If T —lim & = [ =I5 — lim &, then T°VK2 —lim¢&, = L
(i) FTF —lim&, = | = IF — lim &y then (T, v T,)* —lim &y, = L

Proof. (i) Since ZF' — lim¢&, = [ and Z%? — lim &, = [, so there exists
M,N € F(Z), such that for all £,0 > 0,{k € M: |{ — l|c, = ¢} € K; and
{ke N:|& —l|c, =6} € Ks.

By the hereditary property of K; and Ky, Ve > 0, § > 0, we have,

{ke Mn N: Hé:’ﬂ_l”(h >E}€,C1, {k?GMﬁNI H&C_ZHCQ 25}6’C2 (5)

Let n > 0 be arbitrary. Then, from (5), choosing ¢ = § = 7, we get
{kEMﬁ N: ka—lH(CQ 277}6’C1 V]CQ.
fk, ke Mn N,

As MnN e F(Z), so the sequence (wy,) defined by wy, = {l, k¢ Mo N,
is IC; v Ko-convergent to . Hence, Z°1V*2 —lim ¢, = 1.
(ii) Since ZIF —lim &, = [ and ZX — lim &, = [, so there exists M € F(Z;)
and N e F(Z,), such that for all ,0 > 0,{k € M: | — ||c, = €} € K and
{keN:|& —l|c, =} e K.

By the Hereditary property of K, we have for all ¢ > 0, 6 > 0,
{ke MnN:||¢&x —|c, 2 e} e Kand {ke Mn N: | — l|c, = 6} € K.

Let n > 0 be arbitrary. Choosing ¢ = § = 1, we get,
Vn > 0,{ke Mn N: | — l|c, = n} e K.

As Mn Ne F(Z, v I,), so we can conclude that (Z; v Zo)* —lim &, = . [

4. Conclusion. The main contribution of this paper is to provide the
notion of Z®-convergence of sequences of bi-complex numbers and study
some of its properties and identify the relationships between newly in-
troduced notion and its relationship with other convergence methods of
sequences of bi-complex numbers. These ideas and results are expected
to be a source for researchers in the area of convergence of sequences of
bi-complex number. Also, these concepts can be generalized and applied
for further studies.
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