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A NEW GENERALIZATION OF GEORGE &
VEERAMANI-TYPE FUZZY METRIC SPACE

Abstract. In this article, a concept of fuzzy F -metric space, which
is a generalization of George & Veeramani-type fuzzy metric space,
is introduced. Concepts of convergent sequence, Cauchy sequence,
completeness etc. are given, and we study some properties in such
spaces. Finally, some topological results are established.

Key words: 𝑡-norm, fuzzy metric, fuzzy b-metric, fuzzy F -metric

2020 Mathematical Subject Classification: 46S40, 54E35

1. Introduction. In the recent years, many interesting extensions
of the concept of metric spaces have been developed and studied. b-
metric by Czerwik [1], G-metric by Mustafa & Sims [12], S-metric by
Sedghi et al. [15], cone metric by Huang & Zhang [6], F-metric by Jleli &
Samet [7], 𝜑-metric and generalized parametric metric by Das et al. [2], [3]
are some outcomes of this research process; see also [8], [14], [5] etc. Among
these generalized metric spaces, F-metric space [7] is quite an attractive
generalization. Here authors have used a family ℱ of real-valued function
𝑔 : p0,8q Ñ R that satisfies the following conditions:

pℱ1q 𝑔 is nondecreasing on p0,8q;

pℱ2q for every sequence t𝑥𝑛u Ă p0,8q, lim
𝑛Ñ8

𝑥𝑛 “ 0 ðñ lim
𝑛Ñ8

𝑔p𝑥𝑛q “ ´8.

In an F-metric space p𝑋,𝐷q, by using the members of ℱ ,
Jleli & Samet [7] relaxed the “triangle inequality” of the metric axiom as

p𝐷3q for every 𝑥, 𝑦 P 𝑋, for every 𝑁 P N, 𝑁 > 2 and t𝑎𝑛u𝑁𝑛“1 Ă 𝑋,

𝐷p𝑥, 𝑦q ą 0 ùñ 𝑔p𝐷p𝑥, 𝑦qq 6 𝑔 Y
´𝑁´1

ř

𝑖“1

𝐷p𝑎𝑖, 𝑎𝑖`1q
¯

` 𝛽, where

𝑔 P ℱ and 𝛽 P r0,8q.
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On the other side, different authors introduced several generalized fuzzy
metric spaces followed by the definition of the fuzzy metric space given
by Kramosil & Michalek [11]. Later George & Veeramani [4] modified the
definition by Kramosil & Michalek [11] to define a Hausdorff topology on
a fuzzy metric space and proved some other basic results. An appropriate
notion of generalized fuzzy metric space is fuzzy b-metric space developed
by Nadaban [13]. Fuzzy b-metric space extends the concept of b-metric
space following in the setting of Kramosil & Michalek type fuzzy metric
space.

In this paper, we introduce a new concept, known as the fuzzy F -
metric space, as a generalization of George & Veeramani-type fuzzy metric
space [4], by involving some special kind of functions 𝑓 : r0, 1s Ñ r0, 1s. We
provide examples to show that fuzzy F -metric space is a proper general-
ization of George & Veeramani-type fuzzy metric space. But the concept
of fuzzy F -metric space and fuzzy b-metric space are totally different.
We confirm this by showing that there exists a b-metric which is not a
fuzzy F -metric, and vice versa. Some basic topological properties of fuzzy
F -metric space have been studied. We prove that if a fuzzy F -metric 𝑀
is continuous with respect to 𝑡, then George & Veeramani-type fuzzy met-
ric 𝑚 is induced from 𝑀 , which plays a crucial role in developing more
results in fuzzy F -metric space. The notion of fuzzy F -boundedness is
introduced, which will help in the future to study several characteriza-
tions of fuzzy F -metric spaces. F -convergent and F -Cauchy sequence
are defined, and some related results are studied. This paper is organized
as follows. In Section 2, we provide some basic notation and results from
the existing literature, necessary to develop the main results. In Section 3,
definition and examples of fuzzy F -metric spaces are given and relations
with other generalized fuzzy metric spaces are studied. In Section 4, we
show that the George & Veeramani-type fuzzy metric is induced from the
fuzzy F -metric. Definition of the fuzzy F -bounded set, F -convergent
sequence, and F -Cauchy sequence are given. This Section also proposes
the concepts of open ball, Hausdorff topology, and some related results.

2. Preliminaries. We start this Section with the definition of the
𝑡-norm.

Definition 1. [10] A binary operation ‹ : r0, 1s ˆ r0, 1s Ñ r0, 1s is called
a 𝑡-norm if it satisfies the following conditions:

(i) ˚ is associative and commutative;
(ii) 𝛼 ˚ 1 “ 𝛼, @𝛼 P r0, 1s;
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(iii) 𝛼 ˚ 𝛾 6 𝛽 ˚ 𝛿 whenever 𝛼 6 𝛽 and 𝛾 6 𝛿, @𝛼, 𝛽, 𝛾, 𝛿 P r0, 1s.

If ˚ is continuous, then it is called a continuous 𝑡-norm.

Here are examples of some t-norms given in [10]:

1) Standard intersection: 𝛼 ˚ 𝛽 “ mint𝛼, 𝛽u.
2) Algebraic product: 𝛼 ˚ 𝛽 “ 𝛼𝛽.
3) Bounded difference: 𝛼 ˚ 𝛽 “ maxt0, 𝛼` 𝛽 ´ 1u.

Definition 2. [4] The 3-tuple p𝑋,𝑀, ‹q is said to be a (George & Vee-
ramani-type) fuzzy metric space if the fuzzy set 𝑀 on 𝑋2ˆp0,8q satisfies
the following conditions:
(𝑀1) 𝑀p𝑥, 𝑦, 𝑡q ą 0,
(𝑀2) 𝑀p𝑥, 𝑦, 𝑡q “ 1 if and only if 𝑥 “ 𝑦,
(𝑀3) 𝑀p𝑥, 𝑦, 𝑡q “𝑀p𝑦, 𝑥, 𝑡q,
(𝑀4) 𝑀p𝑥, 𝑦, 𝑡q ‹𝑀p𝑦, 𝑧, 𝑠q 6𝑀p𝑥, 𝑧, 𝑠` 𝑡q,
(𝑀5) 𝑀p𝑥, 𝑦, .q : p0,8q Ñ r0, 1s is continuous,
for all 𝑥, 𝑦, 𝑧 P 𝑋 and 𝑡, 𝑠 ą 0.

Lemma 1. [4] George & Veeramani fuzzy metric 𝑀p𝑥, 𝑦, ¨q over a non-
empty set 𝑋 is non-decreasing with respect to 𝑡 ą 0 for all 𝑥, 𝑦 P 𝑋.

Remark 1. [4] In fuzzy metric space p𝑋,𝑀, ‹q, George & Veeramani
considered the following:

1) If 𝑀p𝑥, 𝑦, 𝑡q ą 1´ 𝑟 for all 𝑥, 𝑦 P 𝑋, 𝑡 ą 0, 0 ă 𝑟 ă 1, we can find a
𝑡0, 0 ă 𝑡0 ă 𝑡, such that 𝑀p𝑥, 𝑦, 𝑡0q ą 1´ 𝑟.

2) For any 𝑟1 ą 𝑟2 in p0, 1q, we can find 𝑟3 P p0, 1q, such that 𝑟1‹𝑟3 > 𝑟2
and for any 𝑟4 P p0,1q we can find 𝑟5 P p0,1q, such that 𝑟5 ‹ 𝑟5 > 𝑟4.

Before passing to definition of fuzzy 𝑏-metric space by Nadaban [13],
we recall the definition of b-metric space by Czerwik [1] and consider an
example.

Definition 3. [1] Let 𝑋 be a nonempty set and 𝑘 > 1 be a given real
number. A function 𝑑 : 𝑋 ˆ𝑋 Ñ r0,8q is said to be a 𝑏-metric on 𝑋 if
for all 𝑥, 𝑦, 𝑧, P 𝑋 the following conditions hold:
p𝑏1q 𝑑p𝑥, 𝑦q “ 0 if and only if 𝑥 “ 𝑦;
p𝑏2q 𝑑p𝑥, 𝑦q “ 𝑑p𝑦, 𝑥q;
p𝑏3q 𝑑p𝑥, 𝑧q 6 𝑘r𝑑p𝑥, 𝑦q ` 𝑑p𝑦, 𝑧qs.

The triple p𝑋, 𝑑, 𝑘q is called a 𝑏-metric space with the constant coeffi-
cient 𝑘.
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Example 1. [9] Let 𝑋 “ r0, 1s and let 𝑑 : 𝑋ˆ𝑋 Ñ r0,8q be a mapping
defined by

𝑑p𝑥, 𝑦q “ p𝑥´ 𝑦q2, @𝑥, 𝑦 P 𝑋.

Then 𝑑 is a 𝑏-metric on 𝑋 with the constant coefficient 𝑘 “ 2.

Definition 4. [13] Let 𝑋 be a nonempty set, 𝑘 > 1 be a given real
number, and ‹ be a continuous 𝑡-norm. A fuzzy set 𝑀 in 𝑋 ˆ𝑋 ˆ r0,8q
is called a fuzzy 𝑏-metric if 𝑀 satisfies the following conditions:
p𝑏𝑀1q 𝑀p𝑥, 𝑦, 0q “ 0;
p𝑏𝑀2q 𝑀p𝑥, 𝑦, 𝑡q “ 1, @𝑡 ą 0, if and only if 𝑥 “ 𝑦;
p𝑏𝑀3q 𝑀p𝑥, 𝑦, 𝑡q “𝑀p𝑦, 𝑥, 𝑡q, @ 𝑡 > 0;
p𝑏𝑀4q 𝑀p𝑥, 𝑧, 𝑘p𝑡` 𝑠qq >𝑀p𝑥, 𝑦, 𝑡q ‹𝑀p𝑦, 𝑧, 𝑠q, @ 𝑡, 𝑠 > 0;
p𝑏𝑀5q𝑀p𝑥, 𝑦, .q : r0,8q Ñ r0, 1s is left continuous and lim

𝑡Ñ8
𝑀p𝑥, 𝑦, 𝑡q “ 1.

for all 𝑥, 𝑦, 𝑧 P 𝑋 and 𝑠, 𝑡 ą 0. The quadruple p𝑋,𝑀, ‹, 𝑘q is said to be a
fuzzy 𝑏- metric space.

Example 2. [13] Let p𝑋, 𝑑, 𝑘q be a 𝑏-metric space. A function
𝑀𝑑 : 𝑋 ˆ𝑋 ˆ r0,8q Ñ r0, 1s defined by

𝑀𝑑p𝑥, 𝑦, 𝑡q “

#

𝑡
𝑡`𝑑p𝑥,𝑦q

𝑖𝑓 𝑡 ą 0,

0 𝑖𝑓 𝑡 “ 0

is a fuzzy 𝑏-metric on 𝑋 with the constant coefficient 𝑘 under the t-norm
‘ min’.

3. Introduction to fuzzy F -metric space. In this Section, we
introduce the idea of fuzzy F -metric space and provide some examples.
A comparison between fuzzy F -metric space and fuzzy metric as well as
fuzzy b-metric space is studied.

Throughout the article, F denotes the set of all functions
𝑓 : r0, 1s Ñ r0, 1s that satisfy the following conditions:

(F1) f is strictly increasing in r0, 1q;
(F2) for every sequence t𝑡𝑛u in r0, 1s, lim

𝑛Ñ8
𝑡𝑛 “ 1 ðñ lim

𝑛Ñ8
𝑓p𝑡𝑛q “ 1.

Example 3. Here are some examples of elements of F :
(i) fp𝑥q “ 𝑥𝑛, @𝑥 P r0, 1s, 𝑛 P N;

(ii) fp𝑥q “
?
𝑥, @𝑥 P r0, 1s.

Now, using the functions f P F , we define the fuzzy F -metric space by
relaxing the axiom p𝑀4q of George & Veeramani-type fuzzy metric space.
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Definition 5. Let 𝑋 be a nonempty set and 𝑀 : 𝑋ˆ𝑋ˆp0,8q Ñ r0, 1s
be a mapping, and ‹ be a continuous t-norm. If there exists
p𝑓, 𝛼q P F ˆ p0, 1s, such that 𝑀 satisfies the following conditions:
(F𝑀1) 𝑀p𝑥, 𝑦, 𝑡q ą 0, @𝑥, 𝑦 P 𝑋 and 𝑡 ą 0;
(F𝑀2) 𝑀p𝑥, 𝑦, 𝑡q “ 1, @𝑡,ą 0 iff 𝑥 “ 𝑦;
(F𝑀3) 𝑀p𝑥, 𝑦, 𝑡q “𝑀p𝑦, 𝑥, 𝑡q, @𝑥, 𝑦 P 𝑋 and 𝑡 ą 0;
(F𝑀4) for every p𝑥, 𝑦q P 𝑋 ˆ𝑋, for every 𝑁 P N, 𝑁 > 2, and for every
t𝑢𝑖u

𝑁
𝑖 Ď 𝑋 with 𝑢1 “ 𝑥 and 𝑢𝑁 “ 𝑦, we have 𝑀p𝑥, 𝑦, 𝑡q ă 1 implies

p𝑓p𝑀p𝑥,𝑦,𝑡qqq𝛼 > fp𝑀p𝑢1, 𝑢2,𝑡1q ‹𝑀p𝑢2, 𝑢3, 𝑡2q ‹ ¨ ¨ ¨ ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1qq,

where 𝑡 “ 𝑡1 ` 𝑡2 ` . . .` 𝑡𝑁´1; 𝑡𝑖 ą 0 for 𝑖 “ 1, 2, ¨ ¨ ¨ , p𝑁 ´ 1q, then 𝑀 is
said to be a fuzzy F -metric on 𝑋 and the 5-tuple p𝑋,𝑀, f, 𝛼, ‹q is said to
be a fuzzy F -metric space.

Remark 2. It has been observed that every George & Veeramani-type
fuzzy metric space is a fuzzy F -metric space, since if p𝑋,𝑀, ‹q is a
George & Veeramani-type fuzzy metric space, then, clearly, 𝑀 satisfies
pF𝑀1q – pF𝑀3q. We only verify the condition pF𝑀4q. For 𝑥, 𝑦, 𝑧 P 𝑋
with 𝑥 ‰ 𝑦 and 𝑠, 𝑡 ą 0, we have, from p𝑀4q,

𝑀p𝑥, 𝑦, 𝑠` 𝑡q >𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡q

ùñ 𝑓p𝑀p𝑥, 𝑦, 𝑠` 𝑡qq > 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq p𝑢𝑠𝑖𝑛𝑔 pF1qq

ùñ pfp𝑀p𝑥, 𝑦, 𝑠` 𝑡qqq𝛼 > 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq p𝑠𝑖𝑛𝑐𝑒 𝛼 P p0, 1sq.

If we write 𝑠` 𝑡 “ 𝑇 and 𝑓p𝑡q “ 𝑡 for all 𝑡 P r0, 1s and 𝛼 “ 1, we get

pfp𝑀p𝑥, 𝑦, 𝑇 qqq𝛼 > 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹ 𝑀p𝑧, 𝑦, 𝑡qq.

Thus, 𝑀 is a fuzzy F -metric on 𝑋 with 𝑓p𝑡q “ 𝑡, @𝑡 P r0, 1s and 𝛼 “ 1.

Remark 3. The family of fuzzy F -metric spaces is larger than the
family of fuzzy metric spaces over a non-empty set. In this context, we
present the following example of a fuzzy F -metric, which is not a George-
Veeramani-type fuzzy metric.

Example 4. Let𝑋 “ R and define a function𝑀 : 𝑋ˆ𝑋ˆp0,8q Ñ r0, 1s
by

𝑀p𝑥, 𝑦, 𝑡q “
´ 𝑡

𝑡` 1

¯|𝑥´𝑦|2

for all p𝑥, 𝑦q P 𝑋 ˆ𝑋 and 𝑡 P p0,8q.
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We now prove that 𝑀 is a fuzzy F -metric on 𝑋 with respect to the t-
norm ’‹’ as ’product’.
Clearly,𝑀 satifies pF𝑀1q – pF𝑀3q. We only verify the condition pF𝑀4q.
Let us choose 𝑥, 𝑦, 𝑧 P 𝑋, such that 𝑥 ‰ 𝑦. Then the definition of fuzzy
F -metric implies that 𝑀p𝑥,𝑦,𝑡q ă 1 for all 𝑡 ą 0. Now we take 𝑠, 𝑡 ą 0
arbitrarily and consider a mapping 𝑓p𝑥q “ 𝑥2, 𝑥 P r0, 1s. Then, for 𝛼 “ 1

2
,

p𝑓p𝑀p𝑥, 𝑦, 𝑠` 𝑡qqq𝛼 ´ 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq “

“
`

p𝑀p𝑥, 𝑦, 𝑠` 𝑡qq2
˘

1
2 ´ 𝑓 p𝑀p𝑥, 𝑧, 𝑠q ¨𝑀p𝑧, 𝑦, 𝑡qq “

“𝑀p𝑥, 𝑦, 𝑠` 𝑡q ´ p𝑀p𝑥, 𝑧, 𝑠qq2.p𝑀p𝑧, 𝑦, 𝑡qq2 “

“

´

p𝑠` 𝑡q

p𝑠` 𝑡q ` 1

¯|𝑥´𝑦|2

´

´´ 𝑠

𝑠` 1

¯|𝑥´𝑧|2¯2

.
´´ 𝑡

𝑡` 1

¯|𝑧´𝑦|2¯2

.

Again,
|𝑥´ 𝑦|2 6 2p|𝑥´ 𝑧|2 ` |𝑧 ´ 𝑦|2q (1)

holds for any 𝑥, 𝑦, 𝑧 P R. Now, for 𝑠, 𝑡 ą 0, we have the following cases:

Case I : Suppose 𝑠 “ 𝑡. Then we have
p𝑠` 𝑡q

p𝑠` 𝑡q ` 1
“

2𝑡

2𝑡` 1
.

Again,
2𝑡

2𝑡` 1
ą

𝑡

𝑡` 1
holds for all 𝑡 ą 0. This implies

´ 2𝑡

2𝑡` 1

¯|𝑥´𝑦|2

ą

´ 𝑡

𝑡` 1

¯|𝑥´𝑦|2

ą

ą

´ 𝑡

𝑡` 1

¯2p|𝑥´𝑧|2`|𝑧´𝑦|2q ´

Since 0 ă
´ 𝑡

𝑡` 1

¯

ă 1
¯

.

Therefore, we have
´

𝑓p𝑀p𝑥, 𝑦, 𝑠` 𝑡qq
¯𝛼

´ 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq ą

ą

´ 2𝑡

2𝑡` 1

¯|𝑥´𝑦|2

´

ˆ

𝑡

𝑡` 1

˙2|𝑥´𝑧|2
´ 𝑡

𝑡` 1

¯2|𝑧´𝑦|2

ą

ą

´ 𝑡

𝑡` 1

¯|𝑥´𝑦|2

´

´ 𝑡

𝑡` 1

¯2p|𝑥´𝑧|2`|𝑧´𝑦|2q

ą 0.

Hence, p𝑓p𝑀p𝑥, 𝑦, 𝑠` 𝑡qqq𝛼 ą 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq holds.

Case II : Suppose 𝑠 ă 𝑡. Then we have
p𝑠` 𝑡q

p𝑠` 𝑡q ` 1
ą

𝑡

𝑡` 1
, which

implies
´

p𝑠` 𝑡q

p𝑠` 𝑡q ` 1

¯|𝑥´𝑦|2

ą

´ 𝑡

𝑡` 1

¯|𝑥´𝑦|2

.
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Again,

´ 𝑠

𝑠` 1

¯

ă

ˆ

𝑡

𝑡` 1

˙

ùñ

´ 𝑠

𝑠` 1

¯2|𝑥´𝑧|2

ă

´ 𝑡

𝑡` 1

¯2|𝑥´𝑧|2

.

Thus, we have

´

𝑓p𝑀p𝑥, 𝑦, 𝑠` 𝑡qq
¯𝛼

´ 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq “

“

ˆ

p𝑠` 𝑡q

p𝑠` 𝑡q ` 1

˙|𝑥´𝑦|2

´

ˆ

´ 𝑠

𝑠` 1

¯2|𝑥´𝑧|2
˙

.

ˆ

´ 𝑡

𝑡` 1

¯2|𝑧´𝑦|2
˙

ą

ą

´ 𝑡

𝑡` 1

¯|𝑥´𝑦|2

´

ˆ

´ 𝑡

𝑡` 1

¯2|𝑥´𝑧|2
˙ˆ

´ 𝑡

𝑡` 1

¯2|𝑧´𝑦|2
˙

“

“

ˆ

𝑡

𝑡` 1

˙|𝑥´𝑦|2

´

ˆ

𝑡

𝑡` 1

˙2p|𝑥´𝑧|2`|𝑧´𝑦|2q

ą 0.

Hence, p𝑓p𝑀p𝑥, 𝑦, 𝑠` 𝑡qqq𝛼 ą 𝑓p𝑀p𝑥, 𝑧, 𝑠q ‹𝑀p𝑧, 𝑦, 𝑡qq holds.
Case III : Suppose 𝑡 ă 𝑠. This case is similar to Case II.

Therefore, 𝑀 is a fuzzy F -metric on 𝑋 with ‘‹ “ product’. However
𝑀 does not satisfy the inequality p𝑀4q, since for 𝑥 “ 0, 𝑦 “ 2, 𝑧 “ 1
and 𝑠 “ 𝑡 “ 1, we have

𝑀p0, 2, 1` 1q “ p
2

3
q
4
ă

1

4
“ p

1

2
q.p

1

2
q “𝑀p0, 1, 1q.𝑀p1, 2, 1q.

Therefore, 𝑀 is not George & Veeramani-type fuzzy metric.

Remark 4. As we know, every George & Veeramani-type fuzzy metric
is a fuzzy F -metric and every George & Veeramani-type fuzzy metric is
an increasing function with respect to 𝑡 ą 0. So a fuzzy F -metric is often
an increasing function with respect to 𝑡 ą 0. But our next example shows
that there exist fuzzy F -metric that is neither increasing nor decreasing
with respect to 𝑡 ą 0.

Example 5. Consider two metrics 𝑑1 and 𝑑2 on R2, defined by:

𝑑1p𝑎, 𝑏q “ maxt|𝑎𝑖 ´ 𝑏𝑖| : 𝑖 “ 1, 2u and 𝑑2p𝑎, 𝑏q “
2
ÿ

𝑖“1

|𝑎𝑖 ´ 𝑏𝑖|
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for all 𝑎 “ p𝑎1, 𝑎2q, 𝑏 “ p𝑏1, 𝑏2q P R2. Then, clearly, 𝑑1p𝑎, 𝑏q 6 𝑑2p𝑎, 𝑏q for
all 𝑎, 𝑏 P R2. Now define a function 𝑀 : R2 ˆ R2 ˆ p0,8q Ñ r0, 1s by

𝑀p𝑎, 𝑏, 𝑡q “

$

’

’

’

&

’

’

’

%

1{2 if 0 ă 𝑡 6 𝑑1p𝑎, 𝑏q,

1{4 if 𝑑1p𝑎, 𝑏q ă 𝑡 6 𝑑2p𝑎, 𝑏q,
𝑡

𝑡` 𝑑2p𝑎, 𝑏q
if 𝑑2p𝑎, 𝑏q ă 𝑡 ă 8

for all 𝑎, 𝑏 P R2 and 𝑡 ą 0.
We claim that 𝑀 is a fuzzy F -metric on R2 with respect to the 𝑡-norm

‹ “ min. Now observe that 𝑀 satisfies pF𝑀1q – pF𝑀3q. We only verify
the condition pF𝑀4q.

Let 𝑎, 𝑏, 𝑐 P R2 and 𝑇 ą 0, such that 𝑇 “ 𝑠 ` 𝑡 where 𝑠, 𝑡 ą 0. Then
for 𝑠, 𝑡 ą 0 we have the following cases:
Case I : 𝑠 ą 𝑑2p𝑎, 𝑐q, 𝑡 ą 𝑑2p𝑏, 𝑐q.
Therefore, 𝑠`𝑡 ą 𝑑2p𝑎, 𝑐q`𝑑2p𝑏, 𝑐q > 𝑑2p𝑎, 𝑏q, which implies𝑀p𝑎, 𝑏, 𝑠`𝑡q “
= 𝑠`𝑡

p𝑠`𝑡q`𝑑2p𝑎,𝑏q
.

Again, we have 𝑀p𝑎, 𝑐, 𝑠q “ 𝑠
𝑠`𝑑2p𝑎,𝑐q

and 𝑀p𝑏, 𝑐, 𝑡q “ 𝑡
𝑡`𝑑2p𝑏,𝑐q

. Since
𝑀p𝑎, 𝑏, 𝑡q “ 𝑡

𝑡`𝑑p𝑎,𝑏q
for all 𝑎, 𝑏 P R2 and 𝑡 ą 0 is a fuzzy metric on R2

whenever 𝑑 is a metric on R2(please see [4]), we obtain

mint𝑀p𝑎, 𝑐, 𝑠q,𝑀p𝑏, 𝑐, 𝑡qu 6𝑀p𝑎, 𝑏, 𝑠` 𝑡q. (2)

Again, since 𝑀p𝑎, 𝑏, 𝑟q P r0, 1s for all 𝑎, 𝑏 P R2 and 𝑟 ą 0, so

𝑀p𝑎, 𝑏, 𝑠` 𝑡q 6𝑀p𝑎, 𝑏, 𝑠` 𝑡q
1
2 . (3)

Hence, by taking fp𝑥q “ 𝑥, @𝑥 P r0, 1s, 𝛼 “ 1
2

and using (2) and (3), we
have

p𝑓p𝑀p𝑎, 𝑐, 𝑠q ‹𝑀p𝑏, 𝑐, 𝑡qqq 6 𝑓pp𝑀p𝑎, 𝑏, 𝑇 qqq
1
2 .

Case II : 𝑠 ą 𝑑2p𝑎, 𝑐q, 𝑑1p𝑏, 𝑐q ă 𝑡 6 𝑑2p𝑏, 𝑐q.
Therefore, 𝑠 ` 𝑡 ą 𝑑2p𝑎, 𝑐q ` 𝑑1p𝑏, 𝑐q > 𝑑1p𝑎, 𝑐q ` 𝑑1p𝑏, 𝑐q > 𝑑1p𝑎, 𝑏q and,
hence,

𝑀p𝑎, 𝑏, 𝑠` 𝑡q “

$

&

%

1{4 if 𝑑1p𝑎, 𝑏q ă 𝑠` 𝑡 6 𝑑2p𝑎, 𝑏q,
𝑠` 𝑡

p𝑠` 𝑡q ` 𝑑2p𝑎, 𝑏q
if 𝑑2p𝑎, 𝑏q ă 𝑠` 𝑡.
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Again, 𝑀p𝑎, 𝑐, 𝑠q “ 𝑠
𝑠`𝑑2p𝑎,𝑐q

and 𝑀p𝑏, 𝑐, 𝑡q “ 1
4

implies

mint𝑀p𝑎, 𝑐, 𝑠q,𝑀p𝑏, 𝑐, 𝑡qu ă𝑀p𝑎, 𝑏, 𝑠` 𝑡q

or
𝑓p𝑀p𝑎, 𝑐, 𝑠q ‹𝑀p𝑏, 𝑐, 𝑡qq ă p𝑓p𝑀p𝑎, 𝑏, 𝑠` 𝑡qqq

1
2 .

Case III : 𝑠 ą 𝑑2p𝑎, 𝑐q, 0 ă 𝑡 ă 𝑑1p𝑏, 𝑐q. Then 𝑠 ` 𝑡 ą 𝑑2p𝑎, 𝑐q ą 0.
Therefore,

𝑀p𝑎, 𝑏, 𝑠` 𝑡q “

$

’

’

&

’

’

%

1{2 if 0 ă 𝑠` 𝑡 6 𝑑1p𝑎, 𝑏q,

1{4 if 𝑑1p𝑎, 𝑏q ă 𝑠` 𝑡 6 𝑑2p𝑎, 𝑏q,
𝑠` 𝑡

p𝑠` 𝑡q𝑑2p𝑎, 𝑏q
if 𝑑2p𝑎, 𝑏q ă 𝑠` 𝑡 ă 8.

Again, 𝑀p𝑎, 𝑐, 𝑠q “ 𝑠{p𝑠` 𝑑2p𝑎, 𝑐qq and 𝑀p𝑏, 𝑐, 𝑡q “ 1
2

implies
mint𝑀p𝑎, 𝑐, 𝑠q,𝑀p𝑏, 𝑐, 𝑡qu “ 1

2
. Thus, if 0 ă 𝑠 ` 𝑡 6 𝑑1p𝑎, 𝑏q or

𝑑2p𝑎, 𝑏q ă 𝑠 ` 𝑡 ă 8, then 𝑀p𝑎, 𝑏, 𝑠 ` 𝑡q > 𝑀p𝑎, 𝑐, 𝑠q ‹𝑀p𝑏, 𝑐, 𝑡q. But
if 𝑑1p𝑎, 𝑏q ă 𝑠` 𝑡 6 𝑑2p𝑎, 𝑏q, then

p𝑀p𝑎, 𝑏, 𝑠` 𝑡qq
1
2 “ p

1

4
q
1
2 “𝑀p𝑎, 𝑐, 𝑠q ‹𝑀p𝑏, 𝑐, 𝑡q,

𝑖.𝑒. p𝑀p𝑎, 𝑏, 𝑠` 𝑡qq
1
2 “𝑀p𝑎, 𝑐, 𝑠q ‹𝑀p𝑏, 𝑐, 𝑡q.

The other cases can be verified similarly.
Therefore, for all 𝑎, 𝑏 P R2 and 𝑇 “ 𝑠` 𝑡pą 0q, 𝑀 satisfies

pfp𝑀p𝑎, 𝑏, 𝑇 qqq𝛼 > 𝑓p𝑀p𝑎, 𝑐, 𝑠q ‹𝑀p𝑏, 𝑐, 𝑡qq,

where 𝑓p𝑥q “ 𝑥, @𝑥 P r0, 1s and 𝛼 “ 1
2
. Hence, 𝑀 is a fuzzy F -metric on

R2 with respect to 𝑓p𝑥q “ 𝑥, for all 𝑥 P r0, 1s, 𝛼 “ 1
2

and ‹ “ min.

Remark 5. Though the family of fuzzy F -metric spaces contains the
family of fuzzy metric spaces, there is a fuzzy b-metric which may not
be a fuzzy F -metric, and vice versa. The fuzzy F -metric space in the
Example 5 above is not a fuzzy b-metric space. In the next example we
prove the converse part.

Example 6. Consider the b-metric space of the Example 1. Then, by
Example 2,

𝑀𝑑p𝑥, 𝑦, 𝑡q “

$

&

%

𝑡

𝑡` 𝑑p𝑥, 𝑦q
, if 𝑡 ą 0,

0, if 𝑡 “ 0
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for all 𝑥, 𝑦 P 𝑋 and 𝑡 ą 0, is a fuzzy b-metric space with the constant
coefficient 𝑘 “ 2 and t-norm ‹ “ min. If possible to suppose that 𝑀𝑑 is a
fuzzy F -metric on 𝑋. Then there exists p𝑓, 𝛼q P F ˆ p0, 1s, such that 𝑀
satisfies pF𝑀4q.

Let 𝑛 P N and 𝑢𝑖 “ 𝑖{𝑛 for 𝑖 “ 0, 1, . . . , 𝑛. Then, taking 𝑢0 “ 0, 𝑢𝑛 “ 1
and 𝑡 “ 𝑡0 ` 𝑡1 ` ¨ ¨ ¨ ` 𝑡𝑛´1, from (F𝑀4) we have:

p𝑓p𝑀𝑑p0, 1, 𝑡qqq
𝛼 >

> 𝑓pmin t𝑀𝑑p0, 𝑢1, 𝑡0q,𝑀𝑑p𝑢1, 𝑢2, 𝑡1q, . . . ,𝑀𝑑p𝑢𝑛´1, 1, 𝑡𝑛´1quq. (4)

Suppose for some 𝑖 “ 𝑟,
mint𝑀𝑑p0, 𝑢1, 𝑡0q,𝑀𝑑p𝑢1, 𝑢2, 𝑡1q, . . . ,𝑀𝑑p𝑢𝑛´1, 1, 𝑡𝑛´1qu“𝑀𝑑p𝑢𝑟´1, 𝑢𝑟, 𝑡𝑟´1q.
Then the relation (4) gives

ˆ

𝑓
´ 𝑡

𝑡` 1

¯

˙𝛼

> 𝑓
´ 𝑡𝑟´1
𝑡𝑟´1 `

1
𝑛

¯

Ñ 1 as 𝑛Ñ 8

ùñ

ˆ

𝑓
´ 𝑡

𝑡` 1

¯

˙𝛼

“ 1 ùñ 𝑓
´ 𝑡

𝑡` 1

¯

which gives 𝑡{p𝑡` 1q “ 1. This is absurd.

4. Characterization of fuzzy F -metric space. In this Sec-
tion, first we induce George & Veeramani-type fuzzy metric from fuzzy
F -metric. Then we define the notion of convergent and Cauchy sequences
and prove some related results. Later we study some topological properties
and define fuzzy F -boundedness for a set in the setting of fuzzy F -metric
space.

The next proposition shows that a fuzzy F - metric induces a George
& Veeramani-type fuzzy metric under certain conditions.

Proposition 1. Let p𝑋,𝑀, 𝑓, 𝛼, ‹q be a fuzzy F -metric space. Define
a function 𝑚 : 𝑋 ˆ𝑋 ˆ p0,8q Ñ r0, 1s by

𝑚p𝑥, 𝑦, 𝑡q “ supt𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1q : 𝑁 P N, 𝑁 > 2;

with p𝑢1, 𝑢𝑁q “ p𝑥, 𝑦qu
(5)

for all 𝑥, 𝑦 P 𝑋 and 𝑡 ą 0, where 𝑡 “ 𝑡1 ` 𝑡2 ` . . .` 𝑡𝑁´1.
If 𝑀p𝑥, 𝑦, ¨q is a continuous and non-decreasing function of 𝑡 for all

𝑥, 𝑦 P 𝑋, then p𝑋,𝑚, ‹q is a George & Veeramani-type fuzzy metric space.
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Proof. Since 𝑀 is a fuzzy F -metric space, there exists a pair
p𝑓, 𝛼q P Fˆp0, 1s with respect to which 𝑀 satisfies the condition pF𝑀4q.
Now, 𝑚 satisfies p𝑀1q, p𝑀3q and p𝑀5q trivially. We only verify p𝑀2q
and p𝑀4q. Now,
(i) If 𝑥 “ 𝑦, then 𝑀p𝑥, 𝑦, 𝑡q “ 1 for all 𝑡 ą 0 and, hence, 𝑚p𝑥, 𝑦, 𝑡q “ 1
for all 𝑡 ą 0.

Conversly, if possible, suppose that there exists 𝑥, 𝑦p𝑥 ‰ 𝑦q P 𝑋, such
that 𝑚p𝑥, 𝑦, 𝑡q “ 1 for all 𝑡 ą 0. Then there exists 𝑡0 ą 0i, such that

𝑀p𝑥, 𝑦, 𝑡0q ă 1. (6)

Let 0 ă 𝜀 ă 1. Then, by definition of 𝑚, there exists 𝑁 P N, 𝑁 > 2 and
t𝑢𝑖u

𝑁
𝑖 Ă 𝑋 with p𝑢1, 𝑢𝑁q “ p𝑥, 𝑦q, such that

1´ 𝜖 ă𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1q, 𝑡0 “ 𝑡1 ` 𝑡2 ` . . .` 𝑡𝑁´1,

ùñ 𝑓p1´ 𝜖q ă 𝑓p𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1qq 6

6 pfp𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼
p𝑏𝑦 pF1q $ pF𝑀4qq.

Since 0 ă 𝜖 ă 1 is choosen arbitrarily, we have

p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼 > 𝑓p1q“1 ùñ p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq “ 1 ùñ 𝑀p𝑥, 𝑦, 𝑡0q “ 1.

This contradicts the relation (6). Hence, 𝑚p𝑥, 𝑦, 𝑡q “ 1 for all 𝑡 ą 0 implies
𝑥 “ 𝑦.
(ii) Let 𝑥, 𝑦, 𝑧 P 𝑋 and 0 ă 𝜖 ă 1. Then, by the definition of 𝑚, there
exist two chains of points 𝑥 “ 𝑢1, 𝑢2, . . . , 𝑢𝑛 “ 𝑦, 𝑦 “ 𝑢𝑛, 𝑢𝑛`1, . . . , 𝑢𝑁 “ 𝑧,
such that

𝑚p𝑥, 𝑦, 𝑠q ´ 𝜖 ă𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑛´1, 𝑢𝑛, 𝑡𝑛´1q

and 𝑚p𝑦, 𝑧, 𝑡q ´ 𝜖 ă𝑀p𝑢𝑛, 𝑢𝑛`1, 𝑡𝑛q ‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1q,

where 𝑠 “ 𝑡1 ` . . . ` 𝑡𝑛´1, 𝑡 “ 𝑡𝑛 ` 𝑡𝑛`1 ` . . . ` 𝑡𝑁´1; 𝑡𝑖 ą 0,
𝑖 “ 1, 2, . . . , 𝑁 ´ 1. Therefore,

𝑚p𝑥, 𝑧, 𝑇 q >𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑛´1, 𝑢𝑛, 𝑡𝑛´1q ‹𝑀p𝑢𝑛, 𝑢𝑛`1, 𝑡𝑛q‹

‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1q ą

ą p𝑚p𝑥, 𝑦, 𝑠q ´ 𝜀q ‹ p𝑚p𝑦, 𝑧, 𝑡q ´ 𝜀q where 𝑇 “ 𝑠` 𝑡.

Since 0 ă 𝜀 ă 1 is arbitrary, we obtain as 𝜀Ñ 0` :

𝑚p𝑥, 𝑧, 𝑇 q > 𝑚p𝑥, 𝑦, 𝑠q ‹𝑚p𝑦, 𝑧, 𝑡q.
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Thus 𝑚 satisfies the inequality p𝑀4q. Moreover, since 𝑀 is a non-
decreasing function of 𝑡, so, from the definition of 𝑚, it follows that
𝑚p𝑥, 𝑦, 𝑡q is also non-decreasing w.r.t 𝑡, for all 𝑥, 𝑦 P 𝑋. Therefore, 𝑚
is a George-Veeramani-type fuzzy metric on 𝑋 with t-norm ‘‹’. l

Remark 6. We call the obtained George-Veeramani-type fuzzy metric 𝑚
the induced by the fuzzy F -metric 𝑀 .

The following example is for detailed demonstration of the Proposi-
tion 1.

Example 7. Consider the fuzzy F -metric space of Example 4. Then,
using Proposition 1, we can define the function ‘𝑚’ as

𝑚p𝑥, 𝑦, 𝑡q “

“ sup
!

𝑀p𝑢1, 𝑢2, 𝑡1q ¨ . . . ¨𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1q : 𝑁 P N, 𝑁 > 2; t𝑢𝑖u
𝑁
𝑖 Ă R

with p𝑢1, 𝑢𝑁q “ p𝑥, 𝑦q
)

“ sup
!´ 𝑡1

𝑡1 ` 1

¯|𝑢1´𝑢2|2

¨ . . . ¨
´ 𝑡𝑁´1
𝑡𝑁´1 ` 1

¯|𝑢𝑁´1´𝑢𝑁 |
2

: 𝑁 P N, 𝑁 > 2;

t𝑢𝑖u
𝑁
𝑖 Ă R with p𝑢1, 𝑢𝑁q “ p𝑥, 𝑦q

)

for all 𝑥, 𝑦 P R & 𝑡 ą 0, where 𝑡 “ 𝑡1 ` 𝑡2 ` . . .` 𝑡𝑁´1. Now,
(i) Clearly, 𝑚p𝑥, 𝑦, 𝑡q ą 0 @𝑥, 𝑦 P R and 𝑡 ą 0, since 𝑀p𝑢, 𝑣, 𝑟q ą 0
@𝑢, 𝑣 P R and 𝑟 ą 0. Thus p𝑀1q holds.
(ii) Let 𝑥, 𝑦 P R, such that 𝑥 “ 𝑦. Then, from the definition of 𝑚,
it directly follows that 𝑚p𝑥, 𝑦, 𝑡q “ 1 for all 𝑥, 𝑦 P R and 𝑡 ą 0. Again,
suppose 𝑥, 𝑦 P R, such that

𝑚p𝑥, 𝑦, 𝑡q “ 1 @ 𝑡 ą 0

ùñ sup
!´ 𝑡1

𝑡1 ` 1

¯|𝑢1´𝑢2|2

¨ . . . ¨
´ 𝑡𝑁´1
𝑡𝑁´1 ` 1

¯|𝑢𝑁´1´𝑢𝑁 |
2

:

𝑁 P N, 𝑁 > 2; t𝑢𝑖u
𝑁
𝑖 Ă R with p𝑢1, 𝑢𝑁q “ p𝑥, 𝑦qu “ 1 @ 𝑡 ą 0

ùñ

´ 𝑡𝑖
𝑡𝑖 ` 1

¯|𝑢𝑖´𝑢𝑖`1|
2

“ 1 for each 𝑖 “ 1, ¨ ¨ ¨𝑁 ´ 1

ùñ 𝑢1 “ 𝑢2, ¨ ¨ ¨ 𝑢𝑁´1 “ 𝑢𝑁 ùñ 𝑥 “ 𝑦.

Therefore, 𝑚 satisfies p𝑀2q.
(iii) Observe that p𝑀3q holds trivially. Using the ‘product’ t-norm instead
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of t-norm ‘‹’ in the third point of the proof of Proposition 1, we can check
that 𝑚 satisfies the inequality p𝑀4q. Moreover, since

`

𝑡
𝑡`1

˘|𝑢´𝑣|2 is a
continuous function of 𝑡 for all 𝑢, 𝑣 P R and 𝑡 ą 0, from the definition of 𝑚
it follows that 𝑚p𝑥, 𝑦, 𝑡q is also continuous w.r.t 𝑡, for all 𝑥, 𝑦 P R. Hence,
𝑚 satisfies p𝑀5q.

Therefore, 𝑚 is a George-Veeramani-type fuzzy metric on R with re-
spect to the t-norm ‘product’.

Theorem 1. Let p𝑋,𝑀, 𝑓, 𝛼, ‹q be a fuzzy F -metric space, such that
𝑓 is continuous from the left, and suppose that 𝑀p𝑥, 𝑦, ¨q is a continuous
and non-decreasing function of 𝑡, for all 𝑥, 𝑦 P 𝑋. If 𝑚 is the respective
induced George & Veeramani-type fuzzy metric on 𝑋 with respect to ‘‹’,
then the following holds:

𝑥, 𝑦 P 𝑋 with 𝑀p𝑥, 𝑦, 𝑡q ă 1 @𝑡 ą 0 ùñ

𝑓p𝑀p𝑥, 𝑦, 𝑡qq 6 𝑓p𝑚p𝑥, 𝑦, 𝑡qq 6 p𝑓p𝑀p𝑥, 𝑦, 𝑡qqq𝛼. (7)

Proof. Let p𝑥, 𝑦q P 𝑋 ˆ𝑋 be such that 𝑀p𝑥, 𝑦, 𝑡q ă 1 for all 𝑡 ą 0. From
the definition of 𝑚, it is clear that 𝑚p𝑥, 𝑦, 𝑡q >𝑀p𝑥, 𝑦, 𝑡q; this implies

𝑓p𝑚p𝑥, 𝑦, 𝑡qq > 𝑓p𝑀p𝑥, 𝑦, 𝑡qq pby pF1qq. (8)

Let 0 ă 𝜀 ă 1 be arbitrary. Then, by the definition of 𝑚, there ex-
ists 𝑁 P N, 𝑁 > 2, t𝑢𝑖u𝑁𝑖“1 Ď 𝑋 with 𝑢1 “ 𝑥, 𝑢𝑁 “ 𝑦, such that for
𝑡 “ 𝑡1 “ 𝑡2 ` . . .` 𝑡𝑁´1 :

𝑚p𝑥, 𝑦, 𝑡q ´ 𝜀 ă𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1q

ùñ 𝑓p𝑚p𝑥, 𝑦, 𝑡q ´ 𝜀q ă 𝑓p𝑀p𝑢1, 𝑢2, 𝑡1q ‹ . . . ‹𝑀p𝑢𝑁´1, 𝑢𝑁 , 𝑡𝑁´1qq

ùñ p𝑓p𝑀p𝑥, 𝑦, 𝑡qqq𝛼 ą 𝑓p𝑚p𝑥, 𝑦, 𝑡q ´ 𝜀q p𝑏𝑦 pF𝑀4qq.

Since 0 ă 𝜖 ă 1 is arbitrary, by letting 𝜀Ñ 0` we obtain

p𝑓p𝑀p𝑥, 𝑦, 𝑡qqq𝛼 > 𝑓p𝑚p𝑥, 𝑦, 𝑡qq. (9)

The relations (8), (9) together give

𝑓p𝑀p𝑥, 𝑦, 𝑡qq 6 𝑓p𝑚p𝑥, 𝑦, 𝑡qq 6 p𝑓p𝑀p𝑥, 𝑦, 𝑡qqq𝛼.

l

Now let us study the topology in fuzzy F -metric space induced by the
F -open ball.
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Definition 6. Let p𝑋,𝑀, f, 𝛼, ‹q be a fuzzy F -metric space. For some
𝑥 P 𝑋 and 𝑟 ą 0, 𝑡 ą 0, define F -open ball as

𝐵F p𝑥, 𝑟, 𝑡q “ t𝑦 P 𝑋 : 𝑀p𝑥,𝑦,𝑡q ą 1´ 𝑟u.

Proposition 2. Let p𝑋,𝑀, f, 𝛼, ‹q be a fuzzy F -metric space. Then

𝜏F “ t𝐴 Ď 𝑋 : for each 𝑥 P 𝐴, D𝑟 ą 0, 𝑡 ą 0 such that 𝐵F p𝑥, 𝑟, 𝑡q Ď 𝐴u

is a topology on 𝑋.

Proof. The proof is similar to George & Veeramani-type fuzzy metric
space [4, Result 3.3]. l

Now let us prove that 𝜏F is a Hausdorff topology.

Theorem 2. Every fuzzy F -metric space p𝑋,𝑀, f, 𝛼, ‹q is a Hausdorff
space.

Proof. Let 𝑥, 𝑦 P 𝑋 with 𝑥 ‰ 𝑦. Then there exists 𝑡0 ą 0, such that
𝑀p𝑥, 𝑦, 𝑡0q ă 1.

Let 𝑎𝑛 “ 1´𝑀p𝑥, 𝑦, 𝑡0q{𝑛, @𝑛. Then 𝑎𝑛 Ñ 1 as 𝑛Ñ 8.
Since for each 𝑛 P N, 0 ă 𝑎𝑛 ă 1, then, by Remark 1, there exists

0 ă 𝑏𝑛 ă 1, such that 𝑏𝑛 ‹𝑏𝑛 > 𝑎𝑛. Now, consider for some 𝑘 P N two open
sets 𝑈 “ intpBpx, 1´bk,

t0
2
qq and 𝑉 “ intpBpy, 1´bk,

t0
2
qq containing 𝑥 and

𝑦, respectively. If 𝑈 X 𝑉 “ 𝜑, then the proof is done. If possible, suppose
that there exists 𝑧 P 𝑈 X𝑉 . Then 𝑀p𝑥, 𝑧, 𝑡0

2
q ą 𝑏𝑘 and 𝑀p𝑦, 𝑧, 𝑡0

2
q ą 𝑏𝑘

and hence we get

p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼 > 𝑓

´

𝑀p𝑥, 𝑧,
𝑡0
2
q ‹𝑀p𝑦, 𝑧,

𝑡0
2
q

¯

ą 𝑓p𝑏𝑘 ‹ 𝑏𝑘q > 𝑓p𝑎𝑘q.

Letting 𝑘 Ñ 8, we obtain

𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼 > 1 ùñ fp𝑀p𝑥, 𝑦, 𝑡0qqq𝛼 “ 1

ùñ 𝑓p𝑀p𝑥, 𝑦, 𝑡0qq “ 1 ùñ 𝑀p𝑥, 𝑦, 𝑡0q “ 1.

This contradicts our assumption. Hence the proof is complete. l

Definition 7. A subset 𝐺 in a fuzzy F -metric space p𝑋,𝑀, f, 𝛼, ‹q is
said to be F -open if 𝐺 P 𝜏F and F -closed if 𝑋z𝐺 P 𝜏F .

Next we define F -convergent and F -Cauchy sequence in a fuzzy
F -metric space.

Definition 8. Let t𝑥𝑛u be a sequence in a fuzzy F -metric space
p𝑋,𝑀, f, 𝛼, ‹q. Then t𝑥𝑛u is said to be
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1) F -convergent if there exists 𝑥 P 𝑋, such that for any 0 ă 𝑟 ă 1,
there exists a natural number 𝑁 P N such that for all 𝑡 ą 0,
𝑀p𝑥𝑛, 𝑥, 𝑡q ą 1´ 𝑟 @𝑛 > 𝑁 .

2) F -Cauchy sequence if for each 𝑡 ą 0 and 0 ă 𝑟 ă 1, there exists a
natural number 𝑁 P N, such that 𝑀p𝑥𝑛, 𝑥𝑚, 𝑡q ą 1´ 𝑟 @𝑚,𝑛 > 𝑁 .

3) 𝑋 is said to be F -complete if every F -Cauchy sequence in 𝑋 con-
verges to some point in 𝑋.

The folowing results can be proved easily.

Proposition 3. Let p𝑋,𝑀, f, 𝛼, ‹q be a fuzzy F -metric space, t𝑥𝑛u Ď 𝑋
be a sequence, and 𝑥 P 𝑋. Then

1) t𝑥𝑛u is F -convergent to 𝑥 iff 𝑙𝑖𝑚
𝑛Ñ8

𝑀p𝑥𝑛, 𝑥, 𝑡q “ 1 @ 𝑡 ą 0.

2) t𝑥𝑛u is F -Cauchy iff 𝑙𝑖𝑚
𝑚,𝑛Ñ8

𝑀p𝑥𝑛, 𝑥𝑚, 𝑡q “ 1 @ 𝑡 ą 0.

Proposition 4. Limit of an F -convergent sequence in p𝑋,𝑀, f, 𝛼, ‹q is
unique.

Proof. Let 𝑥, 𝑦 P 𝑋 be such that a sequence t𝑥𝑛u converges to both 𝑥
and 𝑦. Then

lim
𝑛Ñ8

𝑀p𝑥𝑛, 𝑥, 𝑡q “ lim
𝑛Ñ8

𝑀p𝑥𝑛, 𝑦, 𝑡q @𝑡 ą 0.

Since 𝑀 is a fuzzy F -metric, there exists p𝑓, 𝛼q P F ˆ p0, 1s satisfying
pF𝑀4q.

Now suppose 𝑥 ‰ 𝑦. Then there exists 𝑡0 ą 0, such that𝑀p𝑥, 𝑦, 𝑡0q ă 1
and, hence, by pF𝑀4q:

p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼 > 𝑓p𝑀p𝑥, 𝑥𝑛, 𝑡1q‹𝑀p𝑦, 𝑥𝑛, 𝑡2qq @𝑛 P N, 𝑡0 “ 𝑡1` 𝑡2,

ùñ p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼 > lim

𝑛Ñ8
𝑓p𝑀p𝑥, 𝑥𝑛, 𝑡1q ‹𝑀p𝑦, 𝑥𝑛, 𝑡2qq.

On the other hand, by pF2q we have lim
𝑛Ñ8

𝑓p𝑀p𝑥, 𝑥𝑛, 𝑡1q‹𝑀p𝑦, 𝑥𝑛, 𝑡2qq “ 1,
which implies

p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq
𝛼 > 1 ùñ p𝑓p𝑀p𝑥, 𝑦, 𝑡0qqq

𝛼
“ 1

ùñ 𝑓p𝑀p𝑥, 𝑦, 𝑡0qq “ 1 ùñ 𝑀p𝑥, 𝑦, 𝑡0q “ 1 p𝑏𝑦 pF2qq.

This is a contradiction to our assumption. l

Proposition 5. In a fuzzy F -metric space, every F -convergent se-
quence is an F -Cauchy sequence.
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Proof. Let t𝑥𝑛u be an F -convergent sequence in p𝑋,𝑀, f, 𝛼, ‹q converging
to 𝑥 P 𝑋. Then

lim
𝑛Ñ8

𝑀p𝑥𝑛, 𝑥, 𝑡q “ 1 for all 𝑡 ą 0. (10)

Let p𝑓, 𝛼q P F ˆp0, 1s be such that (F𝑀4) holds.
Let 0 ă 𝜖 ă 1 be fixed. By pF2q, there exists 0 ă 𝛿 ă 1, such that

1´ 𝛿 ă 𝑡 ă 1 ùñ 1´ 𝜖 ă 𝑓p𝑡q ă 1. (11)

By Remark 1, for 𝛿 P p0, 1q, we can choose 𝛽 P p0, 1q, such that
p1´ 𝛽q ‹ p1´ 𝛽q > p1´ 𝛿q.

Again, p10q implies that for 𝑡1 ą 0 and 𝑡2 ą 0 there exist 𝑁1p𝑡1q and
𝑁2p𝑡2q P N, such that

𝑀p𝑥𝑛, 𝑥, 𝑡1q ą 1´ 𝛽 for all 𝑛 > 𝑁1p𝑡1q,

𝑀p𝑥𝑚, 𝑥, 𝑡2q ą 1´ 𝛽 for all 𝑚 > 𝑁2p𝑡2q.

Let 𝑡 “ 𝑡1 ` 𝑡2 and 𝑁p𝑡q “ maxt𝑁1p𝑡1q, 𝑁2p𝑡2qu. Then using (11) and
(F𝑀4), we have

𝑀p𝑥𝑛, 𝑥, 𝑡1q ‹𝑀p𝑥𝑚, 𝑥, 𝑡2q ą p1´ 𝛽q ‹ p1´ 𝛽q > p1´ 𝛿q @𝑚,𝑛 > 𝑁p𝑡q

ùñ 𝑓p𝑀p𝑥𝑛, 𝑥𝑚, 𝑡qq
𝛼
ą 1´ 𝜖 for all 𝑚,𝑛 > 𝑁p𝑡q for all 𝑡 ą 0

ùñ lim
𝑚,𝑛Ñ8

𝑓p𝑀p𝑥𝑛, 𝑥𝑚, 𝑡qq “ 1 for all 𝑡 ą 0

ùñ lim
𝑚,𝑛Ñ8

𝑀p𝑥𝑛, 𝑥𝑚, 𝑡q “ 1 for all 𝑡 ą 0.

This proves that t𝑥𝑛u is a Cauchy sequence in p𝑋,𝑀, 𝑓, 𝛼, ‹q. l

The next result proves that convergence nature with converging point
and cauchyness of a sequence remain invariant in fuzzy F -metric space
p𝑋,𝑀, f, 𝛼, ‹q and George & Veeramani-type metric space p𝑋,𝑚, ‹q, where
𝑚 is induced by 𝑀 as in relation (5).

Theorem 3. Let p𝑋,𝑀, f, 𝛼, ‹q be a fuzzy F -metric space, such that
𝑀p𝑥, 𝑦, ¨q is continuous and non-decreasing with respect to 𝑡
for all 𝑥, 𝑦 P 𝑋 and 𝑡 ą 0 and 𝑚 be the George-Veeramani-type fuzzy
metric space induced in the relation (5). Let pf, 𝛼q in F ˆ p0, 1s with
respect to which pF𝑀4q holds. Then
(i) t𝑥𝑛u is F -convergent to 𝑥 P 𝑋 in p𝑋,𝑀, f, 𝛼, ‹q ðñ t𝑥𝑛u converges
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to 𝑥 in p𝑋,𝑚, ‹q.
(ii) t𝑥𝑛u is a F -Cauchy sequence in p𝑋,𝑀, f, 𝛼, ‹q ðñ t𝑥𝑛u is a
Cauchy sequence in p𝑋,𝑚, ‹q.
(iii) 𝑋 is F -complete ðñ 𝑋 is complete with respect to the fuzzy
metric 𝑚.

Proof. p𝑖q First suppose that t𝑥𝑛u converges to 𝑥 P 𝑋 in p𝑋,𝑀, f, 𝛼, ‹q.
Then for any 1 ą 𝜀 ą 0, for each 𝑡 ą 0, there exists 𝑁p𝑡q P N, such that

𝑀p𝑥𝑛, 𝑥, 𝑡q ą 1´ 𝜀 for all 𝑛 > 𝑁p𝑡q.

From the definition of 𝑚, we get

𝑚p𝑥𝑛, 𝑥, 𝑡q >𝑀p𝑥𝑛, 𝑥, 𝑡q for all 𝑛 or 𝑚p𝑥𝑛, 𝑥, 𝑡q ą 1´𝜀 for all 𝑛 > 𝑁p𝑡q.

Therefore, t𝑥𝑛u converges to 𝑥 P 𝑋 with respect to the fuzzy metric 𝑚.
Conversly, suppose that t𝑥𝑛u converges to 𝑥 in the fuzzy metric space

p𝑋,𝑚, ‹q and let 0 ă 𝜀 ă 1.
Then, by pF2q, for 0 ă 𝑓p1´ 𝜀q ă 1 there exists 𝛿 ą 0, such that

1´
𝛿

2
ă 𝑡 ă 1 ùñ 𝑓p1´ 𝜀q ă fp𝑡q ă 1.

Again, for each 𝑡 ą 0 there exists 𝑁p𝑡q P N, such that

𝑚p𝑥𝑛, 𝑥, 𝑡q ą 1´
𝛿

4
for all 𝑛 > 𝑁p𝑡q.

By the definition of 𝑚, we can write

𝑚p𝑥𝑛, 𝑥, 𝑡q´
𝛿

4
ă𝑀p𝑥𝑛, 𝑥, 𝑡q ă 1 ùñ 1´

𝛿

2
ă𝑀p𝑥𝑛, 𝑥, 𝑡q ă 1 @ 𝑛 > 𝑁p𝑡q,

which implies

𝑓p1´ 𝜀q ă 𝑓p𝑀p𝑥𝑛, 𝑥, 𝑡qq ă 1 for all 𝑛 > 𝑁p𝑡q or

𝑀p𝑥𝑛, 𝑥, 𝑡q ą 1´ 𝜀 for all 𝑛 > 𝑁p𝑡q.

This proves that t𝑥𝑛u converges to 𝑥 in p𝑋,𝑀, f, ‹q also.
Proof of (ii) can be done similarly and (iii) is straightforward. l

Next define fuzzy F -boundedness as follows.
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Definition 9. Let p𝑋,𝑀, 𝑓, 𝛼, ‹q be a fuzzy F -metric space. A subset
𝐴 of 𝑋 is said to be fuzzy F -bounded if and only if there exist 𝑡 ą 0 and
0 ă 𝑟 ă 1, such that 𝑀p𝑥, 𝑦, 𝑡q ą 1´ 𝑟 for all 𝑥, 𝑦 P 𝐴.

Now we have the following result.

Theorem 4. In fuzzy F -metric space, every F -convergent sequence is
bounded.

Proof. Let p𝑋,𝑀, 𝑓, 𝛼, ‹q be a fuzzy F -metric space and t𝑥𝑛u be a se-
quence in 𝑋, such that 𝑥𝑛 Ñ 𝑥 as 𝑛Ñ 8.
Let 0 ă 𝜖 ă 1. Then, by pF2q, there exists 𝛿 P p0,1q, such that

1´ 𝛿 ă 𝑡 6 1 ùñ 1´ 𝜖 ă 𝑓p𝑡q 6 1. (12)

Since 𝑥𝑛 Ñ 𝑥 as 𝑛 Ñ 8, so, for 𝛿 P p0, 1q, there exists 𝑁 P N, such that
for all 𝑡 ą 0, 𝑀p𝑥𝑛, 𝑥, 𝑡0q ą 1´ 𝛿, @𝑛 > 𝑁 .
In particular, for a given 𝑡0 ą 0, we have

𝑀p𝑥𝑁 , 𝑥, 𝑡0q ą 1´ 𝛿. (13)

Now, by Remark 1, there exists 𝑟 P p0, 1q, such that

𝑀p𝑥𝑁 , 𝑥, 𝑡0q ‹ p1´ 𝑟q > 1´ 𝛿. (14)

Next, consider a sequence t𝛼𝑛u in p0,1q, such that 𝛼𝑛 Ñ 1 as 𝑛Ñ 8

If possible, suppose that t𝑥𝑛u is unbounded. So, for a given 𝑡0, for each
𝛼𝑘 there exists 𝑥𝑛𝑘 in t𝑥𝑛u, such that

𝑀p𝑥𝑛𝑘 , 𝑥𝑁 , 2𝑡0q 6 1´ 𝛼𝑘. (15)

Since 𝑥𝑛 Ñ 𝑥 as 𝑛 Ñ 8, so 𝑥𝑛𝑘 Ñ 𝑥 as 𝑘 Ñ 8. So, for 𝑡0, there exists
𝑚p𝑡0q P N, such that

𝑀p𝑥𝑛𝑘 , 𝑥, 𝑡0q ą 1´ 𝑟 @ 𝑘 > 𝑚p𝑡0q.

Hence, we can write

𝑀p𝑥𝑁 , 𝑥, 𝑡0q ‹𝑀p𝑥𝑛𝑘 , 𝑥, 𝑡0q ą𝑀p𝑥𝑁 , 𝑥, 𝑡0q ‹ p1´ 𝑟q @ 𝑘 > 𝑚p𝑡0q

> p1´ 𝛿q @ 𝑘 > 𝑚p𝑡0q.

This implies

𝑓p𝑀p𝑥𝑁 , 𝑥, 𝑡0q ‹𝑀p𝑥𝑛𝑘 , 𝑥, 𝑡0qq ą 1´ 𝜖 @ 𝑘 > 𝑚p𝑡0q pusing p12qq
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or p𝑓p𝑀p𝑥𝑁 , 𝑥𝑛𝑘 , 2𝑡0qqq
𝛼
ą 1´ 𝜖 @ 𝑘 > 𝑚p𝑡0q pusing pF𝑀4qq

or p𝑓p1´ 𝛼𝑘qq
𝛼
ą 1´ 𝜖 @ 𝑘 > 𝑚p𝑡0q pusing p15qq

or lim
𝑘Ñ8

p𝑓p1´ 𝛼𝑘qq
𝛼 > 1´ 𝜖.

Since 0 ă 𝜖 ă 1 is an arbitrary, letting 𝜖Ñ 0 we get

lim
𝑘Ñ8

p𝑓p1´ 𝛼𝑘qq
𝛼
“ 1 ùñ lim

𝑘Ñ8
𝑓p1´ 𝛼𝑘q “ 1

ùñ lim
𝑘Ñ8

p1´ 𝛼𝑘q “ 1 pusing pF2qq ùñ lim
𝑘Ñ8

𝛼𝑘 “ 0, a contradiction

Hence, every F -convergent sequence is bounded. l

Conclusion. A new idea of generalized fuzzy metric space known as
fuzzy F -metric space is introduced by considering a family of functions.
The inequality pF𝑀4q in fuzzy F -metric axiom is totally different form
other fuzzy metric spaces. Justification of this generalization is justified
by counterexamples. Since the definition of fuzzy F -metric space is given
in a new approach, there is a huge scope of research to develop the results
of fuzzy functional analysis by using such generalized fuzzy metric space.
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