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A d-ORTHOGONAL POLYNOMIAL SET
OF MEIXNER TYPE

Abstract. In this contribution, a new set of d-orthogonal poly-
nomials of Meixner type is introduced. Some properties of these
polynomials, including an explicit formula, hypergeometric repre-
sentation, as well as higher-order recurrence relation, and difference
equation, are analyzed.
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1. Introduction and basic background. The vector space of poly-
nomials with coefficients in C is denoted by P, and its algebraic dual is
denoted by P’, We state that a polynomial sequence {P,},., in P is a
polynomial set (PS, for short) if deg P, = n, n > 0. It is also assumed
that P, is a polynomial of a single variable and a monic when its leading
coeflicient is equal to one.

The associated dual sequence {u,}, ., in P' of a PS {F,}, ., is defined
by
1, n=m,

n,m = 0.
0, n #m, T

<unapm> = 5n,m = {
Here 6, is the Kronecker delta, where (u, f) is the action of v € P’ on
feP.

Multiple orthogonal polynomials, whether of type I or II, extend the
concept of standard orthogonal polynomials. Initially developed within
the framework of the Hermite-Pade approximation to achieve a simulta-
neous rational approximation to a vector of functions [19], these polyno-
mials became a focal point of research. While numerous type II multiple
orthogonal polynomials have been explicitly discovered, particularly those
related to discrete variables, a wealth of literature exists on the subject,
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found in several contributions,such as articles [1-3], [19] and books [14,
Chapter 23|, [17], among others.

Here we give a brief introduction to type II multiple orthogonal poly-
nomials. For further information, please refer to the above references.

Let r > 1 and let i = (o, - - ., ftr—1) be a vector of measures supported
on the real line with finite moments. Let also 77 = (ng,...,n,_1) € Nj be
a multi-index of length |7i| = ng+ - - 4+ n,_1. The monic polynomial Py is
called the type II multiple orthogonal polynomial if its degree is |7| and
it satisfies the simultaneous orthogonality conditions:

Jkaﬁ(x)d,uj(x) =0, 0<k<n;—1, 1<j5<r.

However, the existence of Py is not guaranteed but it holds under some
additional conditions imposed on the moments of the measures. Clearly,
these conditions extend the notion of standard orthogonality when r = 1.

In the same vein of generalizing orthogonal polynomials, Maroni and
Van Iseghem [15], [21] introduced a subclass of type IT multiple orthogo-
nal polynomials on the step-line, known in the literature as d-orthogonal
polynomials (d > 1), as follows.

Let {P.},5, be a PS in P, {P,}, ., is a d-orthogonal polynomial set
(d-OPS) with respect to the d-dimensional functional vector
[' = (ug,u1,...,uq—1) if the following conditions hold:

{<uk, Po() Pr(2)) = 0,

n = X
(ugy P () Prgik(z)) # 0, m > (1)

md+k+1, m > 0,
0, 0<k<d-1.

This is equivalent to the existence of coefficients {B,11},-¢, {77}

n=0?
k = 1,...,d, satisfying the following (d + 1)-order recurrence relation
[15], [21]:
d
an-‘rlpn-‘rl(m) = (fL‘ - 571-&-1) Pn(x) + Z ’YZPn—k(x); n = 07 (2)
k=1

with a1 #0,n 20,77 #0,n >d, and P_,(z) =0,n > 1.

When d = 1, (1) reduces to standard orthogonality, while the for-
mula (2) represents the three-term recurrence relation characterizing or-
thogonal polynomial sequences (Favard’s theorem), see [12].

In this paper, we introduce a new sequence of d-orthogonal polynomials
of Meixner type, where a parameter § remains fixed throughout. In the



24 W. Benamira, A. Nasri

case d = 1, they are expected to yield the discrete Meixner polynomials,
which are well-known for being orthogonal with respect to the Pascal
probability distribution [12], [16]. This approach contrasts with [2], [3],
[14], [23], where type IT multiple orthogonal polynomials are explored with
varying parameters of (.

The operational rules governing lowering and raising operators have
been instrumental in our studies because many properties of polynomial
sets can be inferred by applying these rules. These rules, associated with
the operators ¢ and p, are known as the quasi-monomiality principle.
A polynomial set {Pn}n>0 is called quasi-monomial under the action of o
and p if

oP,(x) =nP,_1(x), pP.(x)= Pyii(x),n>0. (3)

1.1. Sheffer type polynomials.

Definition 1. [14], [18] A PS {P,},., is called of Sheffer type if it is
generated by a function of the form:

D Pale) o = A (1) exp (2H (1) (4)

where
e +0
At)=Dlapth, A0)#0, H(t)=> ct*, H'(0)#0. (5
k=0 k=1

Let us now introduce a fundamental result about Sheffer type polyno-
mials that we need for the remainder of this paper.

Proposition 1. [6] Let A(t) and H(t) be as in (5) and the PS of Sheffer
type generated by

3 Pn(w)i—n! _A(t)(1+ H (D)

Then the lowering operator o and the raising operator p of the PS {P,}
are given in the sense of formal power series in A, respectively, by

n=0

A'(o)  H'(o)
= A0 "1y a (6)

o = H*(A),
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Here H* denotes the compositional inverse of H, i.e.,
H(H*(t)) = H* (H(t)) =t
and A is the forward difference operator
Af(z) = f(z+1) = flz), feP.
In the notation of [12], the standard Meixner polynomial set is given by:

n,

Mn(xaﬁ7c>:(5)n QFI(_ 6_'1771_%)’ 6>170<C<17

where o F} is a particular case of the well-known generalized hypergeomet-
ric function (see [18])

F:<a17a27"‘7 ) io n (Oép)nx_
P Ml?/“@)"'nu‘q n:0 n n (/-Lq)n n!’

where p; # —1,-2,-3,... for j=1,...,q.
Here (a),, denotes the Pochhammer symbol defined by:

1, n=0,
((I)nZZ{ ala+1)(a+2)...(a+n—-1), n=1,2,3,....

Using the Pochhammer symbol, we obtain:
and (—z), = (-1)"(z —k+1),.

Whenever one of the numerator parameters is a negative integer or
zero, the generalized hypergeometric series terminate. The series ,F, con-
verges for all finite = if p < ¢, converges for || < 1 if p = ¢ + 1 and
diverges for all x, x # 0, if p > g + 1.

The Meixner polynomials, a significant subset of Sheffer polynomials,
can be defined through their generating function as follows (see [14]):

+© xT
Z ; B, ¢)t" (1_E> (1—t)7m7ﬂ,5>1,0<c<1.

Cc
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The multiple orthogonal polynomial set generalizing Meixner polyno-
mials has been given [3]. Moreover, several generalizations to d-orthogo-
nality have been treated [11], [22].

The paper is structured as follows: Section 2 introduces a new d-OPS

of Meixner type denoted by {M (5; d)} . Additionally, we explore vari-

n=0

ous aspects of {M 5? ;d)} , including its explicit formula, hypergeometric
n=>0
representation, connection formulas, addition formula, and other related
properties. We prove that {M ff : d)} is a d-orthogonal polynomial set,
n=0

provide the (d+ 1)-order recurrence relation, deduce the classical property.
Moreover, we derive the corresponding d-dimensional functional vector,
and the (d 4+ 1)-order difference equation, respectively.

2. d-OPS of Meixner type. In this section, we define a new
d-orthogonal polynomial set of Meixner type by using a generating func-
tion of Sheffer type (which satisfies conditions (4) and (5)). Many of their
algebraic properties are analyzed therein. Meixner polynomials can be
generalized as follows:

G (x,1) = fmwf; -
- (1—t)—5[1+ c;l ((1—t)*d—1)]m, c¢ {0,1}. (7)

In the following theorem, we present the explicit formula, hypergeometric
representation, some connection formulas, and addition formula of M ;ﬂ 1)

Theorem 1.

(1) Explicit formula and hypergeometric representation:

e~ 3 31 k:' - (C;1>k(¢d+5)n; (8)

k=01=0
. N\ g Bin Bntdo
MED (@) = (8), (—) E(TOT —e), 0
C d+1 PEEREE d

where 4,1 F; denotes the generalized hypergeometric function.
(2) Connection formulas:

@) = 3 (1) By M@, (10)

k=0
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AT MED (1) =

() L [

(3) Addition formula:

MBred) (g 4 2) zn:( )de) z) M (). (12)

Proof. (1) According to the generating function (7) and by using binomial
expansion and shifting indices, we get

St = 5 3R ERE () g £

" E (=2 —k.c—lk, t"
Zz(k!)k(z‘!)l< c ) id+0) o

Identifying the coefficients of — in both sides, we obtain (8).

The following characteristics of Pochhammer’s symbol [20]:

N = A +m)n (A,
()\)mn _ lzn[ (/\Jrj 1)

give us

M;’B;d)(m) _ +ZOO (_x)k

<c; 1>’“2 (—;)i (5)n((§): n)ia

. ) ) (W)
oS L ey

k=0 j=1
d

Then, changing the summation order and shifting &k, we get
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Mﬁf?d)(m)
. i ﬁ+n+j—1 " c— 1\F
:(5)71. (Z'x)l<1zc>1—[ ( ﬁ+]_1 >z Z x4 i) ( ) _
i=0 j=1 <—g )Z k=0
b prntj-1y e
:(5)"1_0(2'!)2 <1c >H <<B+?1>>l (- cl> '
d i

Thus, we derive (9).
(2) The generating function (7) can be written in the form:

fMgﬁ%@(x):: (1—t)* 21— [1 4 C; ! ((1 o 1) ] _

+ +00 k
(6 - O'/) (a'd) t

= ______Jﬂtm' A[ ’ _
2 L M -

tTL

Z< ) (B =)oy M

||M+

n

t
Then, by comparing the coefficients of —, we get (10).
n!

Further, we have

+00 n
DTATMMPD ()= =
n!
n=0
C — 1 m —d m _B C — 1 r
_ ( - ) (1=t —1)" (1 —1) [1+ — ((1-1) —1)] _
B c 1 k k!
=0 k=0
Using the binomial expansion, we obtain
+oo "
Z A M B (1) —
= n!
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Since deg AmM,(f;d) =n—m, we get

zooAmM(ﬁ;d)( ):; _
S S () (e

This yields (11).
(3) From (7), we have

I tn -1 z+z
N MPrED (4 2) = (1) *a[1+ ((1—t)—d_1)] _
oy n! c
io (8; ) tkio (sd) ¢y P
=2 My ()5 2 My (2) — =
= k!m:O m!
+00 n n ( ) ) tn
B;d asd
:ZZ<I§ )Mk () M2 (z)ﬁ
n—=0 k=0

Hence, by identification, we obtain (12). []

Remark 1.

(1) When d =1 in (9), we get the standard Meixner orthogonal poly-
nomials, according to |20, p. 33|.

(2) If « = 5+ 1, then (10) becomes
MFD (@) = MO @) = b, 75 (). (14)

(3) If « = (8 in (12), then we obtain
. = d ;d
MéQﬂ’d) (z + 2) Z ( ) B d) )Mr(ﬁk) (2).
Moreover, the case z = —x of the last formula gives

S ()M ) M5 () = 29),
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Similarly, in [4], [10], the connection formula allows us to derive a line-
ar operator to transform any Meixner type polynomial set into another
Meixner type polynomial set. Thus, we have

Proposition 2. For fixed 3, we define the operator Cf by:
CfM(ﬂ‘d) = 7_, 0 MB+Xd)

where
Paf@) = fla+ ), feP.

Thus, Cf is independent of [ for any X; so, we write Cy := Cf.

Proof. The connection formula permits us to write
o ; = n a a;d
CyM Y = Z <k> (ﬁ_a)(n—k) CAMI(c =
k=0

n n i
=T_)\0 Z (k) (B _a)(nfk) Ml(f D

k=0
o MEND _ oP e,

Hence, since {M (8 d)} forms a basis of P, the desired result becomes
n=0

clear. [

Furthermore, from (6) we deduce, respectively, the expressions of the
lowering operator ¢ and the raising operator p associated with {M ff ) }n>0.

Proposition 3. The PS {Mffa; d)} is quasi-monomial under the action
n=>0

o=1-— (1 - 1C_Ac> , (15)

1+d

p:5<1_cAc)i+(C—1)d x (1 cA > (16)

c 1+A\ 1-¢
In the next proposition, we deduce several relations that the polyno-
mials Mgf; D n >0, satisfy.

of the operators

=

Proposition 4. For n > 0, we have:

dr M (o 1) = —= | MEP (@) - pMP @], a7)
c [—
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M B d) (x+1) =

n

M () ﬁ > (1) e (M0, @) — M2 @) ) +

Gy B XA st AR I N
;_;)Mnﬂ ()= =D ;}Mn () + mHl(t)nZ_;]Mn (), (20)
where
H,y () =ln<1+ Czl ((1—t)‘d—1))
Then
S @) a3+ A S )

Thus, we get the first relation.

From the generating function (7) we deduce (18) in a straightforward
way.

Multiplying both sides of (20) by

1 O
A-0H @) de-1 &
we get
<« +1;d 13
x%M;ﬂ )( )= =
- (== 0+ 3) X (M @) - sy @) o
S LS (M) (), (MO ) — M) +
d(c—1) k
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t’n

m.

+ ey (M0 - pap ) |

n

t
Thus, identifying the coefficients of — in both sides, we get (19). O
n!

Next, we present some relations involving M ff i and AFM 7(16 ),
0 < k < n in the following proposition:

Proposition 5. For n > 0, the following relations hold:

< c )mAmMT(LB;d)(x) — i <m> (_1)m—z‘ M7Sﬁ+di;d)(x), (21)

c—1 =0 !
n n c k
MG () = Y ( . ) (C - 1) AFMPD (), (22)
k=0
1
(B—1;d) C (E)k ¢ ’ kar(B;d)

M) = 0, St (70 ) AMP ), )

k=0 )

WD _ ¢ MB-Ld) oy
n (.CE) d(c — 1) n+1 ( )
(B—1+d)c : ;

~desTy AMI@) - eAMPTE @ - 1), (24)

By insertion in (13), we conclude (21).
Choosing m = 1 in (21), we get

(= 1)AM,<fsd>(x) = ME+ED () — MED(g), (25)
-

Or, equivalently,

MBEd (7)) = [(C ‘ 1>A + I] MED (), (26)
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[terating (26), we obtain

M () — [ (£ >A+I]anf?d)(x) -

c—1
=20 (1) (o) ameoe)

From (3) and (15), we have

(3,

k!

k
( ¢ ) ARMBED (1), n > 0.

pd ; C
ML () = MIPD (@) = 3~ (7=
k=0

Thereafter, using (14) (8 — 8 — 1), we find (23).
By changing 8 by 5 — 1 in (17) and inserting the operator A, we get

€ ApB-1d (z) =

C_]. n+1

-1
_ (B 1) CAMglﬁ;d) (z) + dxAMglﬁ—&-d; d) (x—1)+ dMslﬁ-i-d; d)(;p).
c—

Thus, when dMP*%9 () is removed, by using (25), we see that the
statement holds. []

Remark 2.

(1) Notice that, for d = 1 (14) and (25) yield a classical result for
standard Meixner polynomials [12], [14]

c—1

AM, (z; 8, ¢) =n< )Mn—l (x; 8+ 1,¢).

(2) (22) and (23) are connection formulas.

3. Connection between M Ef;d) and some known polynomial

sets. First, we aim to obtain a relation between Mff; 4 and é,(lal"”’ad),

where {67(10‘1"“’%)} is the d-OPS of Laguerre type defined by [8]:
n=0

(a1, .y g) _ -n .
b (z) 1Fd<a1+1,...,ad+1’x)'

Taking into account (see [13])
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+0o0 k
~1)F (), 2 (ap+k > (_k7cr )
= F ) X p1F W,
1;) k!(bq)k by + k : ds

where o, is an abbreviation for a4,...,®,, and settingp =d + 1, s = d,
B+n+j—1
q=r=0,z:l,wzl—c,alz—x,ajHZf,
— 1
dj—%,j—l,...,d,weobtam
N &S (=D (—2), (B), 1y (BHn+j—1
M Bd <_> k\P)y
v = (7)) 4 K| [] d .
k=0 j=1
_ B+n+kd B4+n+kd+d—1 B_ B+d—1
Xd+1F0( x+ k, 2 s . ;1>€](€d 1., 8+ 1)(1—0)
1 +n+j5—-1
Next,if r=s=d,p=1,2=— w=(1-c)z, \=7,¢;= B%,
x’
-1
dj:5++,j=1,...,d, in (see [13])

F ap, Cp Z 1)k ( ()‘)k 2 »
PR\ bg,ds kL (bg), (v + k),

Ak op,+k —k,v+k, ¢,
Xp+1F+1<v+2k+1b+k: )Xr+2Fs+1( o, d, ,ZU),

withp=q+1, z # 1, |1—w\<|1—%{,Re(c)<1,wehave

y+kk—z 1 ™ (1 _
X QFI( 7+2k+1 ’3’; XSk ((1 C)l’)

Here S,E:’) (x) are the Srivastava—Pathan polynomials defined by [7]:

—k,y + k2R Binrdd
Sl(:)(l’) = (M d+2Fd+1< ! ~, 8 LT I ' T
R
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4. Recurrence relation.

Theorem 2. The PS {Méﬂ;d)} satisfies the following (d + 1)-order
n=0

recurrence relation:

M () = 1,
¢ (8:d) 1 [ Be d+1 (8:d)
— - 1 M
1 d n n d
cemma o)+ n (1) [ue
k=1
with M°™ =0, n > 1.
1
Proof. If we multiply both sides of (20) by H @)’ then we get
1
MBED N P g B
B N (B;d) t
+ (3 +a nZ_OMn (2)—

Using the binomial expansion and

+o0

1 By, NP
H{ (t) T;)Mn-i-l (x)n' -
- p A i (—d), (”)M(ﬁ;g)
(c-Dd = |3 ks

On the other hand,

400

1 (B; d) t"
R M "> JE—
(C o 1) d( ) nz_;) n+1

By employing the binomial expansion

shifting indices, we have

()

_l’_

(

. 0 G L
(@) 5+ 51 - £) ), M ().
! ~ !

and shifting indices, we obtain
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Z ey [ﬁ (1) (=d =DM ()

1 d+1 . C B;d t"
- <1 o ) nM D (2) + M;g(x)]m.

n
Thus, by identification of the coefficients of the monomials — the
n!

(d + 1)-order recurrence relation is deduced. []
Remark 3.
(1) Under the assumption

6#_7%77’}07

the order of the above recurrence relation is (d + 1).

(2) When d = 1, we retrieve the well-known three-term recurrence rela-
tion of standard Meixner polynomials [12]:

My (255, ¢) = (¢ = D + e+ nlc + 1)) My, (3 5, )—
—[Antnn=1)] M,y (2:8,¢), n=0.

By using the above theorem, the following result holds:
Proposition 6. The polynomial sets {Méﬁs d)} and {AMéﬁ;d)} sa-
n>0 n>0

=

tisfy the following limit relations:

lim M{° ( - > = LU 1D(g),

c—1 1—-c¢

i (B;d) - (8-1,d)
g—rg(l—c) AM, (1—c> DL, ().

Here {E,(@a’ d)} denotes the d-OPS of Laguerre type, see [10],

n=0

+00 n

Z LoD (1) = (1—1)"" "exp [—x ((1 —t) = 1)] :

In addition, we recall that

DL (x) = £ (x) = £049 (a).
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When d = 1, we get a very well-known limit result for standard
Meixner polynomials [12,14]:

C—)l

lim M, (%;ﬁ,c) = nILP (),
—c

where «{L%a)} denotes the standard Laguerre PS.

n=0
In the following, we deal with establishing an operator 7 in P, such

that the PS {M ;’3 : d)} satisfy the classical property with respect to it.
n=0
5. The classical property.

Theorem 3. The PS {M,(f : d)} is classical with respect to the operator

n=0

where 1, denotes the operator given by

nf(x) = fz—=1), feP.

Proof. Multiplying (24) by (n + 1), we get

ApO'M(B_l;d) ([E)—

n+1

(n+1) MBD(z) = ﬁ

B—1+d)c : :
- ﬁﬁa ME (@) — 2o MEAE (z - 1).

Furthermore, (14) gives us

M(ﬁ;d)(x) = (I — o) Mffﬂ;d)(x).

n

From this identity and relation (26), we obtain

Bd) () = & _ (Bid) (.
(n+1) M, (x) e 1)Apa (I—0o)M, 7 (x)
b—1+d)c : c : :
_B-1+d)c e 1)> Ao M ﬁf)(x)—an <(c 0 A+[>7'1Mﬁf)(x) =7 Mﬁf)(x).

Then we derive the result. []
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6. The canonical d-dimensional functional vector.

Theorem 4. The components of the d-dimensional vector of functionals
associated with the d-OPS {Mr(f : d)} are given as the following repre-
n=0

sentation:
1 &< : ¢ \~(5F+) B+ <L>J
10 (IR (REC R o R

r=0,1,....,d—1.

Here 0; is the Dirac mass defined by (0;, f) = f (j), f € P.

Proof. The components of the d-dimensional vector of functionals asso-
ciated with the d-OPS {M 8 ;d)} are given by [5], [9]:
0

=

<ur,f>=%[ﬁf(x)]  r=0,1,....,d—1, feP.

Therefore, we have

(up, f) = % [; (:) (=1 (1 N 1C—Ac>_;i (1 - 1C—AC>_

Taking into account

we obtain

w03 EE )l sy I 5

This gives the desired result. []
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7. Higher-order difference equation. Here, we rely on the lowe-
ring and rasing operators to determine the difference equation of order

(d+1):
Theorem 5. The d-OPS {Mﬁfg ;d)} satisfies the following (d + 1)-order

n=0
difference equation:

[(<B+dx>A+ﬁ+@x) (2 (‘]j)k(l ¢ C)%) _RA]W;@ _

Proof. From (3), we get
nM3 (z) = po MIH (x).

Then, replacing (15) and (16) and applying (1 + A) in both hand sides,
we get

n(1+A)MBD(z) =

o D ) (1 2
= ((B—Fdx)A—FB—F (c l)dx>(§ (_]j)k <1ic> Ak)Mq(f’d)(m)

Thus the statement follows. []
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