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1. Introduction. In their seminal papers, Hormander and Mikhlin
[5], [12] initiated the study of boundedness of the translation-invariant op-
erators on R%. The translation-invariant operators on R¢ are characterized
using the classical Euclidean Fourier transform F(f), therefore they also
known as Fourier multipliers. Given a measurable function

m: R — C,

its Fourier multiplier is the linear map 7, given for all A € R? by the
relation
F(Tm(F))A) = mN)F(f)(A). (1)
The Hormander-Mikhlin fundamental condition gives a criterion for
LP-boundedness for all 1 < p < oo of Fourier multipliers 7, in terms of
derivatives of the symbol m; more precisely, if

B s W o o< < 5] @)
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then 7, can be extended to a bounded linear operator from LP(R?) into
itself.

The condition (2) imposes m to be a bounded function, smooth over
R4\ {0}, and satisfying certain local and asymptotic behavior. Locally,
m admits a singularity at 0 with a mild control of derivatives around it
up to order [%] + 1. This singularity links to deep concepts in harmonic
analysis and justifies the key role of Hormander-Mikhlin theorem in the
Fourier multiplier L,-theory: this condition defines a large class of Fourier
multipliers including Riesz transforms and Littelwood-Paley partitions of
unity, which are crucial in Fourier summability or Pseudo-differential op-
erator. The boundedness of Fourier multipliers is useful to solve problems
in the area of mathematical analysis and Probability theory: see [11], for
stochastic processes see [2], and for the study of nonlinear partial differ-
ential equations see [8].

The general theory of reproducing kernels has started with Aronszajn’s
in [1] in 1950, then the authors in [10], [14], [15] applied this theory to
study Tikhonov regularization problem and they obtained approximate
solutions for bounded linear operator equations on Hilbert spaces with the
viewpoint of numerical solutions by computers. This theory has gained
considerable interest in various field of mathematical sciences, especially
in Engineering and numerical experiments using computers, see [10], [15].
This paper focuses on the generalized Fourier transform associated with
the Dunkl-Laplace operator called the Deformed Hankel transform. More
precisely, we consider the following differential operator: A, defined for
o > ’Tl by

where S(f)(z) =: f(—x).

The operator A, is closely connected with the Dunkl theory, see [4],
[1], [6], [17], furthermore, the eigenfunctions of this operator are related
to Bessel functions and they satisfies a product formula, which permits to
develop a new harmonic analysis associated with this operator; see [17]
for more information.

The deformed Hankel transform F, generalizes the usual Fourier trans-

form F and is defined on L!(R) by

Fo(f)N) = fBa()\x)f(x)d,ua(a:), for A € R,
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where i, is the measure on R and B, (\.) is the Bessel kernel given later.
Let o be a function in L2(R) and 8 > 0 be a positive real number. The
deformed Hankel L2-multiplier operators [8] is defined for smooth function
on R as

Tos(f)(z) == Fo ' (osFa(f)) (2), (3)
where the function og is given by
o5(N) i= o (A3). (4)

These operators are a generalization of the classical multiplier opera-
tors given by the relation (1). The remainder of this paper is arranged as
follows: in section 2 we recall the main results concerning the harmonic
analysis associated with the deformed Hankel transform, in section 3, we
introduce the deformed Hankel L2-multiplier operators T, 53 and we give
for them a Plancherel’s point- wise reproducing formulas and Heisenberg’s,
Donoho-Stark’s uncertainty principles. The last section of this paper is
devoted to giving an application of the general theory of reproducing ker-
nels to Fourier multiplier theory and to give the best estimates and an
integral representation of the extremal functions related to the deformed
Hankel L2-multiplier operators on weighted Sobolev spaces.

2. Harmonic Analysis Associated with the Deformed Hankel
Transform. In this section, we set some notation and recall some results

in harmonic analysis related to the deformed Hankel transform; for more
details, see [9], [13], [17], [18].

e For o > _Tl, lto is the weighted Lebesgue measure defined on R by

‘,L,2a71dx
dite, =
Hal®) = Sra0
where I' is the Gamma function.

e [?(R),1 < p < o is the space of measurable functions on R, satisfying

(§ @) <0 1<p<on

esssup | f(z)| < oo, p = 0.
zeR

[ Fllp e =

In particular, L2(R) is a Hilbert space with inner product given by

(9 = j F(@)9@)dpal2).
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2.1 The Eigenfunctions of the Dunkl-Laplace operator A,. For
A € R, consider the following Cauchy problem:

Aa(u)(@) = |2 ufa),
u(0) = 1.

(9):

From [9], [13], [17], the Cauchy problem (S) admits a unique solution
B, (\.) given by

Ba(At) = joas (2v/Aa]) — — VI 6)

20200 + 1

where j, denotes the normalized Bessel function of order «, see [19] for
more information about this function. The function B,(\.) is infinitely
differentiable on R and we have the following important result:

VA, zeR, |B,(Ax)] <1. (6)

Furthermore, from [17], the deformed Hankel kernel (5) is multiplica-
tive on R in the sense

VAeR,z,y e R* B,(Ar)B,(A\y) = fBa()\z)Ka(x, Y, 2)dpa(z), (7)

R

where K, is the Bessel kernel given explicitly in [17], [18]. The function
K,(z,y, z) is unchanged by permutation of the three variables and there
exists a constant A, independent of x,y, such that

J!Ka(x,w)\ dpa(z) < Aa. (8)

From [17], the product formula (7) permits to define a translation operator,
convolution product, and to develop a new harmonic analysis associated
to the Dunkl-Laplace operator A,.

2.2 The Deformed Hankel transform.
Definition 1. The deformed Hankel transform F, is defined on L} (R) by

Folf)(A) = fBa()\x)f(x)d,ua(a:), for A e R.
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Some basic properties of this transform are as follows: (find the proofs
in [9], [13], [17], [18]).

Proposition 1.
(1) For every f € LL(R), we have

[ Fa () o pe < 1 1 (9)

(2) (Inversion formula). For f € (L} n L2)(R), such that F,(f) € LL(R),
we have

flz) = J BaO\)Fa(f) N dua()),  ae. zeR. (10)

R

(3) (The Parseval formula). For all f,g e L%(R) we have:

{fs9)a = <~Fa(f)a]:a<g)>aa (11)

In particular, we have

[Fl20 = [Fa (P20 - (12)

(4) (The Plancherel theorem). The deformed Hankel transform F, can be
extended to an isometric isomorphism from L2(R) into L2 (R).

2.3 The translation operator associated with the deformed
Hankel transform. The product formula (7) permits to define the trans-
lation operator as follows:

Definition 2. Let x,y € R and f be a measurable function on R; the
translation operator is defined by

7 0) = [ S Raley. ).

The following proposition summarizes some properties of the deformed
Hankel translation operator see [13], [17].

Proposition 2. For all x,y € R, we have:

(i)
o f(y) = 78/ (). (13)



8 A. Chana, A. Akhlidj

| waentw) = [ Fo)duaw) (14)

R R
(iii) for f e LE(R) withp e [1;+0] 72f € LE(R) and we have

17 f e < Aal Fllpses (15)

where A, is the constant given in (8).
(iv) For fe LL(R), 72fe LL(R) and we have

Fo (15) (N) = Ba(Az) Fo(f)(A), VAER. (16)

The relation (16) shows that the translation operator 77 is a particular
case of the deformed Hankel multiplier operator (3).
By using the translation, we define the generalized convolution product

of f,g by
(f %0 9) (2.1) = f (1) ()9 dpaly).

K

This convolution is commutative, associative, and satisfies the following
properties (see [17]):

Proposition 3.

(i) (Young’s inequality). For all p,q,r € [1;+o0], such that %}—i—é =141
and for all f € LP(R),g € LL(R) the function f =, g belongs to the
space L% (R) and we have

1 #a gl e < Aallflp a9l (17)

(ii) For f,g € L2(R), the function f *, g belongs to L2(R) if and only
if the function F,(f)F.(g) belongs to L:(R), and in this case we
have:

Fo ([ *a g9) = Falf)Falg)- (18)
(iii) For all f, g € L2(R) we have

[1£ 40 960 @) = [ 17N F )V i), (19)

R

where both integrals are simultaneously finite or infinite.
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3. Deformed Hankel L2 -multiplier operators. The main purpose
of this section is to introduce the deformed Hankel L2-multiplier operators
on R and to establish for them some uncertainty principles and Calderon’s
reproducing formulas.

3.1 Calderon’s Reproducing Formulas for the Deformed Han-
kel L?-multiplier operators.

Definition 3. Let ¢ € L:(R) and 8 > 0; the deformed Hankel
L2-multiplier operators are defined for smooth functions on R as

Tos(f)(@) = Fo ' (05Fa(f)) (@), (20)
where the function og is given by
a(A) 1= o (BA),
for all A € R.

By a simple change of variables, we find that for 3 > 0, 05 € LA(R)
and

1
o5l = Sl @1
Remark. According to the relation (18), we find that
Tos(F)(@) = (Fo ' (08) a [f) (2), (22)
where
1 1 1 x
Fo o) @) = gt (5): 23

Let us give some properties of the deformed Hankel L?-multiplier op-
erators.

Proposition 4.

i) For every o € L2(R) and f € L:(R), the function T, belongs to
« @ 8
L2(R), and we have
A,
| 75,62, < @HUHZM (na i

(ii) For every o € L?(R), and for every f € L2(R), the function T, 5(f)
belongs to L*(R), and we have

17062 < N llon sl Fll2 10 (24)
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(iii) For every o € L2(R), and for every f € LA(R), T, 5(f) € LY(R), and
we have

7:7,5(]0) (:L', t) :Ja<ﬁ)‘a m)@)x,m(xa t)fa(f) ()‘? m)d7a<)‘7 m>> a'e(xa t) ek,

R

(25)
and
Aq
|78 )lop . < FHUHZMQWHMQ-
Proof. (i) By the relations (17), (22), we find that
2 _
IToslD)E, = |F (on) wa fI2 < 22002, 1F )]

Plancherel’s formula (12) and the relation (21) gives the desired result.
(ii) Is a consequence of Plancherel’s formula (12).

(iii) Is a consequence of the relations (12), (17), (21), and (22); on the
other hand, the relation (25) follows from inversion formula (10). []

In the following result, we give Plancherel’s and pointwise reproducing
inversion formula for the deformed Hankel L2-multiplier operators.

Theorem 1. Let o € L2(R) satisfy the admissibility condition:

J|aﬁ(A)\2 % —1, XeR. (26)

0

(i) (Plancherel’s formula). For all f in L2(R), we have

[ 1@ = [1Tatn)R,, 5 (27)

(ii) (First Calderén’s formula). Let f € L. (R), such that F,(f) € LL(R);
then we have
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Proof. (i) By using the Fubini theorem and relations (19) and (22), we

get
[, 2| : a5 _
Of Tl DI, G = j j T o) | 2 -
- J J‘}_l (08) *a f(x)‘zdua(m % _
| || DO o) [ o

The admissibility condition (26) and Plancherel’s formula (12) give the
desired result.

(i) Let f € L (R), such that F,(f) € LL(R); by using the Fubini theorem
and the relations (11), (16), we find that

:![H!m(f)(ym (F1(05)) (y)dﬂa(y)]% _
- Of [H! o3V Fa(f)(A)Ba()\x)dua()\)]%'

Admissibility condition (26) and inversion formula (10) give the desired
result. []

To establish the second Calderon reproducing formula for the deformed
Hankel L2-multiplier operators, we need the following technical result.

Proposition 5. Let 0 € L2(R) n L®(R) satisfy the admissibility condi-
tion (26); then the function defined by

)
B, 5()) = j wmf%
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belongs to L2(R) n L®(R) for all 0 <y < § < 0.

Proof. Using Holder’s inequality for the measure %= and the Fubini the-
orem, we get

2
[0,12,, < log(6/)lo, j ot}

Using the relation (26), we find that

[9,513,., < o83/l lolE., j o <

So, ®, 5 € L2 (R). Furthermore, using relation (26), we get |®, 4], < .
Therefore, ®., 5 belongs to L2(R) n L®(R). [

Theorem 2. (Second Calderén’s formula). Let f € L2(R) and
o € L*(R) n L®(R) satisfy the admissibility condition (26) and
0 <y < < . Then the function

é
Fio@) = [ (Toah) s 7 @) 05, e R

belongs to L?(R) and satisfies

fim 1= Sl =0 (28)

Proof. By a simple computation, we find that

fra(x) = J(I)%é()‘)Ba(/\x)]:a(f)()‘)dﬂa()‘) = ]:071 (Dy5Fa(f)) (7).

Using Proposition 5, we find that @, 5 € L?(R). Then we have f, s € L2(R)
and

Fo(fr5) (A) = @55(A, m) Fa(f)(A).
On the other hand, using Plancherel’s formula (12), we find that

i e S, =t f Fa I (1= 8,50 dita ().
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Using the admissibility condition (26), relation (28) follows from the dom-
inated convergence theorem. []

3.2 Uncertainty principles for the Deformed Hankel L?-multi-
plier operators. The main purpose of this subsection is to establish
Heisenberg’s and Donoho-Stark’s uncertainty principles for the deformed
Hankel L2-multiplier operators 7, .

3.2.1 Heisenberg’s uncertainty principle for 7, s.
In [6], the authors proved the following Heisenberg’s inequality for F,:
there exist a positive constant ¢, such that for all f € L2 (R) we have:

112, < el f],,, [IAPFa(f)

We generalize this inequality for 7, s:

(29)

H2,ua ’

Theorem 3. There exists a constant ¢ > 0, such that for all f € L2(R)
we have

0
dfqz
1713 0 < NIAPF(Sy,. U [P Tos (D3, gﬁ -
0
Proof. Suppose that [[A[*Fo(f)l,,. + [OSO Iz Uﬂ(fwg,ua % < o0. Using
relation (29), we have: ’ _
f Tos(£) @) Pdptal@) < 12l Tos(D]y . INEGsFalf)], .

Integrating over ]0,+co[ with respect to measure % and using Plancherel’s

5
formula (27) and Schwartz’s inequality, we get

113, <
c[!”xﬁﬁ,ﬁ(f)uz#a %F[Of f||/\|4aﬂ ‘ | Fa(F)YN)Pdpta (N )]d;]

The Fubini theorem and the admissibility condition (26) gives the desired
result. []

3.2.2 Donoho-Stark’s uncertainty principle for 7, g.
Developing the ideas of Donoho and Stark [3], the main purpose of this
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subsection is to give an uncertainty inequality of concentration type in
L3(R), where L(R) is the space of measurable functions on ]0, +o0[ xR,
such that

Iflz0. = | j NERERE R

Denote by 6, the measure defined on ]0, + o[ xR by

dO.(B,x) = dpe(z) ® %

Definition 4. [3]
(i) Let E be a measurable subset of R. We say that the function f € L?(R)
is e-concentrated on E' if

If = xefl2p. <elflzm (30)

where x g is the indicator function of the set E.
(i) Let F' be a measurable subset of 0,4+ co[ xR. We say that the function
T-5(f) is p-concentrated on F' if

| Tos(f) = X To5(F)l200 < I To5(f)]2.60- (31)

We have the following result:

Theorem 4. Let f € L2(R) and 0 € L:(R) n L. (R) satisfy the ad-
missibility condition (26). If f is e-concentrated on E and T,z(f) is
p-concentrated on F', then we have

ot o BN [ LHED] 21— e 1)

F

Proof. Let f e L2(R) and o € L2(R) n L®(R) satisfy (26). Assume that

3
to(F) < o0 and lg %] < . According to the relations (30) and
F
(31), we have

| Te5(f) = xpTos(XES) 200 < [Tos(f) = XFTo8(f)ll200+
+ HXFTT,B(f - XEf)||2,9a < P||7;,B(f)H2,ea + ||7;'76(f - XEf)HQ,ea-
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Using Plancherel’s relation (27), we get

1T5.5(f) = XFTo5(xE) 2600 < (€ + P)[fll2a-

So, we get
| To(Dl260 < 1To8(f) = XFTo8(xES) 200 + IXFTop(XES) 2600 <

< (e+ P2 e + IXFTop(xES) ] 260- (32)

On the other hand, by relations (9), (25), and Hélder’s inequality, we find

that
1

T (xpf) (@) < W\\f\lg,ua ol o e (),

so we arrive at

d@a(ﬁ,x)]é. (33)

IeTea ez, < el (BN} [ o2

F

By the relations (32) and (33), we deduce that

we])

ITes(Dl20. < 1f L2 [(a + )+ ol (ea (D |

F

Plancherel’s formula (27) for 7, s gives the desired result. []

4. Extremal functions associated with the deformed Hankel
L?-multiplier operators.

In the following, we study the extremal functions associated with the
deformed Hankel L2-multiplier operators.

Definition 5. Let v be a positive function on R satisfying the following
conditions:

% e L'(R) (34)
and
Y =1, (V) eR. (35)

We define the Sobolev-type space H,(R) by

Ho(R) = {f € LAR): VOFu(f) € L2(R) }
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equipped with inner product

(oo = j SO ) Fal £ N (9) Vdpta( ),

and the norm

[flly = AS<Fs Pw-

Proposition 6. Let o be a function in L?(R). The deformed Hankel L?,
multiplier operators T, g are bounded and linear from H,(R) into L2(R),
and we have for all f € H,(R):

175.6(N e < Il f s (36)

Proof. Using relations (12), (24), (35), we get the result. []

Definition 6. Let n > 0 and let o be a function in L?(R). Denote by
{f, g )y the inner product defined on the space H.,(R) by

(Fr Gom = f (1N + 05N ) FalF) N Fal@) WV dpa (M),

R

and the norm

| £y = AS<Fs Fowm-

In the following results, we show that the norm | - |, can be ex-
pressed as a function of norm of the Hilbert space #,(R) and the norm of
deformed Hankel L2-multiplier operators. Moreover, we show the equiva-
lence between the norms | - |4, and | - ||y.

Proposition 7. Let o be a function in LY (R) and f € Hy(R)a. Then
(i) the norm || - |y, satisfies

1£15.0 = W15 + 1 Tos ()5,

(ii) The norms || - ||y, and | - |¢ are equivalent and

Vil e < 1 f s < afm+ o120 1@l

Proof. The results follow from Plancherel’s formula (12) and relation (36). ]
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Theorem 5. Let 0 € LY (R), the Sobolev-type space (Hy(R)), (-, )yn)
be a reproducing kernel Hilbert space with kernel

. BaO‘x)Ba()‘y)
oo = | P

dﬂa()‘)a

that is
(i) For all y € R, the function x — Ky, (z,y) belongs to H,(R).
(ii) For all f € Hy(R) and y € R, we have the reproducing property:

Fy) = <SRy (W)

Proof. (i) Let y € R. From relations (6), (34), we see that the function

B, (\y)
mp(N) + [os(V)[?

belongs to LL(R) n L2((R). Hence, the function K, is well-defined, and
by the inversion formula (10), we get

Kyn(zy) = Fo ' (9,)(2).

Using Plancherel’s theorem for F,, we find that Cy,(-,y) belongs to
L2(R), and we have

Gy A—>

Ba(Ay)
(V) + los(\)[*
Using relations (6), (34), and (37), we find that

(37)

FalKyn(-9)(A) =

1

1
IWOF (o0l < o

(8

< 0.
1pa

This proves that for every y € R the function z — Ky, (z,y) belongs
to 7‘[1/, (R)
(ii) Using the relation (37), we find that for all f e H,(R),

<f7 K:TZ”? ('7y)>q/;r] =
f (1N + 175ON) Fal )N Fr oy () (Vi) =
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_ j BoO) Fal )N dpta(A),

R
and inversion formula (10) gives the desired result. []
Taking ¢ a null function and n = 1, we find the following result:

Corollary 1. The Sobolev-type space (Hy(R)),{-,-)y) is a reproducing
kernel Hilbert space with kernel

B (Ar)Ba(\y)
ny(A)

Ko(e,y) = j dpia(N).

The main result of this section can be stated as follows:

Theorem 6. Let 0 € LY(R) and 3 > 0, for any h € L2 (R) and for any
n > 0, there exists a unique function fy ,, where the infimum

it {nlfI3 + b= Tos (I3, } (38)

feHy(R)

is attained. Moreover, the extremal function fy s, is given by

£ n(y) = j ()8 (@, 9)dpta (),

R

where ©, 5 is given by

Uﬁ()‘)Ba()‘x)Ba(/\w
np(A) + |oa(A)[?

O,5(z,y) = f djia(N).

Proof. The existence and the unicity of the extremal function f, sat-
isfying (38) is given in [7], [10], [14]. Furthermore, fy 5, is given by

fosn@) = <0 To (K (59)) e

Using inversion formula (10) and the relation (37), we get

95(A) Ba (A7) Ba(\y)
mp(A) + los(N)[?

Tos (K (+9) () = f dpia(N) = O, (2, 9)

and the proof is complete. []
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Theorem 7. Let o € LY(R) and h € L7 (R). The function f 5, satisfies
the following properties:

Fallan)O) = o ) (39

and )
* < —|h :
1fo 5.l \/%H 2,110
Proof. Let y € R. The function
A)Bq (A
ky3(>\)—’ Uﬁ( ) ( y)2
() + loa(N)]

belongs to L2 (R) n L} (R). Using inversion formula (10), we get
O sz, y) = Fo ' (ky)(2).

Using Plancherel’s theorem and Parseval’s relation (11), we find that
©,4(,y) € LA(R) and

75()
nﬁh ff dﬂa(/\) = fﬁl/)()\) n |0/8<>\)‘2]'—a(h)()\)dua()\).

On the other hand, the function
Py —s TOVE()O)
nY(A) + log(A)]

belongs to L! (R) n L*(R). Using inversion formula (10) and Plancherel’s
theorem, we find that f 5, belongs to L%(R) and

Falfysn)(A) = F(X).
On the other hand, we have

1
2mp(A)

Falf2 )V = — Oz e < Falh) NP

(n () + los(M)F)
By Plancherel’s formula (12), we find that

1
[ sl < \/—Z—UHhHQ,ua-
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The proof is completed. []

Theorem 8. (Third Calderén’s formula). Let o € LY (R) and f € H,(R).
The extremal function given by

a0 (Y) fﬁﬁ )On,5(x, y)dpia (),

satisfies

775 1] (40

2, e
Moreover, we have f; — f uniformly when n — 0*.

Proof. Let f e Hy(R). Put h = T, 5(f) and fy 5, = fr 5 in relation (39)

to find that
(A )+|05(>\)!

Follppn— X)) =
Therefore,

2 2 (h(N)? 9
o= 11 = [ ooy I i),

On the other hand, we have

0’ ((\)°*
mp(A) + los()
The result (40) follows from (42) and the dominated convergence theorem.

Now, for all f € Hy(R) we have F,(f) € L2(R) n L. (R). Using relations
(10) and (41), we find that

E IFo(FYN)P <o) [F SV (42)

* ) F (DY)
P s — F(4) = f T by B O
and
—W DN g il < 1 F () ). (43)

mp(A) + |oa(M)[*
Using relation (43) and the dominated convergence theorem, we deduce
that

lim ‘fnﬁ f(y)’:().

n—0+*
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This completes the proof of the theorem. []
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