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ON THE CLASS OF 𝑚(𝜑) BOUNDED VARIATION
SEQUENCES OF FUZZY REAL NUMBERS

Abstract. In this article, we introduce the sequence space
𝑏𝑣p𝜑,𝑀, 𝑝q, for 1 6 𝑝 ă 8 of fuzzy real numbers. We verify and
establish some algebraic and topological properties like solidness,
monotonicity, convergence-free etc. and prove some inclusion rela-
tions of this class of sequences.
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1. Introduction. In 1965, the concept of fuzzy set and its application
was introduced for the first time by Zadeh [21]. Later, theory related to
boundedness and convergent properties of fuzzy sequences was studied.
Subsequently, Altinok, Altin and Et [1], Tripathy and Dutta [16], Savas
[11], and several other authors have introduced the different classes of
fuzzy real number sequences from various aspects and applied in different
applications, such as fuzzy topology, classical metrics, fuzzy mathematical
programming, fuzzy ordering, fuzzy metrics etc.

Kizmaz [4] introduced the concept of the class of difference sequences
in 1981 for crisp sets, where he defined ∆p𝑦𝑡q “ 𝑦𝑡 ´ 𝑦𝑡`1, @𝑡 P N. In
the recent past, various authors ( [2], [3], [16], [15], [14]) applied the idea
in different aspects to construct some new difference sequence spaces and
different properties were studied. The sequence space𝑚p𝜑q was introduced
by Sargent [10] in 1960. Later, Rath and Tripathy [9], Tripathy and
Dutta [14], Tripathy and Borgohain [13] have extended this concept to
study this space from different classes of fuzzy sequences.

A fuzzy real number 𝑋 is a mapping 𝑋 : R Ñ 𝐼p“ r0, 1sq associating
each real number 𝑡 with its grade of membership 𝑋p𝑡q. 𝑋 is said to be
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normal if 𝑋p𝑡0q “ 1 holds for some 𝑡0 P R. It is also called upper semi-
continuous, if for each 𝜀 ą 0, 𝑋´1pr0, 𝑎 ` 𝜀qq, is open for all 𝑎 P 𝐼 in the
usual topology of R. If 𝑋p𝑡q > 𝑋p𝑠q ^ 𝑋p𝑟q “ minp𝑋p𝑠q, 𝑋p𝑟qq, where
𝑠 ă 𝑡 ă 𝑟, then 𝑋 is called convex.

The class of all upper semi-continuous, normal, convex fuzzy real num-
bers is denoted by Rp𝐼q.

The set R of all real numbers can be embedded into Rp𝐼q as given
below: for each 𝑟 P R,

𝑟p𝑡q “

#

1 for 𝑡 “ 𝑟,

0 for 𝑡 ‰ 𝑟,

where 0̄ and 1̄ denote the additive identity and multiplicative identity of
Rp𝐼q, respectively.

The 𝛼-𝑙𝑒𝑣𝑒𝑙 set of a fuzzy real number 𝑌 is denoted r𝑌 s𝛼,
0 ă 𝛼 6 1, where r𝑌 s𝛼 “ t𝑡 P R : 𝑌 p𝑡q > 𝛼u. The 0-𝑙𝑒𝑣𝑒𝑙 set is the
closure of t𝑡 P R : 𝑌 p𝑡q ą 0u.

Let 𝑋, 𝑌 P Rp𝐼q; then 𝑋 6 𝑌 if and only if for any 𝛼 P p0, 1s, 𝑥𝛼1 6 𝑦𝛼1
and 𝑥𝛼2 6 𝑦𝛼2 , where r𝑋s𝛼 “ r𝑥𝛼1 , 𝑥𝛼2 s and r𝑌 s𝛼 “ r𝑦𝛼1 , 𝑦𝛼2 s.

The arithmetic operations for 𝛼-𝑙𝑒𝑣𝑒𝑙 sets can be defined as follows:

r𝑋 ` 𝑌 s𝛼 “ r𝑥𝛼1 ` 𝑦
𝛼
1 , 𝑥

𝛼
2 ` 𝑦

𝛼
2 s,

r𝑋 ´ 𝑌 s𝛼 “ r𝑥𝛼1 ´ 𝑦
𝛼
2 , 𝑥

𝛼
2 ´ 𝑦

𝛼
1 s,

r𝑋 ˆ 𝑌 s𝛼 “
”

min
𝑚,𝑛Pt1,2u

𝑥𝛼𝑚𝑦
𝛼
𝑛 , max

𝑚,𝑛Pt1,2u
𝑥𝛼𝑚𝑦

𝛼
𝑛

ı

,

r𝑋´1
s
𝛼
“

” 1

𝑥𝛼2
,

1

𝑥𝛼1

ı

, 0 R r𝑥𝛼1 , 𝑥
𝛼
2 s.

For each 𝛼 P p0, 1s, 𝑋𝛼 is a non-empty compact subset of R. Also, The
closure of t𝑡 P R : 𝑋p𝑡q ą 0u is compact.

The absolute value of 𝑌 P Rp𝐼q is defined by

|𝑌 |p𝑡q “

#

maxt𝑌 p𝑡q, 𝑌 p´𝑡qu, when 𝑡 > 0,

0, when 𝑡 ă 0.

Let 𝑋 “ r𝑋𝐿, 𝑋𝑅s and 𝑌 “ r𝑌 𝐿, 𝑌 𝑅s be two elements in the set of all
closed and bounded intervals of R, denoted by 𝐷, and we define a metric
𝑑p𝑋, 𝑌 q on 𝐷 as follows: 𝑑p𝑋, 𝑌 q “ max

 

|𝑋𝐿 ´ 𝑌 𝐿|, |𝑋𝑅 ´ 𝑌 𝑅|
(

, then
it is clear that p𝐷, 𝑑q is a complete metric space.
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Again, we define the mapping 𝑑 : Rp𝐼q ˆ Rp𝐼q Ñ R by
𝑑p𝑋, 𝑌 q “ sup

06𝛼61
𝑑p𝑋𝛼, 𝑌 𝛼q for 𝑋, 𝑌 P Rp𝐼q. Then it is clear that

`

Rp𝐼q, 𝑑
˘

is a complete metric space.
A fuzzy real-valued sequence p𝑋𝑡q is said to be convergent to a fuzzy

real number 𝑅 if for every 𝜀 ą 0 there exists 𝑛 P N such that 𝑑p𝑋𝑡, 𝑅q ă 𝜀,
@𝑡 > 𝑛.

Let 𝑚𝑡, 𝑛𝑡 P C and 𝑝 “ p𝑝𝑡q be a bounded sequence of positive real
numbers. We use the following inequality in this paper:

|𝑚𝑡 ` 𝑛𝑡|
𝑝𝑡 6 maxp1, 2𝐿´1qp|𝑚𝑡|

𝑝𝑡 ` |𝑛𝑡|
𝑝𝑡q,

where 0 ă 𝑝𝑡 6 sup 𝑝𝑡 “ 𝐿.
Throughout this paper, 𝑤 and 𝑤𝐹 denote the class of all sequences and

all fuzzy real-valued sequences respectively.
2. Definitions and Preliminaries. In this section we give some

definitions.

Definition 1. An Orlicz function is a non-decreasing convex continu-
ous function 𝑀 : r0,8q Ñ r0,8q that satisfies the following properties:
𝑀p0q “ 0, 𝑡 ą 0 ùñ 𝑀p𝑡q ą 0 and 𝑀p𝑡q Ñ 8 when 𝑡Ñ 8.

The Orlicz sequence space was defined by Lindenstrauss and Tzafriri [5]
as given below:

ℓ𝑀 “

!

𝑦 “ p𝑦𝑡q P 𝑤 :
8
ÿ

𝑡“1

𝑀

ˆ

|𝑦𝑡|

𝑚

˙

ă 8, for some 𝑚 ą 0
)

,

(where 𝑤 denotes the space of all sequences). Under the following norm,
the defined space is also a Banach space:

}𝑦} “ inf
!

𝑚 ą 0:
8
ÿ

𝑡“1

𝑀

ˆ

|𝑦𝑡|

𝑚

˙

6 1
)

.

The Orlicz function 𝑀 is said to satisfy ∆2-condition, if for any 𝛿 ą 1,
there exists a positive constant 𝐶p𝛿q ą 0, such that 𝑀p𝛿𝑦q 6 𝐶p𝛿q𝑀p𝑦q,
@𝑦 > 0.

Remark 1. It is well-known that for any Orlicz function 𝑀 , the property
𝑀p𝛽𝑥q 6 𝛽𝑀p𝑥q, @𝑥 > 0 and 0 ă 𝛽 ă 1 holds.

Definition 2. Consider 𝑃𝑠 “
!

𝜎 P 𝑃 :
8
ř

𝑡“1

𝑝𝑡p𝜎q 6 𝑠
)

, where 𝑃 denotes

the class containing only finite sets of positive integers which are distinct.
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Also, for any 𝜎 P 𝑃 , each term of the sequence t𝑝𝑡p𝜎qu gives the value 1
if 𝑡 P 𝜎 and 0 if 𝑡 R 𝜎. Further, 𝜑 “ p𝜑𝑡q is an non-decreasing sequence of
positive real numbers that satisfies the condition 𝑡𝜑p𝑡`1q 6 p𝑡`1q𝜑𝑡, @𝑡 P N.
In 1960, the 𝑚p𝜑q space was introduced by Sargent [10] as given below:

𝑚p𝜑q “
!

𝑦 “ p𝑦𝑡q P 𝑤 : sup
𝑠>1, 𝜎P𝑃𝑠

1

𝜑𝑠

ÿ

𝑡P𝜎

|𝑦𝑡| ă 8
)

(where 𝑤 is the space of all sequences).
After that, several authors have studied and extended this space.

An extension of 𝑚p𝜑q space to 𝑚p𝜑, 𝑝q was done by Tripathy and Sen [20]
as given below:

𝑚p𝜑, 𝑝q “
!

𝑦 “ p𝑦𝑡q P 𝑤 : sup
𝑠>1, 𝜎P𝑃𝑠

1

𝜑𝑠

ÿ

𝑡P𝜎

|𝑦𝑡|
𝑝
ă 8, 0 ă 𝑝 ă 8

)

.

Definition 3. Let 𝐾 “ t𝑡𝑛 : 𝑛 P N; 𝑡1 ă 𝑡2 ă 𝑡3 ă . . . u Ď N and 𝐸 be a
fuzzy sequence space. A 𝐾-𝑠𝑡𝑒𝑝 𝑠𝑝𝑎𝑐𝑒 of 𝐸 is a sequence space
𝜆𝐸𝐾 “

 

p𝑋𝑡𝑛q P 𝑤
𝐹 : p𝑋𝑡q P 𝐸

(

.
A canonical pre-image of a sequence p𝑋𝑡q P 𝐸 is a sequence p𝑌𝑟q P 𝑤𝐹

defined as follows:

𝑌𝑟 “

#

𝑋𝑟, if 𝑟 P 𝐾,
0̄, otherwise.

Definition 4. A canonical pre-image of a step space 𝜆𝐸𝐾 is a set of canon-
ical pre-images of all elements in 𝜆𝐸𝐾 .

Definition 5. A class of fuzzy real-valued sequences 𝐸 is said to be
monotone if the canonical pre-images of all its step sets are contained
in 𝐸.

Definition 6. A class of fuzzy real-valued sequences 𝐸 is said to be solid
if p𝑋1

𝑡 q P 𝐸, whenever |𝑋1
𝑡 | 6 |𝑋

2
𝑡 | and p𝑋2

𝑡 q P 𝐸, @𝑡 P N.

Definition 7. A class of fuzzy real-valued sequences 𝐸 is said to be
convergence-free if p𝑋1

𝑡 q P 𝐸, whenever p𝑋2
𝑡 q P 𝐸 and 𝑋2

𝑡 “ 0̄ implies
𝑋1
𝑡 “ 0̄.

Definition 8. A class of fuzzy real-valued sequences 𝐸 is said to be sym-
metric if p𝑋𝑡q P 𝐸 ùñ p𝑋𝜋p𝑡qq Ă 𝐸,@p𝑋𝑡q P 𝐸, where 𝜋 denotes a
permutation of N.
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Remark 2. If a fuzzy real-valued sequence space 𝐸 is solid then the
space is also monotone.

Definition 9. A sequence p𝑋𝑡q is said to be of bounded variation if it

satisfies the property
8
ř

𝑡“1

|∆𝑥𝑡| ă 8, where ∆𝑥𝑡 “ 𝑥𝑡 ´ 𝑥𝑡`1, @𝑡 P N. The

bounded variation sequence space is denoted by 𝑏𝑣, which is given below:

𝑏𝑣 “
!

p𝑥𝑡q P 𝑤 :
8
ÿ

𝑡“1

|∆𝑥𝑡| ă 8
)

.

Tripathy and Dutta [16] introduced and defined the class of lacunary
bounded variation fuzzy real-valued sequences as follows:

𝑏𝑣𝐹𝜃 “
!

p𝑋𝑡q P 𝑤
𝐹 :

8
ÿ

𝑟“1

´ 1

ℎ𝑟

ÿ

𝑡P𝐼𝑟

𝑑p∆𝑋𝑡, 0̄q
¯

ă 8

)

.

Also, Tripathy and Das [15] formed the p-bounded variation sequences
of fuzzy real numbers 𝑏𝑣𝐹𝑝 , as given below:

𝑏𝑣𝐹𝑝 “
!

p𝑋𝑡q P 𝑤
𝐹 :

8
ÿ

𝑡“1

 

𝑑p∆𝑋𝑡, 0̄q
(𝑝
ă 8, for 1 6 𝑝 ă 8

)

.

In this paper, we introduce a new sequence space 𝑏𝑣p𝜑,𝑀, 𝑝q by using
Orlicz function 𝑀 , 𝑚p𝜑q space, and the bounded variation fuzzy real-
valued sequences; this space is given below:

𝑏𝑣p𝜑,𝑀, 𝑝q “
!

p𝑋𝑡q P 𝑤
𝐹 :

8
ÿ

𝑠“1

1

𝜑𝑠

´

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

!

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙

)𝑝¯

ă 8

)

for some 𝑚 ą 0 and 1 6 𝑝 ă 8.
Also, we have constructed the Cesaro-type summable bounded varia-

tion sequence spaces of fuzzy real numbers as follows:

𝑏𝑣p𝐶,𝑀, 𝑝q “
!

p𝑋𝑡q P 𝑤
𝐹 :

8
ÿ

𝑛“1

1

𝑛` 1

´

𝑛
ÿ

𝑡“1

!

𝑀
´𝑑p∆𝑋𝑡, 0̄q

𝑚

¯)𝑝¯

ă 8

)

for some 𝑚 ą 0 and 1 6 𝑝 ă 8.
3. Main Results.

Theorem 1. The class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is linear over the field C.
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Proof. Let 𝛼, 𝛽 be two arbitrary elements of C and 𝑋 “ p𝑋𝑡q,
𝑌 “ p𝑌𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q. Then, for some 𝑚1 ą 0 and 𝑚2 ą 0, we have

8
ÿ

𝑠“1

1

𝜑𝑠

´

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

!

𝑀
´𝑑p∆𝑋𝑡, 0̄q

𝑚1

¯)𝑝¯

ă 8

and
8
ÿ

𝑠“1

1

𝜑𝑠

´

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

!

𝑀
´𝑑p∆𝑌𝑡, 0̄q

𝑚2

¯)𝑝¯

ă 8.

Let 𝑚3 “ maxt2|𝛼|𝑚1, 2|𝛽|𝑚2u. Again, 𝑀 is a non-decreasing convex
continuous function. Therefore,

8
ÿ

𝑠“1

1

𝜑𝑠

´

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀
´𝑑p∆𝛼𝑋𝑡 `∆𝛽𝑌𝑡, 0̄q

𝑚3

˙

)𝑝¯

6

6 maxp1, 2𝑝´1q
”

8
ÿ

𝑠“1

1

𝜑𝑠

´

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

!

𝑀
´𝑑p∆𝑋𝑡, 0̄q

𝑚1

¯)𝑝¯

`

`

8
ÿ

𝑠“1

1

𝜑𝑠

´

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

!

𝑀
´𝑑p∆𝑌𝑡, 0̄q

𝑚2

¯ı

ă 8.

This implies p𝛼𝑋 ` 𝛽𝑌 q P 𝑏𝑣p𝜑,𝑀, 𝑝q. Therefore, the sequence space
𝑏𝑣p𝜑,𝑀, 𝑝q is linear over C. l

Theorem 2. The class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is a complete metric
space under the metric

𝛽p𝑋, 𝑌 q “

“ 𝑑p𝑋1, 𝑌1q ` inf
!

𝑚 ą 0:
8
ÿ

𝑠“1

1

𝜑𝑠

”

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

!

𝑀
´𝑑p∆𝑋𝑡,∆𝑌𝑡q

𝑚

¯)𝑝ı 1
𝑝
61

)

.

Proof. It is very easy to show that 𝑏𝑣p𝜑,𝑀,𝐴, 𝑝q is a metric space with re-
spect to the given metric. Next, we prove that 𝑏𝑣p𝜑,𝑀,𝐴, 𝑝q is a complete
metric space.

Consider a Cauchy sequence p𝑋p𝑢q
𝑡 q

8

𝑡“1 P 𝑏𝑣p𝜑,𝑀,𝐴, 𝑝q. We choose
𝑧 ą 0, such that for a fixed positive number 𝑦 ą 0 we get 𝑀

´𝑦𝑧

2

¯

> 1.
Let 𝜀 ą 0 be given. Then there exists a non-negative integer 𝑠 “ 𝑠p𝜀q ą 0,
such that @𝑢, 𝑣 > 𝑠, 𝛽p𝑋p𝑢q, 𝑋p𝑣qq ă

𝜀

𝑦𝑧
. This implies
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𝑑p𝑋
p𝑢q
1 , 𝑋

p𝑣q
1 q`

` inf

"

𝑚 ą 0 :
8
ÿ

𝑠“1

1

𝜑𝑠

„

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q

𝑚

˙*𝑝 1
𝑝

6 1

*

6 𝜀,

for @𝑢, 𝑣 > 𝑠. Therefore, 𝑑p𝑋p𝑢q
1 , 𝑋

p𝑣q
1 q ă 𝜀 and

inf

"

𝑚 ą 0 :
8
ÿ

𝑠“1

1

𝜑𝑠

„

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q

𝑚

˙*𝑝 1
𝑝

6 1

*

ă 𝜀,

for @𝑢, 𝑣 > 𝑠. Here we see that p𝑋p𝑢q
1 q is a Cauchy sequence in Rp𝐼q and,

since Rp𝐼q is a complete metric space, p𝑋p𝑢q
1 q is convergent in Rp𝐼q.

Let
lim
𝑢Ñ8

𝑋
p𝑢q
1 “ 𝑋1. (1)

Also,
8
ÿ

𝑠“1

1

𝜑𝑠

„

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q

𝑚

˙*𝑝 1
𝑝

6 1.

Now, taking 𝑠 “ 1, @𝑢, 𝑣 > 𝑠

„

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q

𝛽p𝑋p𝑢q, 𝑋p𝑣qq

˙*𝑝 1
𝑝

6 𝜑1 ùñ

ùñ
ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q

𝛽p𝑋p𝑢q, 𝑋p𝑣qq

˙*𝑝

6 𝜑1
𝑝
ùñ

ùñ 𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q

𝛽p𝑋p𝑢q, 𝑋p𝑣qq

˙

6 𝜑1 6𝑀
´𝑦𝑧

2

¯

ùñ

ùñ 𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q ă

𝑦𝑧

2
¨
𝜀

𝑦𝑧

(since 𝑀 is a continuous non-decreasing function). Then we have

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋

p𝑣q
𝑡 q ă

𝜀

2
.

Here, ∆p𝑋
p𝑢q
𝑡 q is a Cauchy sequence in Rp𝐼q and, since Rp𝐼q is a complete

metric space, ∆p𝑋
p𝑢q
𝑡 q is convergent in Rp𝐼q.
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Let
lim
𝑢Ñ8

∆𝑋
p𝑢q
𝑡 “ 𝑌𝑡 P Rp𝐼q, @𝑡 P N. (2)

From equation (1) and equation (2), we get lim
𝑢Ñ8

𝑋
p𝑢q
𝑡`1 “ 𝑋𝑡`1, @𝑡 > 1. This

implies lim
𝑢Ñ8

∆𝑋
p𝑢q
𝑡 “ ∆𝑋𝑡, @𝑡 P N.

Now, keeping 𝑢 fixed, taking 𝑣 Ñ 8, and using the continuity of 𝑀
we get

8
ÿ

𝑠“1

1

𝜑𝑠

«

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

#

𝑀

˜

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋𝑡q

𝑚

¸+𝑝ff 1
𝑝

6 1,

for some 𝑚 ą 0 and @𝑢 > 𝑠.
After taking the infimum of such 𝑚’s together, we have

inf

"

𝑚 ą 0:
8
ÿ

𝑠“1

1

𝜑𝑠

„

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋
p𝑢q
𝑡 ,∆𝑋𝑡q

𝑚

˙*𝑝 1
𝑝

6 1

*

ă 𝜀,

for @𝑢 > 𝑠.
Therefore, 𝛽p𝑋p𝑢q, 𝑋q ă 2𝜀, @𝑢 > 𝑠. Hence, lim

𝑢Ñ8
𝑋p𝑢q “ 𝑋.

Now we need to show 𝑋 P 𝑏𝑣p𝜑,𝑀,𝐴, 𝑝q. Here 𝛽p𝑋, 0̄q 6 𝛽p𝑋,𝑋p𝑢qq`

`𝛽p𝑋p𝑢q, 0̄q ă 8, @𝑢 > 𝑠. This implies 𝑋 P 𝑏𝑣p𝜑,𝑀,𝐴, 𝑝q. Hence,
𝑏𝑣p𝜑,𝑀,𝐴, 𝑝q is a complete metric space. l

Theorem 3. The class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is not monotone in gen-
eral.

Proof. The theorem can be proved by the following example.
Consider 𝑀p𝑥q “ 𝑥4, @𝑥 P r0,8q and 𝜑𝑠 “ 𝑠, @𝑠 P N. Let 𝑝 “ 1 and

𝑋𝑡 “ 1̄, @𝑡 P N. Then we get 𝑑p∆𝑋𝑡, 0̄q “ 0. Therefore,

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

“ 0 ă 8,

for some 𝑚 ą 0. This implies p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q.
Now, consider a subset 𝐾 of the set of natural numbers N, such that

𝐾 “ t𝑡 P N : 𝑡 “ 2𝑛 ´ 1, @𝑛 P Nu. Define the canonical pre-image
𝑏𝑣𝐾p𝜑,𝑀, 𝑝q of the 𝐾-step set 𝑏𝑣𝐾p𝜑,𝑀,𝑝q of 𝑏𝑣p𝜑,𝑀, 𝑝q as follows: let

𝑌𝑡 P 𝑏𝑣𝐾p𝜑,𝑀, 𝑝q. Then 𝑌𝑡 “

#

𝑋𝑡, for 𝑡 P 𝐾,
0̄, for 𝑡 R 𝐾.
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Therefore,

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑌𝑡, 0̄q

𝑚

˙*𝑝˙

“

8
ÿ

𝑠“1

1

𝑚4
“ 8,

for any fixed 𝑚 ą 0. This implies, p𝑌𝑡q R 𝑏𝑣p𝜑,𝑀, 𝑝q. Therefore, the class
of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is not monotone in general. l

Theorem 4. The class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is not convergence-free
in general.

Proof. The theorem can be proved by the following example.
Consider 𝑀p𝑥q “ 𝑥2, @𝑥 P r0,8q and 𝜑𝑠 “ 𝑠, @𝑠 P N. Let 𝑝 “ 2 and

𝑋𝑡 “ 4̄, @𝑡 P N. Then we get 𝑑p∆𝑋𝑡, 0̄q “ 0. Therefore,

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

“ 0 ă 8,

for some 𝑚 ą 0. This implies p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q.

Now, consider another sequence 𝑌𝑡 “
¯´1

𝑡

¯

, @𝑡 P N. Thus, 𝑑p∆𝑌𝑡, 0̄q “

“
1

𝑘
´

1

𝑘 ` 1
. Then we have for each fixed 𝑚 ą 0:

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑌𝑡, 0̄q

𝑚

*̇𝑝˙

“

8
ÿ

𝑠“1

1

𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

1

𝑚

ˆ

1

𝑘
´

1

𝑘 ` 1

˙2˙

“8.

Therefore, the class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is not convergence-free in
general. l

Theorem 5. The class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is not solid in general.

Proof. The theorem can be proved by the following example.
Consider 𝑀p𝑥q “ 𝑥, @𝑥 P r0,8q and 𝜑𝑠 “ 1, @𝑠 P N. Let 𝑝 “ 1 and

𝑋𝑡 “ 3̄, @𝑡 P N. Then we get 𝑑p∆𝑋𝑡, 0̄q “ 0. Therefore,

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚
𝑉

˙*𝑝˙

“ 0 ă 8,

for some 𝑚 ą 0. This implies p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q.
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Now, consider a sequence p𝛼𝑡q of scalars, such that

𝛼𝑡 “

#

1, for even 𝑡,
0, otherwise.

ùñ 𝛼𝑡𝑋𝑡 “

#

𝑡, for even 𝑡,
0̄, otherwise.

Therefore,

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p𝛼𝑡∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

“ 8

for any fixed 𝑚 ą 0. This implies p𝛼𝑡𝑋𝑡q R 𝑏𝑣p𝜑,𝑀, 𝑝q. Therefore, the
class of sequences 𝑏𝑣p𝜑,𝑀, 𝑝q is not solid in general. l

Note. The above theorem can be directly proved using Remark 2 and
Theorem 3.

Theorem 6. 𝑏𝑣p𝑀, 𝑝q Ď 𝑏𝑣p𝜑,𝑀, 𝑝q if
8
ř

𝑠“1

1

𝜑𝑠
ă 8.

Proof. Let p𝑋𝑡q P 𝑏𝑣p𝑀, 𝑝q. This implies, for some 𝑚 ą 0,

8
ÿ

𝑡“1

"

𝑀

ˆ

𝑑p∆𝑋𝑡,0̄q

𝑚

˙*𝑝

ă 8.

Hence, there exists a positive integer 𝑡0, such that

ÿ

𝑡P𝜎,𝜎P𝑃𝑠

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 1,

for @𝑠 > 𝑡0 and for some 𝑚 ą 0.
Therefore, for some 𝑚 ą 0,

ÿ

𝑠>𝑡0

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

6
ÿ

𝑠>𝑡0

1

𝜑𝑠
ă 8.

This implies

8
ÿ

𝑠“1

1

𝜑𝑠

ˆ

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

ă 8,

for some 𝑚 ą 0.
Hence, p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q, which implies 𝑏𝑣p𝑀, 𝑝q Ď 𝑏𝑣p𝜑,𝑀, 𝑝q. l
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Theorem 7.

(i) 𝑏𝑣p𝜑,𝑀1, 𝑝q Ď 𝑏𝑣p𝜑,𝑀 ˝𝑀1, 𝑝q;

(ii) 𝑏𝑣p𝜑,𝑀1, 𝑝q X 𝑏𝑣p𝜑,𝑀2, 𝑝q Ď 𝑏𝑣p𝜑,𝑀1 `𝑀2, 𝑝q.

Proof. (i) Consider 𝛼 ą 0 and 𝛽 ą 0 that satisfy 𝑀𝑝p𝛼q “ 𝛽. Let
p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀1, 𝑝q. This implies, for some 𝑚 ą 0:

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀1

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

“ 𝛼 (say) ă 8.

As 𝑀 is a continuous non-decreasing function, then

𝑀𝑝

ˆ 8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀1

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

“𝑀𝑝
p𝛼q ùñ

ùñ

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀 ˝𝑀1

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

“ 𝛽 ă 8.

This implies p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀 ˝𝑀1𝑝q.
Therefore, 𝑏𝑣p𝜑,𝑀1, 𝑝q Ď 𝑏𝑣p𝜑,𝑀 ˝𝑀1, 𝑝q.
(ii) Let p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀1, 𝑝q X 𝑏𝑣p𝜑,𝑀2, 𝑝q. This implies, for some

𝑚 ą 0,
8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀1

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 8

and
8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀2

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 8.

Now, for some 𝑚 ą 0

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

p𝑀1 `𝑀2q

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

“

“

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀1

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙

`𝑀2

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

6

6 maxp1, 2p𝑝´1qq

„ 8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀1

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

`
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`

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀2

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 8.

This implies p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀1 `𝑀2, 𝑝q.
Therefore, 𝑏𝑣p𝜑,𝑀1, 𝑝q X 𝑏𝑣p𝜑,𝑀2, 𝑝q Ď 𝑏𝑣p𝜑,𝑀1 `𝑀2, 𝑝q. l

Theorem 8. Let 0 ă 𝑞 6 𝑝 ă 8. Then 𝑏𝑣p𝜑,𝑀, 𝑞q Ď 𝑏𝑣p𝜑,𝑀, 𝑝q.

Proof. Let p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑞q and 0 ă 𝑞 6 𝑝 ă 8. Therefore, for some
𝑚 ą 0,

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑞

ă 8.

This implies that there exists a natural number 𝑡1, such that
"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑞

ă 1, @𝑡 > 𝑡1.

Therefore,
"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

6

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑞

, @𝑡 > 𝑡1.

This implies

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

6
ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑞

ùñ

ùñ

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

*̇𝑝

6
8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

*̇𝑞

ùñ

ùñ

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 8.

This implies p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q. Therefore, 𝑏𝑣p𝜑,𝑀, 𝑞q Ď 𝑏𝑣p𝜑,𝑀, 𝑝q. l

Theorem 9. 𝑏𝑣p𝜑,𝑀, 𝑝q Ď 𝑏𝑣p𝛽,𝑀, 𝑝q if and only if sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

ă 8.

Proof. Let sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

“ 𝑆pă 8q. Therefore, 𝜑𝑠 6 𝑆𝛽𝑠, @𝑠 > 1.
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Consider p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q. This implies, for some 𝑚 ą 0,
8
ÿ

𝑠“1

1

𝑆𝛽𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

6
8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

*̇𝑝

ă8.

Therefore, p𝑋𝑡q P 𝑏𝑣p𝛽,𝑀, 𝑝q. Hence, 𝑏𝑣p𝜑,𝑀, 𝑝q Ď 𝑏𝑣p𝛽,𝑀, 𝑝q if

sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

ă 8.

Conversely, we need to show sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

ă 8 if 𝑏𝑣p𝜑,𝑀, 𝑝q Ď 𝑏𝑣p𝛽,𝑀, 𝑝q.

Let p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q. Therefore, for some 𝑚 ą 0,
8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 8.

If possible, let sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

“ 8 and 𝑏𝑣p𝜑,𝑀, 𝑝q Ď 𝑏𝑣p𝛽,𝑀, 𝑝q. Then there

exist a sub-sequence
´𝜑𝑠𝑖
𝛽𝑠𝑖

¯

of
´𝜑𝑠
𝛽𝑠

¯

that satisfies lim
𝑖Ñ8

´𝜑𝑠𝑖
𝛽𝑠𝑖

¯

“ 8. Then

there exist 𝑛 P N for each 𝑇 P R`( set of positive real numbers) that

satisfies
𝜑𝑠𝑖
𝛽𝑠𝑖

ą 𝑇,@𝑠𝑖 ą 𝑛. This implies, for some 𝑚 ą 0,

8
ÿ

𝑠“1

1

𝛽𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡,0̄q

𝑚

˙*𝑝

ą

8
ÿ

𝑡“1

𝑇

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡,0̄q

𝑚

˙*𝑝

.

For sufficiently large 𝑇 , we get:
8
ÿ

𝑠“1

1

𝛽𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

“ 8,

which implies p𝑋𝑡q R 𝑏𝑣p𝛽,𝑀, 𝑝q. But this is a contradiction to the fact
that p𝑋𝑡q P 𝑏𝑣p𝜑,𝑀, 𝑝q and 𝑏𝑣p𝜑,𝑀, 𝑝q Ď 𝑏𝑣p𝛽,𝑀, 𝑝q. Therefore, our

assumption was wrong. So, sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

ă 8.

Hence, sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

ă 8 if 𝑏𝑣p𝜑,𝑀, 𝑝q Ď 𝑏𝑣p𝛽,𝑀, 𝑝q. l

Corollary 1. 𝑏𝑣p𝜑,𝑀, 𝑝q “ 𝑏𝑣p𝛽,𝑀1, 𝑝q if and only if sup
𝑠>1

´𝜑𝑠
𝛽𝑠

¯

ă 8 and

sup
𝑠>1

´𝛽𝑠
𝜑𝑠

¯

ă 8.
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Theorem 10. 𝑏𝑣p𝐶,𝑀, 𝑝q Ď 𝑏𝑣p𝜑,𝑀, 𝑝q if lim inf
𝑠

𝑠` 1

𝑠` 1´ 𝜑𝑠
>1, @𝑠 P N.

Proof. Let 𝑋 P 𝑏𝑣p𝐶,𝑀, 𝑝q. This implies, for some 𝑚 ą 0,
8
ÿ

𝑛“1

1

𝑛` 1

ˆ 𝑛
ÿ

𝑡“1

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝˙

ă 8.

Suppose that lim inf
𝑠

𝑠` 1

𝑠` 1´ 𝜑𝑠
> 1, @𝑠 P N. Therefore, there exists a

positive integer 𝛾 ą 0, such that
1` 𝛾

𝛾
>
𝑠` 1

𝜑𝑠
. Now,

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

“

“

8
ÿ

𝑠“1

𝑠` 1

𝜑𝑠
¨

1

𝑠` 1

𝜎
ÿ

𝑡“1

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

´

´

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝑡Pt1,2,..,𝑠u´𝜎,𝜎P𝑃𝑠

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

6

6
8
ÿ

𝑠“1

1` 𝛾

𝛾
¨

1

𝑠` 1

𝜎
ÿ

𝑡“1

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

´

´

8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝑡0Pt1,2,..,𝑠u´𝜎,𝜎P𝑃𝑠

"

𝑀

ˆ

𝑑p∆𝑋𝑡0 , 0̄q

𝑚

˙*𝑝

.

Since 𝑋 P 𝑏𝑣p𝐶,𝑀,𝐴, 𝑝q, we get, for some 𝑚 ą 0,
8
ÿ

𝑠“1

1

𝜑𝑠

ÿ

𝜎P𝑃𝑠,𝑡P𝜎

"

𝑀

ˆ

𝑑p∆𝑋𝑡, 0̄q

𝑚

˙*𝑝

ă 8.

Hence, 𝑋 P 𝑏𝑣p𝜑,𝑀, 𝑝q, which implies 𝑏𝑣p𝐶,𝑀, 𝑝q Ď 𝑏𝑣p𝜑,𝑀, 𝑝q. l
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