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REFINEMENT OF ERDÖS-LAX INEQUALITY FOR
N-OPERATOR

Abstract. Let 𝒫𝑛 be the space of all polynomials of degree less
than or equal to 𝑛. In this paper, we establish a refinement of
Erdös-Lax inequality in which the classical derivative (as an op-
erator on 𝒫𝑛) is replaced by a 𝐵𝑛 operator. The result obtained
includes some interesting inequalities as special cases.
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1. Introduction. Let C denote the set of all complex numbers. For
a subset 𝐻 Ď C, we denote by 𝒫𝑛p𝐻q Ď 𝒫𝑛 the set of all those polyno-
mials in 𝒫𝑛 whose zeros lie in 𝐻. Further, let Ω` “ t𝑧 P C : |𝑧| ą 1u,
Ω´ “ t𝑧 P C : |𝑧| ă 1u and BΩ “ t𝑧 P C : |𝑧| “ 1u. For a complex function
𝑓p𝑧q, the Hardy space 𝑞-norm is given by

}𝑓p𝑧q}𝑞 :“

ˆ

1

2𝜋

2𝜋
ż

0

|𝑓p𝑒𝑖𝜃q|𝑞𝑑𝜃

˙
1
𝑞

, 0 ă 𝑞 ă 8.

It is a well known fact that lim
𝑞Ñ8

}𝑓p𝑧q}𝑞 “ max
𝑧PBΩ

|𝑓p𝑧q| and for this
reason we write

}𝑓p𝑧q}8 :“ max
𝑧PBΩ

|𝑓p𝑧q|.

The basic result on the extremal problems of Markov and Bernstein
type [26] was related with some investigations by the well-known Rus-
sian chemist Mendeleev [14]. Mendeleev’s problem, after some reductions,
was that if 𝑃 p𝑥q is an arbitrary quadratic polynomial and |𝑃 p𝑥q| 6 1 on
r´1, 1s, how large can |𝑃 1p𝑥q| be on r´1, 1s? Mendeleev himself found that
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|𝑃 1p𝑥q| 6 4 on r´1, 1s, which is the best possible result with the extremal
polynomial 𝑃 p𝑥q “ 1´ 2𝑥2.

Later, in 1889, A. A. Markov [13] managed to solve the original prob-
lem of Mendeleev. In fact, Markov established that if 𝑃 P 𝒫𝑛 is a polyno-
mial of degree 𝑛, such that |𝑃 p𝑥q| 6𝑀 for 𝑥 P r𝑎, 𝑏s, then

|𝑃 1p𝑥q| 6𝑀𝑛2.

Here the equality is attained only if

𝑃 p𝑥q “ ˘𝑀𝑇𝑛

ˆ

2𝑥´ 𝑎´ 𝑏

𝑏´ 𝑎

˙

,

where 𝑇𝑛p𝑥q “ cosp𝑛 arccos𝑥q are the Chebyshev polynomials.
An analogue of Markov’s theorem for the unit disk in the complex

plane instead of the interval r´1, 1s was formulated by Bernstein [5]. In
terms of the supremum norm, the Bernstein inequality [5] states that if
𝑃 p𝑧q is a polynomial of degree 𝑛, then

}𝑃 1p𝑧q}8 6 𝑛}𝑃 p𝑧q}8. (1)

There are many results on the aforementioned inequalities due to
Markov and Bernstein, and there are generalizations in various metrics
and restricted classes of polynomials. Several monographs and papers
have been published in this area (see, for example, [11], [19], [20], [25]).

For any 𝑃 P 𝒫𝑛 of degree 𝑛, Zygmund [28] extended inequality (1) to
the integral mean and proved for 𝑞 > 1 that

}𝑃 1p𝑧q}𝑞 6 𝑛}𝑃 p𝑧q}𝑞. (2)

De Bruijin and Springer [8] proved the inequality (2) for 𝑞 “ 0, and
for the remaining values 0 ă 𝑞 ă 1, the inequality (2) was established by
Arestov [2]. Furthermore, we have the following inequality for 𝑅 ą 1:

}𝑃 p𝑅𝑧q}𝑞 6 𝑅𝑛
}𝑃 p𝑧q}𝑞, 𝑞 ą 0. (3)

Inequality (3) is a simple consequence of a result due to Hardy [10].
While restricting the zeros of 𝑃 p𝑧q, De-Bruijin [7] refined inequality (2)

and established the fact that for every 𝑃 P 𝒫𝑛pΩ` Y BΩq and 𝑞 > 1, the
following inequality holds:

}𝑃 1p𝑧q}𝑞 6
𝑛

}1` 𝑧}𝑞
}𝑃 p𝑧q}𝑞. (4)
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The corresponding case of inequality (3) was verified by Boas and
Rahman [6] by proving the fact that

}𝑃 p𝑅𝑧q}𝑞 6
}𝑅𝑛𝑧 ` 1}𝑞
}1` 𝑧}𝑞

}𝑃 p𝑧q}𝑞, for 𝑅 ą 1 and 𝑞 > 1. (5)

Inequalities (4) and (5) have also been proved for 0 6 𝑞 ă 1 by Rahman
and Schmeisser [21].

An operator 𝑇 : 𝒫𝑛 Ñ 𝒫𝑛 is said to be a 𝐵𝑛´operator if for every
polynomial 𝑃 P 𝒫𝑛 that has all zeros in |𝑧 ´ 𝑧0| 6 1 for some complex
number 𝑧0, the image 𝑇 r𝑃 s has all its zeros in |𝑧 ´ 𝑧0| 6 1.

Now, for a polynomial 𝑃 P 𝒫𝑛 of degree 𝑛, if we choose the complex
numbers 𝜆0, 𝜆1, and 𝜆2, such that

𝑔p𝑧q “ 𝜆0 `
´

𝑛
1

¯

𝜆1𝑧 `
´

𝑛
2

¯

𝜆2𝑧
2,

has all zeros in the half-plane |𝑧| 6
ˇ

ˇ𝑧 ´ 𝑛
2

ˇ

ˇ, then it is an established fact
(see [15], corollary (18, 3)) that the polynomial

𝐵r𝑃 p𝑧qs “ 𝜆0𝑃 p𝑧q ` 𝜆1

´𝑛𝑧

2

¯ 𝑃 1p𝑧q

1!
` 𝜆2

´𝑛𝑧

2

¯2 𝑃 2p𝑧q

2!
,

has all zeros in Ω´YBΩ whenever 𝑃 has all zeros in Ω´YBΩ. This shows
that 𝐵 is a 𝐵𝑛 operator. This operator was first investigated by Rah-
man [18]. He observed that Bernstein-type inequalities remain preserved
if the classical derivative is replaced by the operator 𝐵. In fact, in [18] it
is proved that if 𝑃 P 𝒫𝑛 is of degree 𝑛, then for 𝑅 > 1

}𝐵r𝑃 p𝑅𝑧qs}8 6 𝑅𝑛
|Λ|}𝑃 p𝑧q}8, (6)

where

Λ “ 𝜆0 ` 𝜆1
𝑛2

2
` 𝜆2

𝑛3p𝑛´ 1q

8
. (7)

Clearly, inequality (6) yields Bernstein inequality (1) as a special case by
just choosing 𝜆0 “ 𝜆2 “ 0 and 𝑅 “ 1.

Recently Rather and Shah [24] proved a more general result than (6)
by extending the sup-norm } ¨ }8 to the Hardy space 𝑞-norm. In fact, they
proved the following results:
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Theorem 1. If 𝑃 P 𝒫𝑛, then for 𝑅 ą 1 and 0 6 𝑞 ă 8, the following
inequality holds:

}𝐵r𝑃 p𝑅𝑧qs}𝑞 6 𝑅𝑛
|Λ|}𝑃 p𝑧q}𝑞, (8)

where Λ is defined in (7). The result is sharp as shown by 𝑃 p𝑧q “ 𝛼𝑧𝑛,
𝛼 ‰ 0.

Theorem 2. If 𝑃 P 𝒫𝑛pΩ`YBΩq, then for every 𝑅 ą 1 and 0 6 𝑞 ă 8,
we have

}𝐵r𝑃 p𝑅𝑧qs}𝑞 6
}𝑅𝑛Λ𝑧 ` 𝜆0}𝑞
}1` 𝑧}𝑞

}𝑃 p𝑧q}𝑞, (9)

where Λ is defined in (7). The result is sharp and the extremal polynomial
is 𝑃 p𝑧q “ 𝑎𝑧𝑛 ` 𝑏, |𝑎| “ |𝑏| ‰ 0.

By introducing the minimum value of |𝑃 p𝑧q| on |𝑧| “ 1, S. L. Wali [27]
proved the following refinement of Theorem 2:

Theorem 3. Let 𝑃 P 𝒫𝑛pΩ`YBΩq. Then, for every complex number 𝛽
with |𝛽| 6 1, 𝑅 ą 1 and 0 6 𝑞 ă 8,

›

›

›
𝐵r𝑃 p𝑅𝑧qs `

´𝑅𝑛|Λ| ´ |𝜆0|

2

¯

𝑚|𝛽|
›

›

›

𝑞
6
}𝑅𝑛Λ𝑧 ` 𝜆0}𝑞
}1` 𝑧}𝑞

}𝑃 p𝑧q}𝑞, (10)

where 𝑚 “ min
𝑧PBΩ

|𝑃 p𝑧q| and Λ is defined as in (7). The result is sharp and
equality holds if 𝑃 p𝑧q “ 𝑧𝑛 ` 1.

It can be seen in [23] that the operator 𝐵 has been recently extended
to an operator 𝑁 : 𝒫𝑛 Ñ 𝒫𝑛 by Rather et. al, who defined it by involving
first 𝑠 derivatives of the underlying polynomial through the expression

𝑁 r𝑃 p𝑧qs :“
𝑠
ÿ

𝜈“0

𝜆𝜈

´𝑛𝑧

2

¯𝜈 𝑃 p𝜈qp𝑧q

𝜈!
, @ 𝑃 P 𝒫𝑛, and 𝑧 P C, (11)

where the numbers 𝜆𝜈 for 𝜈 “ 0, 1, . . . , 𝑠 are chosen such that the poly-

nomial 𝜑p𝑧q “
𝑠
ř

𝜈“0

`

𝑠
𝜈

˘

𝜆𝜈𝑧
𝜈 has all zeros in the half-plane Rep𝑧q 6 𝑛

4
. To

confirm that the operator 𝑁 is a 𝐵𝑛 operator, N. A. Rather et. al. [23]
first proved the following result:
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Theorem 4. If all zeros of a polynomial 𝑃 p𝑧q of degree 𝑛 lie in |𝑧| 6 𝑘
and if all zeros of the polynomial

𝜑p𝑧q “ 𝜆0 `
´

𝑛
1

¯

𝜆1𝑧 ` ¨ ¨ ¨ `
´

𝑛
𝑠

¯

𝜆𝑠𝑧
𝑠, 𝑠 6 𝑛,

lie in |𝑧| 6 𝜇|𝑧 ´ 𝜎|, 𝜇 ą 0, then the polynomial

ℎp𝑧q “ 𝜆0𝑃 p𝑧q ` 𝜆1
p𝜎𝑧q

1!
𝑃 1p𝑧q ` ¨ ¨ ¨ ` 𝜆𝑠

p𝜎𝑧q𝑠

𝑠!
𝑃 p𝑠qp𝑧q

has all its zeros in |𝑧| 6 𝑘maxp1,𝜇q.

Taking 𝜇 “ 1, 𝜎 “ 𝑛
2

and 𝑘 “ 1 in Theorem 4, we observe that the
map 𝑁 defined in (11) is a 𝐵𝑛-operator.

It is pertinent to mention that the operator 𝑁 reduces to operator 𝐵 by
simply choosing 𝜆𝜈 “ 0 for 𝜈 “ 3, 4, . . . , 𝑠 in (11). Like the operator 𝐵, op-
erator 𝑁 also preserves different types of inequalities involving a complex
polynomial. For instance, the following results obtained by A. Mir [16]
show that the Bernstein inequality in [4] and Erdös-Lax inequality in [12]
do not alter if the classical derivative is replaced by 𝑁 -operator.

Theorem 5. If 𝑃 P 𝒫𝑛 has degree 𝑛, then

}𝑁 r𝑃 p𝑅𝑧qs}8 6 𝑅𝑛
|𝑁 r𝑧𝑛s| }𝑃 }8, 𝑓𝑜𝑟 𝑧 P BΩ and 𝑅 > 1. (12)

Equality holds in (12) if 𝑃 p𝑧q “ 𝑎𝑧𝑛, 𝑎 ‰ 0.

Theorem 6. If 𝑃 P 𝒫𝑛pΩ` Y BΩq, then for 𝑅 > 1:

}𝑁 r𝑃 p𝑅𝑧qs}8 6
1

2
t𝑅𝑛𝑁 r𝑧𝑛s ` |𝜆0|u}𝑃 p𝑧q}8 𝑓𝑜𝑟 𝑧 P Ω` Y BΩ. (13)

Equality in (13) holds for 𝑃 p𝑧q “ 𝛾𝑧𝑛 ` 𝛿 with |𝛾| “ |𝛿| ‰ 0.

The following theorem, which generalizes Theorem 2 to the Hardy-
space 𝑞-norm, has been recently established by A. Mir et. al [17].

Theorem 7. If 𝑃 P 𝒫𝑛pΩ`YBΩq, then for any complex number 𝛼 with
|𝛼| 6 1, 0 6 𝑝 6 8, and 𝑅 > 1, the following holds:

}𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑧qs}𝑞 6
}p𝑅𝑛 ´ 𝛼qΛ𝑠𝑧 ` p1´ 𝛼q𝜆0}𝑞

}1` 𝑧}𝑞
}𝑃 p𝑧q}𝑞. (14)
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The result is the best possible and equality holds in (14) for
𝑃 p𝑧q “ 𝑎𝑧𝑛 ` 𝑏, |𝑎| “ |𝑏| “ 1.

Definition 1. (Admissible 𝐶𝛾-operator) If 𝑃 p𝑧q “
𝑛
ř

𝜈“𝑜

𝑎𝜈𝑧
𝜈 P 𝒫𝑛,

then for any 𝑛` 1 dimensional complex vector 𝛾 “ p𝛾0,𝛾1, . . . ,𝛾𝑛q P C𝑛`1

Arestov [2] defined an operator 𝐶𝛾 acting on 𝑃 p𝑧q as

𝐶𝛾𝑃 p𝑧q “
𝑛
ÿ

𝜈“0

𝛾𝜈𝑎𝜈𝑧
𝜈 .

The operator 𝐶𝛾 is said to be admissible if it preserves one of the following
properties:

(i) 𝑃 P 𝒫𝑛pΩ´ Y BΩq,
(ii) 𝑃 P 𝒫𝑛pΩ` Y BΩq.

In this paper, we establish a refinement of Theorem 7, which simulta-
neously provides the extension of inequality (13) in Hardy space 𝑞-norm.
In fact, we prove

Theorem 8. If 𝑃 P 𝒫𝑛pΩ` Y BΩq, then for 𝛼, 𝛽 P C with |𝛼| 6 1 and
|𝛽| 6 1, 𝑅 ą 𝑟 > 1 and 0 6 𝑞 ă 8,

›

›

›
|𝑁 r𝑃 p𝑅𝑧qs´𝛼𝑁 r𝑃 p𝑟𝑧qs|`

𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2

›

›

›

𝑞
6

6
}p𝑅𝑛 ´ 𝛼𝑟𝑛qΛ𝑠𝑧 ` p1´ 𝛼q𝜆0}𝑞

}1` 𝑧}𝑞
}𝑃 p𝑧q}𝑞, (15)

where 𝑚 “ min
𝑧PBΩ

|𝑃 p𝑧q| and Λ𝑠 “

𝑠
ÿ

𝜈“0

𝜆𝜈

´𝑛

2

¯𝜈 ´𝑛
𝜈

¯

with 𝜆𝜈 , 0 6 𝜈 6 𝑠, such

that the polynomial 𝜑p𝑧q “
𝑠
ÿ

𝜈“0

´

𝑛
𝜈

¯

𝜆𝜈𝑧
𝜈 , 𝑠 6 𝑛, has all zeros in the region

Rep𝑧q 6
𝑛

4
. The result is sharp and equality holds for 𝑃 p𝑧q “ 𝑐𝑧𝑛`𝑑 with

|𝑐| “ |𝑑| “ 1.

Assume that the polynomial 𝜑p𝑧q has zeros as 𝑤1, 𝑤2, . . . , 𝑤𝑠; then

|𝑤1𝑤2 ¨ ¨ ¨𝑤𝑠| “ |𝑤1||𝑤2| ¨ ¨ ¨ |𝑤𝑠| 6 |𝑤1 ´ 𝑛{2||𝑤2 ´ 𝑛{2| ¨ ¨ ¨ |𝑤𝑠 ´ 𝑛{2| “

“

ˇ

ˇ

ˇ
𝜎𝑠 ´

´𝑛

2

¯

𝜎𝑠´1 ` ¨ ¨ ¨ ` p´1q𝑠
´𝑛

2

¯𝑠

𝜎0

ˇ

ˇ

ˇ
, (16)
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where 𝜎𝑖 are elementary symmetric polynomials in the zeros 𝑤1, 𝑤2, . . . , 𝑤𝑠
for each 𝑖 “ 1, 2, . . . , 𝑠 and 𝜎0 “ 1. Using Viéte formulae (see Rahman
and Schmeisser [22], p.6) in (16), we get |𝜆0| 6 |Λ𝑠|. Again 𝑅 ą 𝑟 > 1 and
|𝛼| 6 1; therefore, we have due to Lemma 8 (proved in lemma section):

|𝑅𝑛
´ 𝛼𝑟𝑛||Λ𝑠| “ 𝑟𝑛

ˇ

ˇ

ˇ

𝑅𝑛

𝑟𝑛
´ 𝛼

ˇ

ˇ

ˇ
|Λ𝑠| > 𝑟𝑛|1´ 𝛼||Λ𝑠| > |1´ 𝛼||𝜆0|.

This gives

}𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs}𝑞 6
›

›

›
|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs|`

`
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2

›

›

›

𝑞
,

which shows, after taking p𝑟 “ 1q, that Theorem 8 is a refinement of
Theorem 7. Further, if we take 𝛼 “ 0 in Theorem 8, we get the following
result:

Corollary 1. If 𝑃 P 𝒫𝑛pΩ` Y BΩq, then for 𝛽 P C with |𝛽| 6 1, 𝑅 > 1
and 0 6 𝑞 ă 8:

›

›

›
|𝑁 r𝑃 p𝑅𝑧qs| `

𝑚|𝛽|p|𝑅𝑛|Λ𝑠| ´ |𝜆0|q

2

›

›

›

𝑞
6
}𝑅𝑛Λ𝑠𝑧 ` 𝜆0}𝑞
}1` 𝑧}𝑞

}𝑃 p𝑧q}𝑞, (17)

where 𝑚 “ min
𝑧PBΩ

|𝑃 p𝑧q| and Λ𝑠 “

𝑠
ÿ

𝜈“0

𝜆𝜈

´𝑛

2

¯𝜈 ´𝑛
𝜈

¯

with 𝜆𝜈 , 0 6 𝜈 6 𝑠, such

that the polynomial 𝜑p𝑧q “
𝑠
ÿ

𝜈“0

´

𝑛
𝜈

¯

𝜆𝜈𝑧
𝜈 , 𝑠 6 𝑛, has all zeros in the region

Rep𝑧q 6
𝑛

4
. The result is sharp and equality holds for 𝑃 p𝑧q “ 𝑐𝑧𝑛`𝑑 with

|𝑐| “ |𝑑| “ 1.

Taking 𝑠 “ 0 in the above Corollary 1, we get the following result.

Corollary 2. If 𝑃 P 𝒫𝑛pΩ` Y BΩq, then for 𝛽 P C with |𝛽| 6 1, 𝑅 > 1
and 0 6 𝑞 ă 8,

›

›

›
|𝑃 p𝑅𝑧q| `

𝑚|𝛽|p|𝑅𝑛 ´ 1q

2

›

›

›

𝑞
6
}𝑅𝑛𝑧 ` 1}𝑞
}1` 𝑧}𝑞

}𝑃 p𝑧q}𝑞, (18)

where 𝑚 “ min
𝑧PBΩ

|𝑃 p𝑧q|. The result is sharp and equality holds for
𝑃 p𝑧q “ 𝑐𝑧𝑛 ` 𝑑 with |𝑐| “ |𝑑| “ 1.
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If we let 𝑞 Ñ 8 in (18), we get a generalization of the result due to
Ankeny and Rivilin [1].

Further if we choose 𝜆𝜈 “ 0 for all 𝜈 “ 3, 4, ¨ ¨ ¨ , 𝑠 in Theorem 8, we
obtain the following result:

Corollary 3. If 𝑃 P 𝒫𝑛pΩ` Y BΩq, then for 𝛼, 𝛽 P C with |𝛼| 6 1 and
|𝛽| 6 1, 𝑅 ą 𝑟 > 1 and 0 6 𝑞 ă 8,
›

›

›
|𝐵r𝑃 p𝑅𝑧qs ´ 𝛼𝐵r𝑃 p𝑟𝑧qs| `

𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ| ´ |1´ 𝛼||𝜆0|q

2

›

›

›

𝑞
6

6
}p𝑅𝑛 ´ 𝛼𝑟𝑛qΛ𝑧 ` 𝜆0p1´ 𝛼q}𝑞

}1` 𝑧}𝑞
}𝑃 p𝑧q}𝑞,

where Λ is defined as in (7). The result is the best possible and equality
holds for 𝑃 p𝑧q “ 𝑎𝑧𝑛 ` 𝑏 with |𝑎| “ |𝑏| “ 1.

Remark 1. For 𝛼 “ 0, Corollary 3 reduces to Theorem 3.

Remark 2. If we make 𝑞 Ñ 8 in (15) and choose argument of 𝛽 suitably,
we obtain the following inequality due to A. Mir [16]:

}𝑁 r𝑃 p𝑅𝑧qs´𝛼𝑁 r𝑃 p𝑟𝑧qs}8 6
1

2

”

`

|𝑅𝑛
´𝛼𝑟𝑛||Λ𝑚|`|1´𝛼||𝜆0|

˘

}𝑃 p𝑧q}8´

´
`

|𝑅𝑛
´ 𝛼𝑟𝑛|Λ𝑠| ´ |1´ 𝛼||𝜆0|

˘

𝑚
ı

,

with equality for 𝑃 p𝑧q “ 𝑎𝑧𝑛 ` 𝑏 with |𝑎| “ |𝑏| “ 1.

2. Lemmas. We need the following lemmas to prove our main theo-
rem.

Lemma 1. If 𝑃 P 𝒫𝑛pΩ´ Y BΩq, then 𝑁 r𝑃 s P 𝒫𝑛pΩ´ Y BΩq.
This lemma follows by taking 𝑘 “ 𝜇 “ 1 and 𝜎 “ 𝑛

2
in Theorem 4.

The next lemma is due to Govil et al. [9]:

Lemma 2. If 𝑃 P 𝒫𝑛pΩ´ Y BΩq, then for 𝑅 ą 𝑟 > 1 we have

|𝑃 p𝑅𝑧q| >

ˆ

𝑅 ` 1

𝑟 ` 1

˙𝑛

|𝑃 p𝑟𝑧q| 𝑓𝑜𝑟 𝑧 P BΩ.

The following lemma is due to A. Mir [16]:

Lemma 3. If 𝑃 P 𝒫𝑛pΩ`YBΩq, then for every complex number 𝛼 with
|𝛼| 6 1 and 𝑅 ą 𝑟 > 1, we have, for 𝑧 P BΩ:

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| 6 |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs|,



50 F. A. Bhat

where 𝑃 ˚p𝑧q “ 𝑧𝑛𝑃
`

1
𝑧

˘

. The result is sharp and equality holds if
𝑃 p𝑧q “ 𝑧𝑛 ` 1.

The next lemma is due to Arestov ([2], Theorem 2).

Lemma 4. Let Φp𝑥q “ 𝜓plog 𝑥q, where 𝜓 is a convex non-decreasing
function on R. Then for all 𝑃 P 𝒫𝑛 and each admissible operator 𝐶𝛾:

2𝜋
ż

0

Φp|𝐶𝛾𝑃 p𝑒
𝑖𝜃
q|q𝑑𝜃 6

2𝜋
ż

0

Φp𝑐p𝛾q|𝑃 p𝑒𝑖𝜃q|q𝑑𝜃,

where 𝑐p𝛾q “ maxp|𝛾0|, |𝛾𝑛|q.

In particular, Lemma 4 applies with Φp𝑥q : 𝑥Ñ 𝑥𝑞 for every 𝑞 P p0,8q
and with Φp𝑥q : 𝑥Ñ log 𝑥, so, we have for 0 6 𝑞 ă 8:

!

2𝜋
ż

0

|𝐶𝛾𝑃 p𝑒
𝑖𝜃
q|
𝑞𝑑𝜃

)
1
𝑞
6 𝑐p𝛾q

!

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃
)

1
𝑞
. (19)

Lemma 5. If 𝑃 P 𝒫𝑛pΩ` Y BΩq, then for every 𝛼 P C with |𝛼| 6 1,
𝑞 ą 0, 𝑅 ą 𝑟 > 1, and real 𝜑, 0 6 𝜑 ă 2𝜋:

2𝜋
ż

0

ˇ

ˇ

ˇ
|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑒𝑖𝜑`

` |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs˚ ´ �̄�𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs˚|
ˇ

ˇ

ˇ

𝑞

𝑑𝜃 6

6 |p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ �̄�q|

𝑞

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃,

where Λ𝑠 is defined as in Theorem 8, 𝑃 ˚p𝑧q “ 𝑧𝑛𝑃
`

1
𝑧

˘

, and
𝑁 r𝑃 ˚p𝑧qs˚ :“ p𝑁 r𝑃 ˚p𝑧qsq˚. The result is sharp and equality holds if
𝑃 p𝑧q “ 𝑧𝑛 ` 1.

Proof. Since 𝑃 P 𝒫𝑛pΩ`YBΩq, therefore, by Lemma 3, we have for every
complex number 𝛼 with |𝛼| 6 1 and 𝑅 ą 𝑟 > 1:

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| 6 |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs|, 𝑧 P BΩ. (20)
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Now,

𝑃 ˚p𝑅𝑧q ´ 𝛼𝑃 ˚p𝑟𝑧q “ 𝑅𝑛𝑧𝑛𝑃
´ 1

𝑅𝑧

¯

´ 𝛼𝑟𝑛𝑧𝑛𝑃
´ 1

𝑟𝑧

¯

.

Therefore,

𝑁 r𝑃 ˚p𝑅𝑧q ´ 𝛼𝑃 ˚p𝑟𝑧qs “ 𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs “

“ 𝜆0

!

𝑅𝑛𝑧𝑛𝑃 p1{𝑅𝑧q ´ 𝛼𝑟𝑛𝑧𝑛𝑃 p1{𝑟𝑧q
)

`

` 𝜆1

´𝑛𝑧

2

¯ ”´

𝑛𝑅𝑛𝑧𝑛´1𝑃 p1{𝑅𝑧q ´𝑅𝑛´1𝑧𝑛´2𝑃 1 p1{𝑅𝑧q
¯

´

´ 𝛼
´

𝑛𝑟𝑛𝑧𝑛´1𝑃 p1{𝑟𝑧q ´ 𝑟𝑛´1𝑧𝑛´2𝑃 1 p1{𝑟𝑧q
¯ı

`

` ¨ ¨ ¨ `
𝜆𝑠
𝑠!

´𝑛𝑧

2

¯𝑠 ”!´𝑠
0

¯

𝑛p𝑛´ 1qp𝑛´ 2q ¨ ¨ ¨

¨ ¨ ¨ p𝑛´ 𝑠` 1q𝑅𝑛𝑧𝑛´𝑠𝑃 p1{𝑅𝑧q ´
´

𝑠
1

¯

p𝑛´ 1qp𝑛´ 2q ¨ ¨ ¨

¨ ¨ ¨ p𝑛´ 𝑠` 1q𝑅𝑛´1𝑧𝑛´𝑠´1𝑃 1 p1{𝑅𝑧q ` ¨ ¨ ¨ `

` p´1q𝑠
´

𝑠
𝑠

¯

𝑅𝑛´𝑠𝑧𝑛´2𝑠𝑃 p𝑠q p1{𝑅𝑧q
)

´

´ 𝛼
!´

𝑠
0

¯

𝑛p𝑛´ 1qp𝑛´ 2q ¨ ¨ ¨

¨ ¨ ¨ p𝑛´ 𝑠` 1q𝑟𝑛𝑧𝑛´𝑠𝑃 p1{𝑟𝑧q ´
´

𝑠
1

¯

p𝑛´ 1qp𝑛´ 2q ¨ ¨ ¨

¨ ¨ ¨ p𝑛´ 𝑠` 1q𝑟𝑛´1𝑧𝑛´𝑠´1𝑃 1 p1{𝑟𝑧q`

` ¨ ¨ ¨ ` p´1q𝑠
´

𝑠
𝑠

¯

𝑟𝑛´𝑠𝑧𝑛´2𝑠𝑃 p𝑠q p1{𝑟𝑧q
)ı

“

“

𝑠
ÿ

𝜈“0

𝜆𝜈
𝜈!

´𝑛𝑧

2

¯𝜈 𝜈
ÿ

𝑘“0

p´1q𝑘
p𝑛´ 𝑘q!

p𝑛´ 𝜈q!

´

𝜈
𝑘

¯

𝑧𝑛´𝜈´𝑘
”

𝑅𝑛´𝑘𝑃 p𝑘q p1{𝑅𝑧q´

´ 𝛼𝑟𝑛´𝑘𝑃 p𝑘q p1{𝑟𝑧q
ı

.

This gives

𝑁 r𝑃 ˚p𝑅𝑧qs˚ ´ �̄�𝑁 r𝑃 ˚p𝑟𝑧qs˚ “
´

𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs
¯˚

“

“

𝑠
ÿ

𝜈“0

𝜆𝜈
𝜈!

´𝑛

2

¯𝜈

𝑧𝑛´𝜈
𝜈
ÿ

𝑘“0

p´1q𝑘
p𝑛´ 𝑘q!

p𝑛´ 𝜈q!

´

𝜈
𝑘

¯ 1

𝑧𝑛´𝜈´𝑘

”

𝑅𝑛´𝑘𝑃 p𝑘q p𝑧{𝑅q´
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´�̄�𝑟𝑛´𝑘𝑃 p𝑘q p𝑧{𝑟q
ı

.

Further, for 𝑧 P BΩ, we have

|𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs| “ |𝑁 r𝑃 ˚p𝑅𝑧qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs˚|;

using this fact in (20), we get for 𝑧 P BΩ and 𝑅 ą 𝑟 > 1, that

|𝑁 r𝑃 p𝑅𝑧q ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| 6 |𝑁 r𝑃 ˚p𝑅𝑧qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs˚|.

Since 𝑃 P 𝒫𝑛pΩ` Y BΩq implies 𝑃 ˚ P 𝒫𝑛pΩ´q, therefore, by Lemma 2, we
have for 𝑅 ą 𝑟 > 1 and 𝑧 P BΩ:

|𝑃 ˚p𝑅𝑧q| >

ˆ

𝑅 ` 1

𝑟 ` 1

˙𝑛

|𝑃 ˚p𝑟𝑧q| ą |𝑃 ˚p𝑟𝑧q|.

This gives, by the application of Rouche’s Theorem, that for every real or
complex number 𝛼 with |𝛼| 6 1, the polynomial 𝑃 ˚p𝑅𝑧q ´ 𝛼𝑃 ˚p𝑟𝑧q has
all zeros in Ω´. Therefore, using linearity of the operator 𝑁 , it follows by
Lemma 1 that the polynomial𝑁 r𝑃 ˚p𝑅𝑧qs´𝛼𝑁 r𝑃 ˚p𝑟𝑧qs has all zeros in Ω´

and, hence, p𝑁 r𝑃 ˚p𝑅𝑧qs´𝛼𝑁 r𝑃 ˚p𝑟𝑧qsq˚“𝑁 r𝑃 ˚p𝑅𝑧qs˚´𝛼𝑁 r𝑃 ˚p𝑟𝑧qs˚ ‰ 0
for |𝑧| ă 1. Therefore, by the maximum modulus principle, we have for
𝑧 P Ω´:

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| ă |𝑁 r𝑃 ˚p𝑅𝑧qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs˚|. (21)

Inequality (21) implies for 𝑃 p𝑧q “ 𝑎𝑛𝑧
𝑛`¨ ¨ ¨`𝑎0 that operator 𝐶𝛾 taking

𝑃 p𝑧q to

𝐶𝛾𝑃 p𝑧q “p𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qsq𝑒
𝑖𝜑
` p𝑁 r𝑃 ˚p𝑅𝑧qs˚´𝛼𝑁 r𝑃 ˚p𝑟𝑧qs˚q “

“

!

p𝑅𝑛
´ 𝛼𝑟𝑛q

´

𝑠
ÿ

𝑘“0

𝜆𝑘

´𝑛

2

¯𝑘 ´𝑠
𝑘

¯¯

𝑒𝑖𝜑 ` p1´ �̄�q𝜆0

)

𝑎𝑛𝑧
𝑛
`

` ¨ ¨ ¨ `

#

p𝑅𝑛
´ �̄�𝑟q

˜

𝑠
ÿ

𝑘“0

𝜆𝑘

´𝑛

2

¯𝑘 ´𝑠
𝑘

¯

¸

` 𝑒𝑖𝜑p1´ 𝛼q𝜆0

+

𝑎0,

is an admissible operator. Therefore, applying inequality (19) of Lemma 4
with 𝑐p𝛾q “ p𝑅𝑛 ´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑 ` p1´ �̄�q𝜆0, we get

2𝜋
ż

0

ˇ

ˇ

ˇ
p𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qsq𝑒𝑖𝜑 `𝑁 r𝑃 ˚p𝑅𝑧qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs˚

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜃 6
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6
ˇ

ˇp𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` p1´ �̄�q𝜆0

ˇ

ˇ

𝑞

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃.

Equivalently, since 𝜑 is arbitrary,

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs´𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑒𝑖𝜑`|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs˚´𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs˚|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜃6

6 |p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ �̄�q|

𝑞

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃,

which is the desired inequality. l

Lemma 6. If 𝑃 P 𝒫𝑛pΩ`YBΩq, then for every 𝑞 ą 0, 𝑅 ą 𝑟 > 1, |𝛼| 6 1
and real 𝜑, 0 6 𝜑 ă 2𝜋, we have:

2𝜋
ż

0

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|`

` 𝑒𝑖𝜑|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜃𝑑𝜑 6

6

2𝜋
ż

0

|p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ 𝛼q|

𝑞𝑑𝜑

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃,

where Λ𝑠 is defined as in Theorem 8.

Proof. Since for 0 6 𝜃 ă 2𝜋

|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs˚| “ |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|,

therefore, for 𝑞 ą 0, 𝑅 ą 𝑟 > 1 and 0 6 𝜃 ă 2𝜋 fixed, we have

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|`

` 𝑒𝑖𝜑|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜑 “
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“

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑒𝑖𝜑

` |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜑 “

“

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑒𝑖𝜑`

` |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs˚|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜑. (22)

Integrating both sides of (22) with respect to 𝜃 from 0 to 2𝜋 and applying
Lemma 5, we get

2𝜋
ż

0

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|`

` 𝑒𝑖𝜑|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜑𝑑𝜃 “

“

2𝜋
ż

0

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑒𝑖𝜑`

` |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs˚|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜑𝑑𝜃 “

“

2𝜋
ż

0

„

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑒𝑖𝜑`

` |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs˚ ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs˚|

ˇ

ˇ

ˇ

ˇ

𝑞

𝑑𝜃



𝑑𝜑 6

6

2𝜋
ż

0

|p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ �̄�q|

𝑞𝑑𝜑

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃 “

“

2𝜋
ż

0

|p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ 𝛼q|

𝑞𝑑𝜑

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃.

This completes the proof of Lemma 6. l
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Note that none of the inequalities in lemmas 2, 4, and 6 are known to
be sharp.

The next lemma is due to Aziz and Shah [3].

Lemma 7. Let 𝐿, 𝑀 , and 𝑁 be non-negative real numbers, such that
𝑀 `𝑁 6 𝐿; then for every real number 𝜑:

|p𝐿´𝑁q ` 𝑒𝑖𝜑p𝑀 `𝑁q| 6 |𝐿` 𝑒𝑖𝜑𝑀 |.

Lemma 8. Let 𝑎, 𝑏 be real numbers and 𝛼 be real or complex, such that
|𝛼| 6 1 6 𝑎 6 𝑏; then

|𝑎´ 𝛼| 6 |𝑏´ 𝛼|.

Proof. If 𝛼 is real, then the result is trivial. So let 𝛼 “ 𝑥 ` 𝑖𝑦, where
𝑥, 𝑦 P 𝑅; then 𝑥 6 |𝛼| 6 1 6 𝑎 6 𝑏. This gives

𝑎´ 𝑥 6 𝑏´ 𝑥 ùñ p𝑎´ 𝑥q2 6 p𝑏´ 𝑥q2 ùñ |𝑎´ 𝛼| 6 |𝑏´ 𝛼|.

This proves the lemma. l

3. Proof of Theorem 8. If 𝑃 p𝑧q has a zero on |𝑧| “ 1, then
𝑚 “ min𝑧PBΩ |𝑃 p𝑧q| “ 0 and the result follows from Theorem 7. Suppose
that 𝑃 p𝑧q has no zero on |𝑧| “ 1, so that 𝑚 ą 0, and we have

𝑚|𝛽𝑧𝑛| ă |𝑃 p𝑧q|,

on |𝑧| “ 1, for every real or complex number 𝛽 with |𝛽| 6 1. Therefore,
by Rouche’s Theorem, the polynomial ℎp𝑧q “ 𝑃 p𝑧q ` 𝛽𝑚𝑧𝑛 is in 𝒫𝑛pΩ`q.
Applying Lemma 3 to ℎp𝑧q, we get for 𝑧 P BΩ:

|𝑁 rℎp𝑅𝑧qs ´ 𝛼𝑁 rℎp𝑟𝑧qs| 6 |𝑁 rℎ˚p𝑅𝑧qs ´ 𝛼𝑁 rℎ˚p𝑟𝑧qs|,

where ℎ˚p𝑧q “ 𝑧𝑛ℎp1
𝑧
q. This gives

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs `𝑚𝛽p𝑅𝑛
´ 𝛼𝑟𝑛q𝑁 r𝑧𝑛s| 6

6 |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs ` 𝛽𝑚𝜆0p1´ 𝛼q|, (23)

for 𝑧 P BΩ. Choosing the argument of 𝛽 suitably in the left-hand side
of (23) and noting that 𝑁 is a linear operator, we get for 𝑧 P BΩ:

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| `𝑚|𝛽||𝑅𝑛
´ 𝛼𝑟𝑛||Λ𝑚| 6

6 |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs| `𝑚|𝛽||1´ 𝛼||𝜆0|.
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Equivalently, we have for 𝑧 P BΩ:

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| `
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑚| ´ |1´ 𝛼||𝜆0|q

2
6

6 |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs| ´
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑚| ´ |1´ 𝛼||𝜆0|q

2
.

(24)

Now define non-negative numbers 𝐿 “ |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs| and
𝑀 “ |𝑁 r𝑃 p𝑅𝑧qs´𝛼𝑁 r𝑃 p𝑟𝑧qs|. At the end of the statement of Theorem 8,
we have proved that the number 𝑁 “

!

|𝑅𝑛´𝛼𝑟𝑛||Λ𝑚|´|1´𝛼||𝜆0|
2

)

𝑚|𝛽| is non-
negative. Hence, from (24) we have 𝑀 ` 𝑁 6 𝐿 ´ 𝑁 6 𝐿. Therefore,
invoking Lemma 7, we get for every real 𝜑 and 𝑧 P BΩ that

ˇ

ˇ

ˇ
|𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs| ´

𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2
`

`𝑒𝑖𝜑
´

|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| `
𝑚|𝛽|p|𝑅𝑛´ 𝛼𝑟𝑛||Λ𝑠|´ |1´ 𝛼||𝜆0|q

2

¯ˇ

ˇ

ˇ
6

6 |𝑁 r𝑃 ˚p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑧qs| ` 𝑒𝑖𝜑|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs|.

The inequality above gives for each 𝑞 ą 0 and 0 6 𝜃 ă 2𝜋:

2𝜋
ż

0

|𝑈p𝜃q ` 𝑒𝑖𝜑𝑉 p𝜃q|𝑞𝑑𝜃 6

2𝜋
ż

0

|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|`

` 𝑒𝑖𝜑|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|𝑞𝑑𝜃, (25)

where

𝑈p𝜃q “ |𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|´

´
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2
,

𝑉 p𝜃q “ |𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|`

`
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2
.

Integrating both sides of inequality (25) with respect to 𝜑 from 0 to 2𝜋,
we get
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2𝜋
ż

0

2𝜋
ż

0

|𝑈p𝜃q ` 𝑒𝑖𝜑𝑉 p𝜃q|𝑞𝑑𝜃𝑑𝜑 6

2𝜋
ż

0

2𝜋
ż

0

ˇ

ˇ

ˇ
|𝑁 r𝑃 ˚p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 ˚p𝑟𝑒𝑖𝜃qs|`

` 𝑒𝑖𝜑|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|
ˇ

ˇ

ˇ

𝑞

𝑑𝜃𝑑𝜑.

Applying Lemma 6, we obtain for every real 𝜑 and 0 6 𝜃 ă 2𝜋:

2𝜋
ż

0

2𝜋
ż

0

|𝑈p𝜃q ` 𝑒𝑖𝜑𝑉 p𝜃q|𝑞𝑑𝜃𝑑𝜑 6

6

2𝜋
ż

0

|p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ 𝛼q|

𝑞𝑑𝜑

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃. (26)

Since for every real 𝜑 and 𝑡 > 1, we have |𝑡` 𝑒𝑖𝜑| > |1` 𝑒𝑖𝜑|, which gives
for 𝑞 ą 0 that

2𝜋
ż

0

|𝑡` 𝑒𝑖𝜑|𝑞𝑑𝜑 >

2𝜋
ż

0

|1` 𝑒𝑖𝜑|𝑞𝑑𝜑. (27)

Now, if 𝑉 p𝜃q ‰ 0, then from (24) we have 𝑡 “ |𝑈p𝜃q|
|𝑉 p𝜃q|

> 1. This gives, with
the help of (27), that

2𝜋
ż

0

|𝑈p𝜃q ` 𝑒𝑖𝜑𝑉 p𝜃q|𝑞𝑑𝜑 “ |𝑉 p𝜃q|𝑞
2𝜋
ż

0

ˇ

ˇ

ˇ

𝑈p𝜃q

𝑉 p𝜃q
` 𝑒𝑖𝜑

ˇ

ˇ

ˇ

𝑞

𝑑𝜑 “

“ |𝑉 p𝜃q|𝑞
2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

ˇ

𝑈p𝜃q

𝑉 p𝜃q

ˇ

ˇ` 𝑒𝑖𝜑
ˇ

ˇ

ˇ

𝑞

𝑑𝜑 > |𝑉 p𝜃q|𝑞
2𝜋
ż

0

|1` 𝑒𝑖𝜑|𝑞𝑑𝜑. (28)

Clearly, inequality (28) is already true when 𝑉 p𝜃q “ 0. Hence, for every 𝜃
with 0 6 𝜃 ă 2𝜋, we have:

2𝜋
ż

0

|𝑈p𝜃q ` 𝑒𝑖𝜑𝑉 p𝜃q|𝑞𝑑𝜑 >
ˇ

ˇ

ˇ
|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|`

`
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2

ˇ

ˇ

ˇ

𝑞
2𝜋
ż

0

|1` 𝑒𝑖𝜑|𝑞𝑑𝜑. (29)
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Now, integrating both sides of inequality (29) with respect to 𝜃 and
using inequality (26), we get

2𝜋
ż

0

ˇ

ˇ

ˇ
|𝑁 r𝑃 p𝑅𝑒𝑖𝜃qs ´ 𝛼𝑁 r𝑃 p𝑟𝑒𝑖𝜃qs|`

`
𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2

ˇ

ˇ

ˇ

𝑞

𝑑𝜃

2𝜋
ż

0

|1` 𝑒𝑖𝜑|𝑞𝑑𝜑 6

6

2𝜋
ż

0

|p𝑅𝑛
´ 𝛼𝑟𝑛qΛ𝑠𝑒

𝑖𝜑
` 𝜆0p1´ 𝛼q|

𝑞𝑑𝜑

2𝜋
ż

0

|𝑃 p𝑒𝑖𝜃q|𝑞𝑑𝜃,

for every 𝛽 with |𝛽| ă 1, 𝑅 ą 𝑟 > 1, 𝑞 ą 0, real 𝛼, and 0 6 𝜃 ă 2𝜋. This,
in particular, gives

›

›

›
|𝑁 r𝑃 p𝑅𝑧qs ´ 𝛼𝑁 r𝑃 p𝑟𝑧qs| `

𝑚|𝛽|p|𝑅𝑛 ´ 𝛼𝑟𝑛||Λ𝑠| ´ |1´ 𝛼||𝜆0|q

2

›

›

›

𝑞
6

6
}p𝑅𝑛 ´ 𝛼𝑟𝑛qΛ𝑠𝑧 ` 𝜆0p1´ 𝛼q}𝑞

}1` 𝑧}𝑞
}𝑃 p𝑧q}𝑞.

This completes the proof.

Acknowledgment: The author is highly indebted to the referees for their
valuable suggestions.
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