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Abstract. In this paper, we introduce a new class of bi-univalent

functions, which exhibit connections to Bazilevi¢ and Pseudo-Star-

like functions. By employing the Tremblay fractional derivative

operator, we establish this comprehensive class. For functions within
this class, we derive coefficient inequalities and the Fekete-Szego in-

equalities. Furthermore, we discuss various significant observations

related to the presented results. Additionally, we provide some

non-trivial examples within this class, supplemented by illustrative

figures to enhance understanding.
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1. Introduction. Let A indicate the family of functions f that are
analytic in the open unite disk U = {z € C : |z| < 1}. Correspondingly,
let S represent the subclass of functions in A that are univalent in U,
normalized such that f(0) = 0 and f'(0) = 1, and can be expressed as:

f(z)=z+ Z anz". (1)

An analytic function f is said to be subordinate to another analytic
function g in U, denoted f < g, if there exists an analytic function v with
u(0) = 0 and |u(z)| < 1 (z € U) satistying f(z) = g(u(z)). According to
the Schwarz Lemma, f(z) < g(2) if and only if f(0) = ¢(0) and f(U) <
< ¢g(U) (z € U) whenever g is univalent (for details, refer to [7]).
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In the geometric function theory, important subclasses of S include
starlike and convex functions. Let f € A in the form (1) be called starlike
and convex if

2f"(2)

L) md 1 <)

f(2)

1+ 2

respectively, where p(z) =

Babalola [3] introduced and studied the class of Pseudo-Starlike func-
tions of type a (v > 0) and order p (0 < p < 1). Geometrically, these
functions satisfy the condition:

Re(Z(f () ) -
f(2)

He demonstrates that all Pseudo-Starlike functions are Bazilevi¢ of order

pé and type 1 — é When a = 1, these functions are called Starlike

functions of order p.

The Koebe One-Quarter Theorem [7]| guarantees that for every f € S,
f(U) forms a disk of radius %. Therefore, every f € § possesses an inverse
S, such that f~'(f(2))= z and f(f'(w))= w (z € U, r(f) < 1,
jw] <7(f)).

The class of bi-univalent functions is denoted by ¥, meaning both f
and f~! belong to S. For f € ¥, computation reveals that its inverse has

the expression:

g(w) = f7H(w) = w — ayw® + (205 — az)w’ + .. .. (2)
o . . . 1 1+=z
Additionally, 3} is not empty, since the functions — log(1—z), 3 log ( ] ) ,
—z

22

and % belong to ¥. On the other hand, the functions %, z— Ix
-2 -z
and the Koebe function are not members of 3. In recent years, Srivastava
et al. [21] have revitalized the study of bi-univalent functions, followed by
several other studies (for example, [2,4,5,16,18,19]).
2. Fractional Calculus. Fractional calculus is a fundamental branch

of mathematical analysis that revolves around the differentiation operator

d
D = —, expanding its scope to encompass real and complex numbers.

This field has played a crucial role in the development of geometric func-
tion theory. Researchers have extensively investigated its wide-ranging
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applications, as detailed in [8], [10], [23], [24]. Srivastava et al. [12], [20]
have made substantial contributions by extending the definitions of frac-
tional operators as follows:

Definition 1. [20]| For a function f, the fractional integral of order =y is
defined by

D f(2) =ﬁ f C €U dE (> 0), (3)

where f(z) is an analytic function in a simply connected region of C and
the multiplicity of (z — &)"~! is removed by requiring log(z — £) to be real
when z — £ > 0.

Definition 2. |[20| For an analytic function f, the fractional derivatives
of order =y is defined by

1 d

—f(z _OTE) de (0< < 1),

and the multiplicity of (z —&)™" is removed, as in Definition 1. In general,

DIf(z) = S DIf() (0<7 <L nely).

Definition 3. [12| The Tremblay fractional derivative operator T} 7 of
a function f € A is defined as

r
T (2) = %zl-ms-vzﬂ-lm (150 p <L 0 iy < 1), (4)
1
As consequences of Definitions 1, 2, and 3, we note that
n!
Fn+v+1)
n!

(1) D;72" = 2" (v > 0; neN);
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(4) T2 f(2) = f(2) , where f € A,

3. Motivation. The exploration of bi-univalent functions is driven
by their remarkable connections to various classes of functions, such as
Bazilevi¢ and Pseudo-Starlike functions. These functions play a vital role
in complex analysis, particularly in the study of geometric properties and
coefficient inequalities. The introduction of the class BPSx(e, A, 0,7, u; h)
(see Definition 4) represents a significant step forward in our understand-
ing of bi-univalent functions.

We aim at establishing new results and insights within this framework
by employing the Tremblay fractional derivative operator. The develop-
ment of coefficient inequalities and Fekete-Szego inequalities enhances our
theoretical understanding and opens up new possibilities for applications
in mathematical analysis. Additionally, providing non-trivial examples
further demonstrates the practical implications of this research. This mo-
tivates our inquiry into the intricate relationships among these functions
and their properties, thereby contributing to the advancement of the field.

4. Objectives and Methodology. This paper aims at introducing
a new class of bi-univalent functions that exhibit significant connections
to Bazilevic and Pseudo-Starlike functions. The methodology employed in
this study involves the use of the Tremblay fractional derivative operator
to establish and explore this class comprehensively. Coefficient inequalities
and Fekete-Szego inequalities are derived for functions within this class.
Additionally, the Mathematica™ software (version 13.2) was used to gen-
erate graphical representations that visually demonstrate the differential
subordination relationships within these functions, thereby enhancing the
understanding of the presented results.

5. Main results. Unless indicated otherwise, we will suppose through-
out the rest of this section that v >0, u <1, 0< p—v7<1,0<e <1,
6 >1, A >0, and h is analytic in U with h(0) = 1.

Definition 4. A function f € ¥ is a member of BPSx (e, \,0,~, u; h) if
the following subordination holds:

AN
1-A Y £( 5 ' 92 7;“’7 z
5(72 (T2( >>>+(1_5)<7 (1))

h(z), 5)
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and for g .= !
0

i YA (T2 g (w)) . 79w<(7;’f’79(w)),> .

where z, w € U.

Remark 1. The class BPSx(e, A, 0,7, u; h) of bi-univalent functions
constitutes a generalization of several well-known classes that have been
widely studied in previous works. For reference, some of these classes are
listed as follows:

(1) Let e = 1, A = 1, and h have positive real part in U with h'(0) > 0;
then BPSx(1,1,0,~,u;h) := As(1,7, u; h) was studied by Srivas-
tava et al. [22].

(2) Let e = 0,0 = v =1, and h(z) = lI(z,2) + 1 — a be the generating
function of the Horadom polynomials h,(x) (see [11]|) given by

0
(z,z) = Z B (2)2" 1,
n=1
where hy(z) = a, ho(z) = bz, hy(x) = prh,—1(z) + ghn—a(x),
neN/{1,2} and a,b,p,qeR. Then BPSx(0,\,0,1,1;11(z, 2+1—a) :=
:= Gx (0, x) was studied by Abirami et al. [1].

(3) Lete = p =~ =1andh(z) =1I(z, z)+1—a; then BPSx(1,),0,1,1;
II(z,2) + 1 — a) := RyMz) was studied by Abirami et al. [1].

(4) If we choosea = 1,b=p =2, and g = —1 in (2) and (3) above, then
BPSx(0,A,0,1,1;(x, 2)+1—a) and BPSx(1,\,0,1,1; TI(z,2)+ 1—a)
were studied by Magesh and Bulut [14] and by Bulut et al. [5],
respectively.

(5) Ife=pu=~y=AX+1=1lorpu=vy=60=¢e+1=1, then our class
BPSx (g, A, 0,7, u; h) was studied by Srivastava et al. 18] associated
to h(z) =T(z,2) + 1 —a.

1 1
Ife =p=n=1,th (1 11-—)— <1
(6) If e = , then BPSx(1,\,0,1, o1, 1 22 ,2<t
was studied by Bulut et al. [4].

(7)Ife =p=v=A+1=1orpu=v=60=c¢c+1 =1, then
BPSsx(e,\, 0,7, u;h) was studied by Janowski [13]| associated to

154
h(z)zliBi (-1<B<A<1).
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8)Ife =p=~v=A+1=1orpu=~=6=c¢ec+1=1, then
BPSs(e, A, 0,7, u; h) was studied by Raina and Sokol [15] associated
to h(z) = z+ 1+ 2%

9) If e = p 7 A+l =1orpu=v=60=¢e¢+1=1, then
BPSs (e, A, 0,7, 1 h) Was studied by Sharma et al. [17]| associated
to h(z )= %z—i— 222

(10) If e = p = =>\+1:10ru=fy=6=€—|—1=1,then

BPSg(g, A,@,y,u; h) was studied by Cho et al. 6] associated to
h(z) =1 + sin(z).
(11) Ife=p=~=1, then BPS5(1,),0,1,1;v/1 1 2) andBPSg<1,)\,9,1,1;
14 7222 1-— \/5
)

were studied by Srivastava et al. [19].
l—72—17

Below we will provide non-trivial examples of BPSx(e, A, 0,7, u; h),
supported by appropriate explanations or figures.

Example 1.

(1) If f(2) = T then g(w) = f~H(w) = % Hence, f € ¥. After

executing some calculations and using Definition 3, we obtain

THY f(z /
W) uf( ) = oF1(p+1,2:7 +1; —2),
and
THYg(w
—7( v Mg( )) =, Fi(p+1,2;7+ L;w).

Thus, f € BPSs(1,1,0,v, ;o F1( + 1,2,y + 15 2)), where ,F'; is a
hypergeometric function.

2
(2) If f(2) = %, then g(w) = . +ww7 and, hence, f € ¥. Conse-
quently,
’ 2 ’ 1
SO 2w
f(2) 2—2z g(w) 1+w

1
Therefore, f € BPSy, (O, AL LT Tz)
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(3)

(4)

The function (sin™'4/1—2)? belongs to BP82<0,)\,2,1,1;

1 1
— ], = <t<1 14)).
1—2tz+z2>’2< (see [14]
If f5(z) = ﬁ,w < 1, then gs(w) = fi'(w) = ———. Tt is
— 0z

1+ dw
clear that f e 3. The function

h(z)=1+2-% (z€)

has positive real part and is symmetric with respect to the real axis.
After some computations, we have

2

z(f’(z)) 1

PO =00 e
and ( )2
Cw(gw)” 1
Gw) ==y T A rowp

Figure 1 demonstrates that F(U) = G(U) < h(IU)(J(S] < 0.15), so
we conclude that f; € BPSx(0,),2,1,1;1 4+ z — %)(|0] < 0.15).
Therefore, |az] = 0.15 and |az| = 0.0225, and so this applies to
Corollary 1, as the right-hand sides of inequalities (30) and (31) are

equal to 0.397 and 0.311, respectively.
Consider the following formulas:

P& =53 i 52) ((1 —152)3 * 1)

and

1 1
G = 1).
W)= 50 5w) <(1 T ow) )
Figure 2 demonstrates that F'(U)=G(U)<h?(U)(¢g— 1,0 <0.19),
so we conclude that fse BPSx(3,3,1,1,1;h9(z)) (¢g—17,]6/<0.19),
where

a(.) — (1+q)2 3 (I1+q)z \?
hi(z) = m+\/1+ <2+(1—_Q)Z> (zeU, ge (0,1)).

Therefore, |as| = 0.19 and |az| = 0.036, and so this applies to The-
orem 1, as the right-hand sides of inequalities (7) and (8) are equal
to 0.426 and 0.285, respectively.
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(6) Using the same argument as in (5), we have f; € BPSx(3,4,1,1,1;
hi(2)) (|6] < 0.17) (see Figure 3).

Figure 1: An image of F'(U) (red) and A(U) (blue).

Im

1.0

| m ‘ Ro
-05 0.5 1.0 15 2.0
\

1.0+

Figure 2: An image of F(U) (red) and h?%(U) (blue), (¢ — 17).
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Figure 3: An image of F(U) (red) and h1(U) (blue).

Theorem 1. Consider f to be in the class BPSx (e, A, 0,7, u; h). Then

[/ [P | (7)

|a2| < )
\/|h%[X1 (57 )‘7 07 ¢3) + XQ({':’ )‘7 97 ¢2)] - h2X3(57 )‘7 07 ¢2)|

and

Iy 7]
N P E N I R AW RN ®)
where
Ty + 1D)T(n + p) e
¥n = L(p+ 1D)C(n+7) (neN), ©)
Xl(‘gv >‘7 07 ¢3) = 5(3¢3 - (1 - )‘)) + (1 - 5)(39¢3 - 1)7 (1())

Xale A, 0, 0) = £(1-X) (5 (2-) =20 ) +(1-)(1-20(1— 6+ 1), (11)

Xa(e, A, 0,0n) = [e(22 — (1= N)) + (1 =) (200 — 1)]".  (12)

Proof. Suppose that f € BPSx(g, A\, 0,7, u;h) and g = f~1; then there
exist two analytic functions u,v : U — U given by

u(z) = up +ug2® +uzz® +..., zeU, (13)

v(w) = vy +vow? +vsw® +..., wel, (14)
with u(0) = v(0) =0, |u(2)| < 1, and |v(w)| < 1 (2, w € U), such that
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) (721—>\(7;M77f(z))/> o) (79,3((7;“#(2))/) )Z

u(f(z))lf/\ 1 f(z)
=1+ hu(z) + hou(2) +..., (15)
and
) (7101_)‘( ﬁl}iﬁg(w))/> Lo (7910((7;5’79(11)))/) ):
,u(g(w))l_/\ 1og(w)
=1+ hv(w) + hyv*(w) +.... (16)

Combining (13) and (14) as well as (15) and (16), yields

_ (7214\(7;#77]?(2))/) (1—e) (’y%((ﬁ“”f(z))l) >

,u(f(z))lf/\ 1 f(z)
=1+ huz+ (h1u2 + hguf) 24, (17)
and
N
1-X Y g (w0 ! HU) m’ﬁy w
5(%0 (729(w) >+(1_8><7 (( : Z( )) ):
1(g(w)) 1og(w)
=1+ hvnw+ (hlvg + hgvf) w? +.... (18)

It is well known that if |u(z)| < 1 and |v(w)| <1 (z,w € U), then we
have
lu,| <1, and |v,| <1 (neN). (19)

Comparing the corresponding coefficients in light of (17) and (18), after
simplifying, we obtain

[e(210s — (1 = X)) + (1 — &)(20¢y — 1)]ag = hyuy, (20)

(235 — (1 - 0) + (1= )30 — Das + [0~ ) (52— 1) 20}
(1 —e)(1—20(hs — 0 + 1))]ag = hyus + ho?, (21)
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Ce(2s — (1= A) + (1 — €)(200 — D]as = hyos, (22)

230 — (1= X)) (1L~ ) (300 — 1)) 263 —as) (1) (52~ X) — 20+
(1 —e)(1— 200 — 0 + 1))]ag = hyvs + hov?. (23)
From (20) and (22), we obtain
u = —vy, (24)
and
2[e(2n — (1= N)) + (1 = €)(20¢ — 1)]"a3 = hi(u] + v}). (25)

Now, summing (21) and (23), we obtain

2 [e(3us — (1= N) + (1= 2)(80; — D]+ [0 1) (52— A) — 2)+
+ (=) (1= 200 — 0+ 1)) fad = ha(u + wa) + ho(u + 03). (26)
Putting (25) into the right-hand side of (26) and simplifying, we have

i = h3(ug + v3)
? 2[h% [X1(87 A, 07 Zﬁi’)) + X2 (67 )‘7 e? 1/}2)] - h2X3<€) /\7 97 ¢2)] ’

where X1, x2, and ys are as defined in parametric equations (10), (11),
and (12), respectively.

Taking the absolute value of both sides of (27) and substituting (19)
into the result, followed by some computations, we obtain

|ha|v/ P

las| <
VIR2[x1 (8, X, 0, 03) + xa(e, N, 0, 02)] — haxs(e, A, 0, 4s)]

To determine the bound on |ag|, we subtract (23) from (21), obtaining
2[e(33 — (1 = X)) + (1 —€)(30¢5 — 1)](as — a3) = hi(us —va).  (28)

Substituting (10), (12), (24), and (25) into (28), we have

(27)

. hl <UQ — Ug) hf(u% + U%)
2X1(€7 A797¢3) 2X3(€7 )\797¢Q>.

as (29)
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Taking the absolute value of both sides of (29) and substituting (19)
into the result, we obtain

A o
|X1(87 A797¢3)| |X3(57)‘797¢2)|

The proof is completed. O

las| <

As a consequence of Theorem 1, these two corollaries result from set-
ting € to 0 and 1:

Corollary 1. Consider f to be in the class BPSx(0, A, 0,7, p; h). Then

g Y
! VIR[303 — 20(t02 — 0 + 1)] — ha(204, — 1)]

and )
A Al

+ .
13035 — 1| (20, — 1)2
Corollary 2. Consider f to be in the class BPSx(1,\,0,~, u; h). Then
[P ]/ 1ha | (32)

\/lh? (303 — 5(1 = A)(A + 4eba) | =ha(2¢hy — (1 = V)]

‘CL3| < (31>

las| <

and )
[ |hil

+ :

B3 = (1= (22— (1= A))?
In their foundational, Fekete and Szeg 9] introduced the generalized
functional |az — Ba2|, where 3 represented a real number. In the result

that follows, we establish the Fekete-Szego functional for f belonging to
BPSs(e, A\, 0,7, u; h).

Theorem 2. Let a function f be in the class BPSx(e, A\, 0,7, u; h) and
B eR. Then

|as| < (33)

h h
%; =gl <+ 2 -5
3.2 < 1 1 X1
‘ai’) 6612’ =X ’h1|3‘1 —ﬂ’ ] |1 —ﬂ| S )1 n & B thg‘
|hi(x1 + x2) — haxs|’ g x1 hixal

where X1, X2, and x3 are given by (10), (11), and (12), respectively.
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Proof. From (28), for g € R, we write

hl(UQ - Uz)

2 _
@ = 0% = g — (1= \) + (1 — 2)(3005 — 1]
By substituting (27) in (34), we obtain

hy (U2 - U2)
2x1

+(1—B)az.  (34)

h3(uy + o) B
0= D3m0 + ) — ol

= (B8, 20 )+ 5 Y (B2 A ) — 5= )] (39)

as — Ba; =

where 1 5)h2
= _ — 1
\_‘(5757/\797¢Qaw3) 2[h%(X1 +X2) _ hZXS].

Now, taking modulus of (35), we have

1
Ma O < E(ﬁ767)‘7071/)27¢3) < )
2 hal 2|X1|
|a3_6a2| < _ _
Q‘th‘:‘(B7 g, )‘7 97 ¢27 ¢3)|a ‘:‘(57 g, )\7 97 7#27 ?/13) > Ma
which, after simple computation, we obtain
h h
[ oot
B < 1 1 X1
‘a?’ 6%’ = ’hlP‘l - /3\ X2 haxs
2 ) |]' /B| > 1 + — - 2 .
|hT(x1 + X2) — haxs| hix1

The proof is completed. []

Set the parameter values ¢ = 0, ¢ = 1, and 8 = 1 to derive the three
corollaries from Theorem 2, as follows:

Corollary 3. Let a function f be in the class BPSx(0,\,0,~, u; h) and
£ € R. Then

(|

3005 — 1|’ 2 |
if |1-8|< ‘1 n h3 (1 — 260(1)y ;2(93;—1;)) —1)h2(29w2 —1) "

2 J—
s mpp-s

e e O
] - 2 — U+ — hy o —
if1— 8| = ‘1 + el ‘

\
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Corollary 4. Let a function f be in the class BPSx (1, \,0,~, u; h) and
B € R. Then

( |7 ,
3¢5 — (1 - >\)|;1
ﬁu—m<h+

11 = N)(5(2=X) = 2¢y) —hy (23 —(1-N))?
h3(3u3 — (1= A))
|71 — B .
hf (3¢ — 5(1 = A)(A + 4¢2)) — k(202 — (1= N))[’
hi(l — /\)(%(Q—A)—2%)—712(2%—(1—)\))2‘
hi(3is — (1= X)) '
Corollary 5. Let a function f be in the class BPSx (e, \,0,~, u; h) and
B € R. Then

Y

|CL3—B(I§| < ]

ﬁu—m>b+

||
633 — (1 = A)) + (1 — &) (303 — 1)|

6. Conclusion. In this study, we have investigated coefficient esti-
mates related to recently defined subclass of bi-univalent function in open
unit disk U, as specified in Definition 4. Several examples and specific
cases have been examined. We compute the Tylor-Maclaurin coefficients
laz| and |as|, along with estimations for the Fekete-Szegt functional prob-
lem, for functions belonging to this class. In subsequent studies, exploring
Hankel determinants of second, third, and fourth orders within the afore-
mentioned subclasses holds promise for future research avenues.

las — a3| <
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