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Abstract. In this paper, we investigate the Bohr-type radii for
various forms of Bohr-type inequalities for the sense-preserving har-
monic mapping of the form f(z) = h(z) + g(2).
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1. Introduction and Preliminaries. One of the inequalities that

exist in the theory of majorant series My(r) = Z la,|r™, is the classical
Bohr inequality established by Harald Bohr [3] in 1914 The inequality of
Bohr [3] is stated as follows:
Theorem A. If f(z) = Z anz™ is analytic in the unit disk D = {z €
C: z <1} and |f(2)] <1f0rallze]D) then

0 e¢] 1

Dllanllel = D lanlr™ <1 for r< o (1)

n=0 n=0

w

The number 1/3 cannot be improved.
1
Initially, Bohr [3] obtained this inequality for » < — and was thereafter

1
independently sharpened by Riesz, Schur, and Wiener for r < 3 Thus,

the constant 1/3 is now referred to in the literature as the classical Bohr
radius.

Now, let B denote the class of analytic functions f on the unit disk
D = {z€eC: |z] < 1}, such that |f(z)| < 1. Several researchers have stud-
ied Bohr’s inequality for f(z) € B in various settings and the inequality
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has been extended to some special functions, such as harmonic mapping,
univalent and convex functions, locally univalent harmonic mapping, etc.;
for example, (see [7], [14]). Other extensions and improvements in this
topic include [9], [10], [11], [12], [13], [15], [16]. The following concept of
harmonic mappings in the complex plane was discussed by Duren in [6].

A complex-valued function f(z) = u(x,y) + iv(z,y) is said to be har-
monic (harmonic mapping) if the real and imaginary parts v and v satisfy
the Laplace equation Af = 0. If f(0) = h(0), then f(z) can be written in
the canonical form

0

o0
F() = h(z) + 902 = Yane + 3 b,
= n=1
where g(0) = 0, h(z) is called the analytic part and g(z) is called the
co-analytic part of f. The Jacobian of f is given by

Jp(z) = W (2)]* = 1g'(2)|". (2)

We say that f is sense-preserving if Jy(z) > 0. In view of Levi’s

Theorem (see, for example [5], [6], [13]), f is locally univalent and sense-

preserving if and only if Jy(z) > 0. That is, if |¢'(2)| < |I/(2)|. Kayumov

et al. [14] established the Bohr inequality for sense-preserving harmonic

mappings in some settings; we state several of their results in the following
theorems:

Theorem B. Suppose that f(z) = h(z) + g(z) = Z anz" + Z b,z™ is a

n=1
sense-preserving harmonic mapping of the disk D, Where h is a bounded

function in . Then

0 0
jaol + D fanlr™ + D] balr <1 forall < (3)
n=1 n=1

W Gl

and the number 1/5 is sharp. Moreover, if ag = 0 or |ag| in (3) is replaced
by |ag|?, then the constant 1/5 could be replaced by 1/3, which is also
sharp.

Theorem C. Suppose that f(z) = h(z) + g(z) = Z an2" + Z bz Is a

n=1
sense-preserving harmonic mapping of the disk D, Where h is a bounded

function in D. Then

0 0
ol + Y. Janlr™ + Y [oulr™ <1 for 1< 0.2942. (4)
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The number 0.2942... cannot be replaced by a number greater than
R = 0.299825 ..., where R is the positive root of the equation

4R
—— +2In(1 - R) = 1.
T T2 )
The main purpose of this paper is to obtain some sharp Bohr-type
radii versions of Theorems B and C by replacing |ag| with the Taylor
7" (2)]

5 and then |a,|

series coefficient |h(z)|, |a1| with |h/(2)], |as| with

A (2)]
|

n:

with order . For this purpose, we need the following well-known

lemmas.
Q0

Lemma 1. [16] If h(z) = )] a,2" is analytic on the unit disk D and
n=0

\h(z)] <1 for all z€ . Then

h(z)| < Sl

S T laol where r = |z| and |ag| € [0, 1). (5)

Q0
Lemma 2. [16] If h(z) = ), a,2™ is analytic and |h(z)| < 1 all z € D,
n=0

then forn = 1,2, ..., have

B (2)] < ”!511:“2(22)31' L1+ 2, o] < 1 (6)

o0
Lemma 3. |[11] Suppose h(z) = > a,z™ with h(z) € B. Then

. (7)

< 1 —Jao|”
Z\anlrngr = for r<
— |ao

Wl =

0
Lemma 4. [11] Let h(z) = ). a,2" with h(z) € B, then
n=0

ee}
. 1 — |aol?)?r
Z la,|?r™ < %, forr < 1. (8)
n=1
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o0

o0
Lemma 5. [11] Let h(z) = Y] a,2" and g(z) = Z b 2" with h e B and
n=0 n=0
19'(2)| < |W(2)|. Then
o0

S e < fa e o)
n=0

Lemma 6. [4] If f(z) = h(z) + g(2) Is a sense-preserving harmonic
mapping with ¢’(0) = 0, then

ee} o0 n
Z n|b,|r" < Z (

n=2 n=2

1
) lan_1|r™, n > 2. (10)

2. Main Results.

Theorem 4. Suppose that f(z) = h(z) + g(z) = Z an 2" + Z bp2" is

a sense-preserving harmonic mapping of the disk D, Where |h(z )| < 1 for
z€D. Then

o0
24/3 -3
i) = W+ o + <1 forr < = 292
where r = |z| and the constant R, cannot be improved. Moreover,
a0
2)]* + Z(|an| + |ba)r™ <1 forallr < Ry = V5 — 2, (12)
n=1
and the constant Ry, cannot be improved.

Proof. Let |ag| = a. Then, by the classical Cauchy-Schwarz inequality
and Lemmas 4 and 5, we have

0

0 © - -
D lbnlr™ < Dol | 3557 <\ D) g | D
n=1 n=1 e

n=1 n=1

(1—a?) r(1 —a?)
\/ 1 —ar \/ - \/1—7* 1—a2) (13)
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From (11) and applying (13), Lemma 1 and, Lemma 3, we have

o0 o0
Mig(r) = [h(2)] + 3 lanlr™ + D 1balr™ <
n=1 n=1
1— 2 1— 2
< oty +7r “ rd—a) = P(a,r),
1+ar L—ar \/(1-7r)(1— a?r)
where L2 L
P(a,r) = arr br— rid—a) : (14)
1+ar L—ar 4/(1-7)(1-a?r)

Easy computations show that for each fixed r € [0, 2‘/5’:_3], P(a,r) is a

strictly increasing function of a € [0,1]. Since |ag| = @ < 1, then for each

fixed r € [0, 2\/?‘3:_3], P(a,r) < P(1,r), that is,

0401

1
P(a,r) <
1+7r

Therefore, for each fixed r € [0, 2‘/3_3] My 4 < P(a,r) < 1. We now need
2v3

to show that for each fixed r e [0, 23=2
function of a € [0, 1].

], P(a,r) is a strictly increasing

Now, differentiating P(a,r) w.r.t. a, we obtain

oP(a,r) 1—r? (r — 2a + a®r) ar(a®r +r—2)
= +7 + :
oa (1 +ar)2 (1 —CLT’)2 (1 —a27”)\/<1 —7“)(1 —a2r)
*Pla,r)  2r(1=7%) 2r(1—7r?*)  r(2—7+ad’r—2d%?)
a? C+af  (—af  (1-arp/I-nl-an
o*pP
It is easy to see (with simple computations) that # < 0 for
a
0P 0P(1
a € [0,1) and r € (0,1). For |ag| = a < 1, clearly, (}a,r) > g ’T).
oa oa
0P 0P(1
Thus M > 0 if M > 0, which is equivalent to
a a
1—r? N 2r —2 +7’(27“—2) 50
r =Y,
(1+7)? (I1—-7)2 (1-r)?
and simplifying gives
3+ 2v3 3—2v3
&3+%2+M—1:3O+rmr+—jfl>0 3Vﬁ)<0 (15)
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2./3 —
Thus, for € (0,1), (15) holds only if r < M

To complete the proof, we need to show the sharpness of the constant

24/3 -3

R, = — To do this, choose a € [0,1) and consider the function
f(2) = h(z) + g(z), where
a— 2z 0 0
h(z)zl—az:a_ (1—a?) Z_: =a+;anz",zeﬂ), (16)

and g(z) = Ah(2), where |A| = 1. Here a,, = —(1 — a*)a™"! and b, = )a,

for n > 1. For this function, we have

0 0
=)+ Y lan|r™ + Z b, |r" =
n=1
Q0

a+r -
= 1_a ann l—a)Zanflr":

1—|—a7‘

n=1 n=1
a+r  2(1—a*)r
1+ ar 1—ar

Y

and the last expression is greater than or equal to 1 if and only if

V17a2 +22a+9 -3 —3a
rz=z
2a(1 + 2a)

2 3
Since a < 1, a could be chosen arbitrarily close to 17, thus, r > \f

3
24/3 -3

This shows that the constant ———— cannot be improved. Hence, the

proof of the first part of the theorem is complete. For the second part
of Theorem 4, we proceed from (14) by squaring (a + r)/(1 + ar) and
following the style of proof of the first part of the theorem to obtain the
desired Bohr-type radius. Thus, the proof of Theorem 4 is complete. []

Theorem 5. Let f(z) = h(z) + g(2) = Z anz" + Z b,z" be a sense-
preserving harmonic mapping of the disk ]D) Where h( ) € B. Then

a0 a0
M, (1) = |h(2)| + 7|W (2)| + Z |a, |r™ + Z b < 1,7 = 2| (17)
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for r < Rz = 0.16709..., where the constant R3 is the best possible.
However

oo oo
\h(2)]2 + r|W(2) Z an|r™ 4 > [by|r < 1 (18)

for all r < Ry = 0.2555.... The constant R, is the best possible.

Proof. Let z = r¢®® and n = 1 in Lemma 2. We get

1 — |h(z)]”
' _ 1
W) < (19)
By Lemma 1 and (19), we have the following:
R+l (2)] < (@) + =5 (L= [R()°) =
=1 Tg(l + \h(2)|)(1 — |h(2)]) + [h(z)] <
< — <
<= (1+a+ri+ar) (1= |a) + ()] <
2r
< (1~ ) + h(z)] =
2r 2r
= — <
1—r2 * <1 1 —r2>|h(z>| =
a+r r a+r\2
< 1— (2
1+ar+1—r2< <1+ar)> (20)
: : : 2r :
where the last inequality holds for any r € [0,4/2 — 1], since - < 1if
—r

re[0,v2—1].

From (17), employing (20) and (13), we have

M, (1) = |h(2)] + | (2) |+Z|an|r +Z|b " <
catr r (1_<a+r>)+a(1—a2)7“2+ r(1 —a?)

< +
l+ar 1—1r2 1+ ar 1 —ar V(1 =7)(1 —a?r)
r+a r(1-a?) a(l—a?*)r? r(1—a?)
— + +
L+ar (1+ar)? 1—ar A/(1=7)(1—a?r)
= P(a,r), for 0<r<+v2-1.
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Differentiating P(a,r) partially w.r.t. a, we obtain

0P(a,r) 1—r? 2r(a+r) (1 —3a*+2ar)r?

oa (1+ar)2  (1+ar)? (1—ar)?
N ar(a®r +r —2) |
(1 —a2r)/(1 —r)(1 — a2r)
0P(a,r)

(21)
For a € [0,1) and r € (0,1), short computations show that >0
i.e. P(a,r) is an increasing function. Hence,

:7"+1:1
1+7r

Mf/ng < P(a,r) < P(1,r)

Differentiating P(a,r) again for all a € [0,1) and r € (0,1), we get

2p P P(1 P
M < 0. Thus ob(ar) > oP( ’T). Therefore, La,r) > 0 if
6]3&%2 oa oa da
% > 0, and this is equivalent to
a
_ 2
1—17r 2r 2r 2r > 0. (22)

1+r (1472 1—7r 1—7r

Simplifying (22), we obtain 2r* + 573 + 5r% + 5r — 1 < 0, which holds for
r € (0,1) only if r < R3, where Rj is the minimum positive root of the
equation 2r* + 57 + 572 + 5r — 1 = 0. To show that the number Rj is
sharp, consider f(z) = h(z) + g(z) as in (16). For the function, we have

o0] o0
B(=r)] + 7B (=) + D fanlr™ + > bl =
n=2 n=1

a+r r(l—-a?) a(l—a®)r* (1-ad)r

= + + + . (23)

Cl4ar (1+ar)? 1—ar 1 —ar

Expression (23) is greater than 1 if and only if
(1 —a)(—1+ (34 2a)r + (3 + 4a + 2a*)r* + a(6 + 6a + a®)r*+
+3a*(1 +a)r?) > 0. (24)

Now, let Q(a,r) = —1+(3+2a)r+(2a+3a?)r? + (2a*+3a®)r* + a3 (1 +a)r.

Then P 2r+(2+6a)r?+(4a+9a)r*+(3a?+4a®)rt. Easy computations
a
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for r € [0, 1) reveal that @ > 0. Since a < 1, we have Q(a,r) < Q(1,7),

da =
that is,
Qa,r) < Q(1,7) = —1 + 5r + 5r% + 57° + 2rt.

Hence, (23) is less than or equal to 1 for all a € [0, 1) only when r < Rs,
where Rj3 is minimum positive real root of 2r* + 5% + 572 + 5r — 1 = 0.
This proves the sharpness of R3 and, thus, the proof of the first part of
Theorem 5 is complete. The proof of the second part easily follows the
same style of proof as in the first part. []

JEE— 0 o0
Theorem 6. Let f(z) = h(z) + g(z) = D] a,2" + Y, b,2" be a sense-
n=0 n=1
preserving harmonic mapping of the disk D, where h(z) € B. Then

My o (r) = |h(2)] + 7| (2)] + h” )|+ Z |an|r™ + Z [bar™ < 1 (25)

for r < Rs = 0.16817..., where R5 cannot be improved. Moreover,

0 0
Mz o(r) = |B(2) + 7|l (2)] + = W () + X lanlr™ + Y [balr™ < 1 (26)
n=3 n=1

for r < Rg = 0.25782.... The constant Rg is the best possible.
Proof. Let |ag| = a. Since h(z) € B, then |a,| <1 — |ao|?, n > 1. Hence,

Z\anlr (1—a?) Z 1—a)r . (27)

1—r

Let z = r¢® and n = 2 in Lemma 2. We get

|h"(2)] 1 —|h(2)”
o SU—ni=r)

From (19), we have

[h(2)| + 7| (2 )|+ ()] <

r oy (1= [(2))
=N+ a5y =

(1 + [A()D(L = [A(2)]) + [n(2)] <

< [h(2)] +

eI



12 I S. Amusa, A. A. Mogbademu

< aora=m (U 1) (= D) + el <
< oL D + Ih) -
- r)z(rl Y (1- 1- r)z(Tl - r2)>|h(z)‘ S
S- T)Z(q ) " (1- (1= r)Q(q = 7«2)) T
N 1&j;r - 7")21 —r?) (1 N <1a++arr>2>' (28)
Since 7 7«1 37 < 1if 75 € (0.3,04), then the last inequality holds

(
0.3,0.4), where 75 is the unique root of 1 —3r —r? + 13 = 0.

)
for any 5 € (
25) applymg (28), (27), and (13), we therefore have

Now, from (

0 0
M (r) = () + K G)] + g W]+ lanlr™ + 3 bl <
n=3 n=1

a+r r a+r\?2 1—a*)r?
g14—a7’+(1—r)(1—r2)<1_(1—|—ar>>+( 1—r) "
N r(1 —a?) _
A=)
r+a (1—a*)r (1 —a?)r? (1—a?)r

1+ar+(1—r)(1+ar)2 L—r V(=) (1 —a?r)

That is, My, < P(a,r), where

Plar) = r+a (1—a®)r (1—a®)r? (1—a?)r ‘
L+ar  (1—7)(1+ar)? 1—r A/ (1 =7)(1 —a?r)
(29)
Then, differentiating P(a,r) w.r.t. a, we obtain
oP(a,r)  1—1? 2r(a+r) 2ar?
oa _(1+ar)2_(1—7‘)(1+a7“)3_1—r+

ar(a®r +r —2)

Uit




Some Bohr-type inequalities for sense-preserving harmonic mappings 13

With some computations for a € [0,1) and r € (0,1), it is evident that

0P 0P
oP(ar) > 0 and # < 0. Thus, for |ag| = a < 1, P(a,r) < P(1,r),
a a
P P(1
and oP(a,r) > o ’T), respectively. Therefore,
da oa
1
M;;g < P(a,r) rt
0P 0P(1
Also, M > 0 if M > 0. Equivalently, we have
oa oa
1—r 2r 273 2r
- - - >0, 30
1+r (1-r)(1+7r?2 1—r 1-—7r (30)
which, when simplified, gives
2r° + 4r* +3r® + 572 + 5r — 1 <0. (31)

Inequality (28) holds for r € (0, 1) only if » < Rs, where Ry is the real root
of 2r% + 4r* 4+ 3r3 + 572 + 57 — 1 = 0. The sharpness of constants R5 can

be shown by adopting the style of proof of Theorems 4 and 5. Also, the
a+r

proof of the second part of Theorem 6 easily follows by replacing =
ar

2

n (29) with <1a+i) and then following the same line of proof. This
ar

completes the proof of Theorem 6. []

0 Q0
Theorem 7. Suppose that f(z) = h(z)+g(z) = 3 a,2" + 3. b2 is an
n=0

n=1
harmonic mapping of the disk D, such that |¢'(z)| < |h/(2)| and |h(z)| < 1
for z € D. Then

V33 -5

for |z| =r < R, = == The constant R, cannot be improved.

Proof. From Theorem 7 we have: |¢'(z)| < |W/(2)|. By letting z = re in
Lemma 2, we get

AOG) 1) 9 1= h()P
W Sena-n M STena-on

My Mncr (32

|
+Zg
n=1

(33)
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From (32) and by Lemma 1, (33), and (13), we have the following:

L h(n) ya 0 g(n) z
Mﬁg(r) = |h(z)| + 2—11 %T” + 2_11 %T"é

= sy RN~ MG + 1he)] <

< (L T ) 0 e + )] <

1+ ar
Ar
< 1—|h h(z)| =
gL D+ 1)
Ar Ar
QT+ni-2r) U @T+ni- 27’)) Ih(=)]
< Ar (1o 4dr at+r
S (1471 —-2r) (14+r)(1—2r)) 1+ar
2 _ 42
_r+a r(1—7r)(1—a®) _ P(ar),
L+ar (1—=2r)1+ar)?
where the last inequality holds for any r € [0, 31_ 5], since
4 /33 —
L <lifrefo, Y0
(14+7r)(1—2r) 4

First partial differentiation of P(a,r) w.r.t. a yields

oP(a,r)  1—1? dr(l—r)(a+r)

da (1+ar)?  (1—2r)(1+ar)®

After elementary Computations of P(a,r) for a € [0,1) and r € [0, 1), we
find that P(a,r)>0. Since a < 1, then

1
My T+ _
147

g

< Pla,r) < P(L,r) = 1.

P 2P
After differentiating 0P(a T), we find that —8 (C;’ r)
a a

0P(a,r) - oP(1,71)
oa oa

< 0 for a € [0,1)
0P(a,r)
da

and r € (0,1). Hence, for a < 1. Now, >0
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oP(1,71)

if
' oa

> 0, which can equivalently be written as
1—r ar(l—r)

T+r (—20(1+r) (34)

Simplifying (34), we get 2r* + 5r — 1 < 0 and this holds for r € (0, 1) only

ﬁ$5

4
To prove the sharpness of the number R,, consider f(z) = h(z) +
—n!(1 —a?)a™!

when r < R, =

g(z) as in (16). Then we have that h(™(z) = 1 —az) and
o | 1 — 2\ ,n—1
g™ (z) = n(l —a’)a . For this function, we find that
(1 _ az)n+1
o0 (n) o0 (n)
o 1 o © n— rn o 2(1 — 2
_a—r a? Z _a-r . (1—a*)r ‘
—ar 1—a7“ —(1—ar) S l—ar  (1—ar)(1l—2ar)
The last expression is larger than or equal to 1 if and only if
V1 4+ 16a + 16a2 — (1 + 4a)
= .
4a
. V33 -9 .
Since a could be chosen close to 17, we have r > . This shows that

the constant R,, cannot be improved, and thus, the proof of Theorem 7 is
complete. []

Theorem 8. Let f(z) = h(z) + g(z) = Z an2" + Z b,z" be a sense-

preserving harmonic mapping of the disk D Where h(z ) e B and ¢'(0) = 0.
Then

e} e}
D+ Y aalr™ + D balr" <1 forr < Rp =02215...  (35)

where r = |z|. The inequality is sharp and the constant Ry is the minimum
positive root of the equation 3r? + 6r +2(1 —r?)In(1 —r) = 1.
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Remark. The Bohr-type inequalities for Theorems 8 and 9 are sharp for
the function f(z) = h(z) + g(z), where

a—z

h(z) =

s and ¢'(z)==zh'(z), 0<a<l1. (36)

Proof of Theorem 5. Let |ag] = a and h(z) € B. Then we have
lan| < 1—lag/*> =1—a? n > 1. Hence, from (35), using Lemma 1 and
Lemma 6, we obtain

0 0
B(2) + D lanlr™ + D balr™ <
n=1 n=2
r+a oy T % (n—1 n
< +(1—a)1 +Z< - )]an1|7’ <

1+ar -7

L rta +7“(1—(12) (- ) (r—i—(l—r)ln(l—r)). (37)

S 14 ar 1—r 1—r

r+a r(l—a? o (T + (I =7)In(l —7)
1+a7’+ 1—r ~|—(1—a)< 1—r )’

so that |h(z)] + Z |lan|r™ + Z |bn|r™ < p(a,r). Differentiating (a,r)

Now, let p(a,r) =

partially w.r.t. a tw1ce prov1des

dpa,r) 1 —1? 2ar  2a(r + (1 —7))In(1 —r))

da (14ar)? 1-—r 1—r
and
Pola,r)  2r(1=7r*) 2r  2(r+(1=7))In(1—7))
oa>  (1+ar)®1—vr 1—r '
dp(a,r)
Clearly, “an > 0 for a € [0,1). Thus,
a
= = r+1
Wl bol™ < o(a, 1,7) = — 1.
Dt S leal” + 3" < elar) < L) = 11
52
Also, it is easily seen that % < 0 for a € [0,1). Hence,
a
dplar) > Op(Lr) > 0, that is,

oa oa

l—r  2r  20r+(1—-r)In{l—r)
(1+7r) 1-7 1—7 >0 (38)
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Equation (38) holds for r < 0.2215.
To complete the proof, we need to show that the constant 0.2215. ..
is sharp. To do this, consider (from (36)) the function

n=2
o n— 1
= —(1— 2 n—2 n
o(e) = (1) 3} e
: 2y, n—1 LA P
From this, we get |a,| = (1 — a®)a™ " and |b,| = (1 — a®) a .
n

Therefore,

o0 0
—r)| + Z la,|r™ + Z by |1 =
n=1

o0 © 2
1- -1
_ a+r A}: 1 B D ( a )(n )an—ZTn

L+ar = = n
+ 1 - a? 1—a?)ar+ (1—ar)ln(l -
_a+r +( a)r+( a®) ar + (1 — ar) In( ar). (39)
1 +ar 1—ar a? 1 —ar

Expression (39) is greater than or equal to one, if and only if

r(1+a)(1+ar)+ (1+a)(l+ar)a*[ar + (1 —ar)In(l —ar)]—-
—(1=7)(1—ar)>0. (40)
Asa < 1, then, as a — 1, (40) becomes 3r*+6r+2(1—r?) In(1—r)—1 > 0,
and this holds if only » > R; = 0.2215..., where R; is the minimum

positive root of 3R + 6R + 2(1 — R?)In(1 — R) = 1. This shows that the
constant R; cannot be improved. Hence, the proof is complete.

- 0 0
Theorem 9. Suppose f(z) = h(2)+g(z) = >, a,2"+ >, b,2" is a sense-

n=0 n=1
preserving harmonic mapping of the disk D with h(z) € B and ¢'(0) = 0.
Then

0 0
M(K.g) = [h(2)] + ' ()] + X lanlr™ + 3 [balr™ < Lr=12] - (41)
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for r < Rg = 0.25487.... The constant Rg cannot be improved.
Proof. Adopting the lines of proof of (20), we have

O B I A R 1 N )

l4+ar 1—12 1+ ar

2

1—
which holds for r € [0,v/2 — 1], since > 1if r € [0,4/2 — 1]. Since

,
h(z) € B, we have |a,| < 1 — |ag|?>, n > 1, therefore, using Lemma 6 for
the second summation and adopting (42) in (41), we have the following:

M(I ,g) = |h(z)| + r|W(2) |+Z || +Z\b " <

a+r r a+r (1—a?)r?
< + 1— b
S l+ar 1—r2( (1+ar)) 1—r

- a?) (r+(1—r)1n(1—r)) _

1—r
r+a (1—a®)r (1-a*r?
:1+ar+(1+a7")2+ 1—r
+(1_a2)<r+(1—17jlrn(1—7‘))' (43)

Let ¢(a, ) be the right-hand side of (43). Then its partial derivative w.r.t.
a becomes

dplar)  1—=r*>  2r(a+r) 2ar®
oo (L+ar)?2 (14+ar)®? 1-—7
~ 2a(r+ (1 —r)n(l —r))

1—r

(44)

0
Elementary computations reveal that plar) > 0 for a € [0,1) and
€ (0,1). Since a < 1, M(K,g) < ¢(a, T)<g0(1 r) = 1.

52
Also, for a € [0, 1), we find that % < 0. Thus, since a < 1,
a
op(a,r) - dp(lr)  1—r 2r 272

oa b 1+r (1+ar)? 1—7
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C2(r+(1=r)ln(1—1)) >0, (45)

1—r
Inequality (45) holds in r € (0,1) only if » < 0.25487.... To complete
the proof, we need to show that number Rg = 0.25487 ... is sharp. Now,

consider f(z) = h(z) + g(2) as in (36), and for this function we find that

1-a? -1
B (z) = —ﬁ, lay| = (1 —a?)a™ and |b,| = (1 - a2)n a2,
Therefore,
[h(=r)| + 7| (= |+Z|anlr +Z|b " =
_a+r (1—a) a(l — a?)r?
14 ar (1+ar)? 1—ar
N (1—a*) ar+ (1 —ar)ln(l — ar)‘ (46)
a? 1—ar
The expression in (46) is larger than or equal to one, if and only if
(1+a)r(1 —ar) +a(l +a)r*(1 +ar®) +a (1 +a)(1 + ar) [ar+
+(1—ar)ln(l —ar)] — (1 —7)(1 —a®*?) > 0. (47)

Since a < 1, a could be chosen close to 17; thus, (47) becomes 2r* + 5r3 +
5r2 +5r +2(1 —r?)(1 +r)In(1 —r) — 1 > 0, and this holds for r € (0,1)
if only » > Rg = 0.25487 ..., where Rg is the minimum positive root of
2r* + 573 + 572 + 5r + 2(1 — r?)(1 + r)In(1 — r) = 1. Hence, this shows
that the number Rg cannot be improved. []
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