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DIFFERENTIABLE FUNCTIONS VIA GENERALIZED
FRACTIONAL OPERATORS

Abstract. Simpson-type inequalities are an important tool in math-
ematical analysis, particularly in the study of integrals. In this
paper, we present new generalized 3/8-Simpson-type inequalities
for functions whose first derivative modulus is (h, m)-convex and
satisfies the Lipschitz condition via weight integral operators. To
obtain these results, we use a new integral identity established in
our study. This research generalizes, extends, and complements the
existing results in the literature.
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1. Introduction. Convexity is a fundamental concept in several
applied disciplines, including computational mathematics, optimization
theory, inequality theory, and others. It is unique in that it not only
pertains to assessing the mean value of a function defined on an interval,
but also to determining upper bounds for various well-known quadrature
formulas. To enhance and broaden this evaluation, numerous convexity
classes have been introduced in the literature. The study in [32] provides
a comprehensive overview of these convexity classes.

The concept of convexity also enables us to derive upper bounds for
Simpson’s inequalities. Here is the first %—Simpson formula.

If feC*((o1,02) and |[f?|_:= sup |fW(z)| < oo, then

z€(o1, 02)
L[ f(o1) + f(o2) 01+ 09 1 (2 — ) | )
lglfw( : )]_@—gl ff(t)dt’ < o 11l
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and the second formula, which is called %—Simpson formula:

02

1
02 — 01 ff(t)dt‘ S

01

(02 —a1)*
< 6480 Hf N, (@)

e w0r (252 s (2522) )] -

Many researchers have investigated various %—Simpson—type inequalities
(see, for example [2|, [4], [15], [16], [22], [26], [28], [31], [33] and the refer-
ences therein). In contrast, relatively less attention has been given to %—
Simpson-type inequalities (see, for instance [25], [14], [34], [35], [12], [27]).
The primary focus of these studies has been on classes of convex func-
tions, which play a critical role in various applied fields, including finance,
economics, and optimization [11], [29].

Definition 1. [9] Let h: [0,1] — (0,1] and f: I; = [0, +00) — [0, +00).
IfYo1,00 € I} and 0 € |0, 1] the inequality

f(0or +m(1 = 0)oy) <h(0)f(er) +m(l—h(0))"f(e2)

is valid for s € [—1,1] and m € [0, 1], then on I; the function f is called
the (h, m)—convex modified of the second type.

The use of fractional operators is well established among researchers in
various fields of applied science. Commonly employed fractional operators
in the literature include the Riemann-Liouville, Caputo, Katugampola,
conformable, non—conformable, and weighted integral operators (see, for
example [20], [21], [23], [3], [1], [8], [6], [7], [5], [10], [13], [24], [30], [17], [18],
[19], among others). Nevertheless, researchers are not restricted to classi-
cal fractional operators; they actively define and explore new generalized
operators.

Definition 2. Let f € Li|o1, 00| with 01,00 € R and ¢; > 0. Then
the Riemann-Liouville fractional integrals of order o € C, Re(a)) > 0 are
defined by (right and left, respectively):

] z
1+f = I—\—f dta T > 01,
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02

1
Ig, f(x) = o) J(t —2)* T f(t)dt, T <o
Definition 3. [33] Let f € Li[o1, 02] with 0 < o1 < g2 and let w be
a continuous and positive function, w: Iy = [0,1] — [0, +00), with first
derivative integrable on [p1, 02]. Then the weighted fractional integrals
are defined by (right and left, respectively):

o flz) = Jw’ (Qj_;)f(t)dt, x> 01,

01
02

T f(r) = Jw' ( e )f(t)dt, % < o3

02 — 01

T

2. Some notation used for mathematical expressions. To com-
pactly write large mathematical expressions, we will use the following
notation:

(4) = [(Cwte) ) (1= o+ =272 e,

1

(B) = [ + ) (1 —t)2913+ 2o 2292) dt,

0

©) = [(w) + (- t)%%’? +i2) di,

(D) := hw(t)er]- f/((l—t)QH—tM)‘dt

201 + + 2
) 01 92+t91 Q2>

(B) = [ lwte) + ol | (1 - 72

0

(dt

(F)i= [0+ rs] [ (1- 92222 4 10, ar,
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1
W, :=J|w(t)+ri\pdt, i 1,23

0
1 1

H, = Jhs(t) dt, Hy:= fu — h(t)* dt

0 0

and

B ra) i (1) + ) (P22) < (w0) + o0+

+[w0) + o) 7 (2522 — (o) + ) (P22 |+

[ 1)+ ra) fles) — (w(©) + 1) f (2 292)]}_

3

1 w w 201 + 02 w 01+ 200
_92—91[ (%;ez)_f(@l)JrJ(m??ez)_f( 3 )+J(92)_f( 3 )]

3. Main Results. Let us now present the lemma on the basis of
which the results were obtained.

Lemma 1. Let f: I; = [0,+%) — R be a differentiable function, such
that 01,00 € 11 and 0 < g1 < 02. Let w: I = [0,1] — R be a positive
differentiable function. If f' w' € Li[o1, 02|, then it is true that

® (fw,rr o) = £ 2 (4) + (B) + (O) . 2)

where 11, 9, and r3 are constants.

Proof. Integrating (A) by parts, we have

)= 2w+ 1 (P22 - @)+ e -

_flwf(t)f((l—t)gl+t2913+92)dt. (3)

2
M) in (3), we get

Making the change of variable z = (1 —t)o; + t(
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() = 2w + s (22) — ) + e -
a (QQ E Q1>2 J v (x%gl) ) de =
= Jw + ) f(F52) — (w(0) + ) f(en) |-
Similarly, considering y = (1 — t) (@) + t(#) and

+2
z=(1-1) (%) + too and using the Definition 3, we obtain

(B) = —— (w(1) + 1) S (£572) = (w(0) + ro) £ (2252 |-

[(w(l) +73) f(02) — (w(0) + r3)f<91 + 2@2)]_

02
3 )2 f ,<2—91§292>
_ w _— f(Z) dz =
(92 -0 e

21+202
3

3 [(w(l)JrTg)f(Qz)_(w(0)+7~3)f(91+2gz)]_

_92—91 3

- (92 i Ql)zja’ﬂ—f(gl 2292)' (6)

02 — 01
9 )

Summing (4)-(6) and then multiplying the resulting equality by
we get the desired result. []
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Remark 1. Lemma 2.1 from [25| and Lemma 1.2 from [12, for n = 3] is

1
derived by setting w(t) =t — 5 and choosing 1 = o= 0Oandrz = ——.

Corollary 1. Under the conditions of Lemma 1, if we take w(t) = t* and
ry = r9 = r3 = 0, we have the following identity via Riemann-Liouville
operators:

1

® (f,1%,0,0,0) = == Jt“f ((1—t) 01 +t@)dt+

0
1

— 2 2
QQQQIJtO‘f«l—t) Q13+Q2+tQ1ﬂ; Q2>dt+

0

1

92—01 01 + 202

5 ftf(u—t) 5 +t92)dt. (7)
0

Proof. Indeed, for ®, we get

o000 = (2 2) + (252 ¢ st

201+09

) J (u — 00)™ F () du+

01

B 3a1af(a)[ 1
(02— 01)" | T(c

01+209 P
2

+ﬁ JS (u—@)alf(u) du—{—ﬁ f(u— o 22Q2>a}(u) du] =

201 +09 01+209
3 3

) ) ]2y 0

Hzlm;@)_f(?@l;r@z) o f<91+292)].

and for (A), (B), and (C), we get:

1

(A) = Jtaf(ﬂ—t) 1+t@)dt,
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1
2 + +2
3 3
0

(C) = Jto‘f ((1 —t)%z@ +t92>dt.

0

Thus, from (2) we obtain (7). [

Remark 2. It is not difficult to see that for o = 1 from (7) it follows:
1

00000012252 (2522) st 1 fro-
0

— 2
_ @ @1J‘ 1__t Jor +1 91;-92>dt+

+1
3 3

1
- 20 + 42
L Q1f 1—t o1to 0 Qz)dt+
0

- + 2
Qz QIJ 1_t01 02

4 tgg)dt. 8)

0

Theorem 1. Let f: I} = [0,4+00) — R be a differentiable function, such
that f' € Li|o1, 02] for 01,00 € I; and 0 < o1 < po and let w: [y c R - R
be a positive differentiable function. If |f'| is (h,m)—convex modified of

the second type for some fixed m € [0,1] and s € [—1,1], then it is true
that

(92 - Q1)

@)l < S (0= hwy |l + |
0
() s

e

2@1+-92>‘
!/

t .
(F52) | + o) + 74

f +7"1’

0

+w(t) +raf - |f
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+ w(t) + raf - 3

P2 e+l el Jar, 9

where r1, 9, and r3 are constants.

Proof. Applying Lemma 1 and the triangle inequality, we obtain:

@ (f,w, )| < ESE[A+ (B +O)] < (10)

< %[(D) +(E) + (F)].

Applying the (h, m) convexity of | f’| in (10), we get the following. For
(D):

1

<D>:fvuw+rn-

0

f’((l—t)gth)‘dt

(O

1

[y il [m = h o)

/A

et

2 2
f’((l—t) 0134'02+th+ Q2>

‘dt

(ool (52 o

<[l + ral-[m(1 - nie)’

(M)

P) < [l +ra]- [m(1- hio)y B0 1) ] e (13

From (10), summing (11)-(13) and then multiplying the resulting
02— 01

equality by , we have
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‘¢ (fawarlar27r3)| g
1

< %ﬁw(t) +r1|~[m(1—h( )’ ’<M)Hdt+

3

()

(2o

1

QQ_Qlﬁw ) ral [m(1-n(0))

0

(2

(2222 ey | (o). (1)

— Qlﬁw(t) 1ol m(1 = b)) | (B

0

Simplifying (14), we get (9). Thus, the proof is completed. []
1 1
Remark 3. If we take w(t) =t — Y h(t) =t and choose 1y = g "= 0,

1
and r3 = ——, and m = 1, then from (9) we get Theorem 2.1 from [25].

And if we additionally take s = 1, then we obtain Corollary 2.1 and
Corollary 2.2.

Theorem 2. Let f:1; € R — R be a differentiable function, such that
e Lilo1,02] for 01,00 € I with 0 < o1 < gy and let w: [, c R - R

be a positive differentiable function. If | f'|* is (h, m)—convex modified of
1

the second type for some fixed m € [0, 1] and s € [-1,1] with — + — =1
p g

with ¢ > 1, then it is true that

|® (f,w,r1,7r2,73)| <

< B ol (&) e (222
+W2;[m <29;ﬂ+192> ( 1+292> ]é+
+ Wy |m [ <Ql+2@2)’ Hy +|f'(02 ’qu] } (15)

Proof. In (10) we have:

@ (Ffow i) < EE (D) + (B) + (F)]. (16)

Using the Holder’s inequality and the (h,m) convexity of |[f’|?, we
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obtain for (D):

1

(D) - f|w(t)+r1| | ’f’((l—t)gl+t2gl+gz>’dt (17)
< Wf“”1 f’((1 —t)or Hwﬂth]é <

1

> 201 + 02\ |4
<wy| (*57)
1|m +|f 3

I

@)

+1
3 3

1
2 2 q
(-1 are ol Qg)th] < (18)

(e (252
For (F)
[J f’ 1—1t) 14;32Q2 tgz>‘th};< 9
0

W [l (222) 'ty 1 e 1]

From (16), summing (17)-(19) and then multiplying the resulting equality
b 02 — 01
Y9

, we have (15). Thus, the proof is completed. []

1 1
Corollary 2. For h(t) =t and m = 1, choosing w(t) =t — 3 =g

1
ro =0 and r3 = ey from (15) we obtain an estimate for inequality (1):

‘é[f(@l)"FSf(QQl;—QQ) 3f< 1+292>+f(Q2)}—92iglff(u)du <

_ 3p+1_|_5p+1 % q %
STt [ | '+
72(s+1) (p+1)»

,<2@1+@2>
3

f’(Ql)‘q +
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q]fu_

e ]} e

q

+4[ f,<291 + 92>

3

3p+1+5p+1 %
()

Proof. Indeed, for the ®, Hy,Hy, and W;, we get

o(r- 3 g0g)| = [glren (P25 2)s

01 + 209
Hr (557
/ 3

f,<0122@2>

8 8
2 1 02
+
#3r (252 4 fe)] - o [ fwdds @1
02 — 01
01
N T ) el ) A Za -2
L g| T P TSl (p+ 1)
0
1 1
r 1p (l)p-l‘ 1
Wy = | [t —=| dt =232/
2 J 2 p+1 22 (p+1)
0
e Mt O @ wrawn
37 g| “T P Tl (p+ 1)
0
1 1 1
H =H,=|t’dt= | (1—t)°dt = ) 22
e R e (22)
0 0

Thus, for the right-hand side (15), after some simplifications, we get

02 — 01 1 /301 4 5Pl 7 / q (201 + 02|94
e e e + (== +
9(S+1)q{8( 8(p+1) [|f ()l f< 3 ) ]

q.1
"+

+2(pi1);[ ’ f/<91t’>292>
A e e e

From (21) and (23) follows (20). []

q

f,<291;r92>
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Remark 4. Inequality (20) was obtained in Theorem 2.2 from [25].

Theorem 3. Let f: I — R be a differentiable function, such that
f' e Lilo1,02] for 01,00 € I and let w: I, ¢ R — R be a positive
differentiable function. If |f’|* with ¢ > 1 is (h, m)—convex modified of
the second type for some fixed m € [0,1] and s € [—1,1], then it is true
that

1 1

_ _1 1 _1 1 _1
2~ (vf GV, G4V, Gg) (24)

9

|® (f,w,r1,79,73)| <

1
Here V; = J]w(t) +rildt i =1,2,3,
0

1

Gy = J\w(t) + 7] - [m(l — h(t))?

a, :ﬁw(t) - [m(1 — h(o))°

Gy = f\w(t) + 73] - [m(l — h(t))®

0

)

Gl

q

f/(M) R (1)

) et (522

3

f/<gl ;7502> ‘q + R |f (Q2)|q]dt.

Proof. In (10) we have:

@ (fow,rsmam)| < S (D) + (B) + (1), (25)

7, we

Using the power mean inequality and the (h,m) convexity of |f’
obtain the following.
For (D):

1 1

9 7
r(a=te + tw)]’]dt] <

3
Gl
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1

f’<m>‘qhs(t)]dt}q _ v g (26)

+
3

For (E):

+
3 3

1
2 +2 q |a
f,<(1_t) ote:, 0 QQ) dt]q<

(E) < V;;Hllw(t) + 7] -

q

f,<291+92>

3m

<v§ﬁ{ﬂww+wﬂ[a—h@fm

f/(91+292)

+ h*(t) 3

th]}q — Vv, "Gi. (27)

7= 022 )

() <3| [ute) + ol

q
+

f/(91+292>

3m

<v§3{ﬂw@+wﬂ[mu—hmf

1
q

1 @ Jae} - v )

From (25), summing (26)—(28) and then multiplying the resulting equality
02 — 01

by 5 e have (24). Thus, the proof is complete. []
1 1
Corollary 3. Forh(t) =t andm = 1, if we choose w(t) = t—§, =g
1
ro =0, and r3 = ~3 then we obtain from (24) an estimate for (1):

02

‘é[f(gl)ﬂf(?gl+Q2)+3f<91 +292)+f(92)]—g2191 Jf(u)du

<
3 3

01

<E5 ((5 T 1)2(3 T 2))3[(2)1_;@1”?%1) * G)l_éGél]’ (29)
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where

o= [ ) oror 5 0)

= () (2 )

o[BS () e

Proof. Indeed, for ® and for V;, we have

,<2@1 + @2) q
3

p(re-p 50| sl var (o)
+3f<91—; Q2>+f( )] Q2iglff(u)du; (30)
%=§]w(t)+rlydt=§\t—g\dt=g,
{V2=§w(t)+r2|dt=§‘t—%‘dt=}l, (31)
\V3ziyw(t)Jrrg]dt:g\t—g\dt:g.
For (G1), we have
1
G = [fute) + ril-[m1 = nee)| (2] + <t>\f’(291;@2)q]dt:
0
=If’(gl)qult—g‘(l—t)sdt+)f 2Q1+Q2 :(ﬁdt.
0 0
Here
1
!t__‘l 2 Of__“dz_ s+1) s+2)[3$162+(§> +2]’

J‘t a g’tSdt B (s + 1)2(5 + 2) [551?3— : * <g)s+2]'

0
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Thus, for (Gl), we get

G = (s + 1)2(5 + 2) . {[381g - T (g) ] Jf (o) +
P QT ) - ey @

For (G3), we have

Go —J|w + 7o [ ‘f <2Q1 + Qz) ‘f <Ql + 2Q2>

L 1
+2
t——‘l e+ | (252

0 0

]dt:

291 + 92

t——‘t dt.

Here

ﬂt—- : f (O]

Thus, for (Gy) we get

G = 57 (31:182 s+ 2) Hf (291 +Q2) * f/<91+3292) q] =
- (5+12[§;(2;+2)' (33)
For (G3), we have
G3=ﬁ (t) + ] [m(1 = h(1))"] (91”92)] FR)1 ()" |t =
0
s fe B et [ e

Here

Jl‘t— ‘1 t)? J——zzdz— 34_2)(581;2—1'(%)8”),

0 0
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1

fi-3r
8

0

T Gr 1)2(8 ) (381g S (§>+2>

q

Thus, for G5 we get
G = (s + 1)2(3 + 2) l<581—g : * <g)s+2> fl(#) '

* (381g : * (g)5+2) i (QQW] N (s +?)G(3;+ 2) (34)

From (30)—(34), (29) follows. [J
Remark 5. Inequality (29) was obtained in Theorem 2.3 from [25].

Theorem 4. Let f:1; © R — R be a differentiable function, such that
e Lilo1,00] for 1,00 € I and 0 < 01 < 02, and let w : [ c R - R
be a positive differentiable function. If |f'|* is (h,m)—convex modified

1 1
of the second type for some fixedm € [0,1] and s € [-1,1] and — + - =1
p q
with p,q > 1, then it is true that

’@ (f,w7701,7"2,’]"3)| < u(‘/&p_i_‘/ép_i_‘/ép)_i_

Ip
n ng—qgl [m f/<&>)H2 + (M)‘Hl]
(B (22 )
92&191 [m (M)’Hg + |1 (02)] H1] . (35)

where V; defined in Theorem 3.
Proof. In (10) we have

@ (fw,mma,ma)| < ESE (D) + (B) + ()] (36)
uP v

Using Young’s inequality (uv = — + —) and the (h,m) convexity of
p q

|/'|*, we obtain
For (D):
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(D) = J|w(t) bl - (f'(u—t)@l 2o “’2)](%
<%VIP+$[; ’((1—t>gl+tm)(dt] <
b ool () w2 ) -
el (3 (]
For (E)
(E) V;’+$U f'((l—t)291;Q2+ Q1+2Q2>‘dt} —
=]1)V2p+$[mf (2@1+92>)H2 Ly <Q1+2Q2>‘H1] 39)
For (F')

2 q
’<(1—t)91+3 e +t92>‘dt} -

q

:%Vgp+$[m <M>‘H +|f (QQ)|H1]_ (39)

From (36), summing (37)—(39) and then multiplying the resulting equality
02 — 01
by

, we have (35). Thus, the proof is completed. []

1 1
Corollary 4. For h(t) =t and m = 1 if we choose w(t) =t — 3 =g

1
ry =0, and r3 = ~3 then from (35), we obtain an estimate for (1):

‘%[f(gl) ) 3f(2@1;r 2) +3f<L292) +f(e)| - - ! - ff(u)du <

3
<5 PG (Tl el Co )l
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o [l

Proof. Indeed, for ®, we have
11 I\ |1 201 + 02
(103 ho-b) - il (2252

2878 3
02
1
ff(u)du,
02 — 01
01

(o)

/<Ql+292)
3

3

(227 el '} o

+3J‘“<Q1 22@) +f(Q2)] -

from (31) and (22) we have:

17 1 1
- i H, = Hy = .
i=Vs=gpVe=1 2T 511

and the expressions in the right-hand side of (35) will look like:

50 2(0) + ()] a1 e+ (252)

|+

) (22 )
Et ) ]

Thus, from (35), we obtain

o(r0- S bo- < 2R+ ()
S INECED

[
o] L G T G I

Et (=) e

The proof is completed. []

The following theorem, in a special case, provides an estimate for (1)
in terms of the smallest and largest values of the derivative of the function

n [91, Qz]-
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Theorem 5. Let f: I; ¢ R — R be a differentiable function on I} and
f' € Lilo1, 02]. If there exist constants —o0 < m < M < +oo, such that
m < f' < M, Vz € o1, 00, then we have

|® (f,w,r1,79,73)| <

< (02 — Ql)léM - m) J[\w(t) + 71|+ |w(t) + ro| + Jw(t) + 7"3’]‘1“‘

o QliéM *m) ‘ fl (Bw(t) + 71 + 1o + 13) dt‘. (41)

Proof. In (10), we have

@ (f,w,r1,72,73)] < Z2H(A4) + (B) + (O) (42)

For (A), we can write

+ M
# P [+ ryde (13
0
By analogy, for (B) and (C') we can write
1 2 2 M
J )+ 13) ((1—t) g e 4ot QQ)—mJF ]dt+
3 3 2
0
m+ M

+ TQ (44)
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() = Jl(w(t) T ry) [f’ ((1 —t)%QQMth) - m;M] di+

M [
,me £) +rg)di. (45)

Adding equalities (43)—(45) and using properties of absolute value and

+ M M —
inequality ‘f’(x) - 5 ’ < i m,Vm € [o1, 02], we obtain

< M;m”m(t)+r1|dt+fl|w(t)+r2| dt+J|w(t)+r3| dt]+

1 1 1

L MAm f(w(t) ; rl)dt+f(w(t) ) dt + J(w(t) +r3)dt‘ _

0 0

1
M* B 1
_ mn J|w(t)+r1|dt+f]w(t)+r2| dt+f lw(t) + 73] dt]Jr
0
0

0

o
Ju—

M+m

‘ J(Bw(t) + 71+ 19+ 13) dt‘.

Then, multiplying both sides of the resulting inequality by % from
(42) we obtain (41). This completes the proof. []

I

DN | —

Corollary 5. For h(t) = t and m = 1, if we choose w(t) = t —
1

rn=z5,T

1
g 2= 0, and r3 = Y then from (41) we get:

;

e ss7(252) o1 (2522 o] - L T
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Proof. Indeed, for ®, we have

o (re-350-5) -
:'é[f( D+ 3f< 91+92)+3f(%292)+f(@2)}—g21mff(u)du,

01

Let us calculate the integrals on the right-hand side (41). From (31), for
the first integral we have:

1

J <|w(t) + 71| 4 [w(t) + ra| + |[w(t) + r3|>dt = %
0
and for the second integral, we get:
1 1
f(?)w(t) +r1+ry+13)dt = 3J(t—%>dt =0.

0 0
Thus, the proof is complete. []

Remark 6. Inequality (46) was obtained in Theorem 3.1 from [25] and
in Theorem 2.1 from [27, for n = 3|.

The following theorem, in a special case, provides an estimate for (1)
in terms of the Lipschitz constant.

Theorem 6. Let f : [o1,02] — R be a differentiable function (o1, 02),
such that " € Li[o1,00] with 0 < 01 < go. If f" is an L-Lipschitzian
function on o1, 02], then we have

|@(f7w T17T2,T3)| <
<—(Q2_2§1 lj|w +T1|tdt+f|w +T2|tdt+J’w +T3|tdt]

1

[0+ 7 (P252) 4 (2522 ] [wioyies

0

201 + + 2
+ f'(01) 1 +T2f,<%> +f/<%>r3-

02 — 01
+
9

(47)
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Proof. In (10), we have

@ (F.w,r1ma,m)| < 2 2(a)+ () + (€)]

For (A), we can write:

1

() = [+ [7/(0- 00+ 2252) = o) + 1 (e |t =

= [+ [£(0 -0+ 2222 1) Jar+

1

+ f (gl)f(w(t) +ry)dt. (48)

0

By analogy, for (B) and (C) we can write:

1

(B) :f(w(t)m)[f(u —t)2013+ & 49 2292) - f’<—2913+ 2)|ar+

0

2
91 + 92 )+ o) dt, (49)

m:fwwwwgvarﬁﬂ”j@+wg—f@ﬂ§@ﬂﬁ+

O%H

1
42
4 f Ql Q2f £) +ra)dt, (50)
0

Let us add equalities (48) through (50), take the absolute value of both
sides of the resulting equation, and use the properties of absolute values.
As a result, we obtain:

((A4) +(B) + (O)] <

J]w )+ 7l | ((1_t)1+twyf'(gl)‘dt+
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1

+ J lw(t) + o -

J|w +T‘3|

‘ Jl t)+ 1) dt+f<w>
0

,<<1 _t)2@1;r 02,0 2292) _ <291 + Qz)‘dt

<( )9122@2“@ f<Q1+2Q2>‘dt+

(w(t) + re) dt+

O%H

1

+f’<%2g2> J(w(t) +7‘3)dt‘.

0

Assuming that f’ is a Lipschitz function, we have:
[(A) + (B) + (O)] <

1 1 f
—o01)L
et Ql U’w + 7"1!tdt+f\w(t) + 7”2\“”]‘“’('5) + T3’tdt]+
0 0 0

1

+ Hf’ (01) + f’(@) n f’(gl ;2@)] fw(t)dt-i-

0

+ [ (e1) ™ +7"2f/<201; Q2> + f/<—gl 2202>7“3 .

Then, multiplying both sides of the resulting inequality by o2 g Ql, we

obtain (47). The proof is completed. []

1 1
Corollary 6. For h(t) =t and m = 1, if we choose w(t) =t — =g

1
ro =0, and r3 = % then we get from (47):

‘%[f(gl)+3f<2m;m> 3f<91+ 92>+f( )] Qiglff(u)du <

< 41 (Qz - 01)2L

< 1
1728 (51)
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Proof. Indeed, for ®, we have:

o(rt- 5 50-5)] = [s[rten +ar (F257)+

iﬁ(m+2@)+f@ﬁ]—@iQLfﬂwdu

Calculate the integrals on the right-hand side of (47). For the integrals of
the first group we have from (31):

25
t— —|tdt ‘t——‘tdt ‘t——‘tdt—
“ ) +f +J 64

and for the integrals of the second group, we get:

[ w22 (252)]

201 + 02 01+ 202
/ / / _
e +nf () + (B )
! 1 ( 01+202 _
:0+M+O_f( ) <£ 1_91+2Q2:(Q2 Q1)L.
8 8 8 3 12

Thus, for the right-hand side, we have

(02 — 91)2 L25 (02 — 91)2 L _ 41 (2 — 91)2 L
27 64 9.12 1728

The proof is complete. []

Remark 7. Inequality (51) was obtained in Theorem 3.2 from [25] and
in Theorem 2.2 from |27, for n = 3|.

4. Conclusions. In this paper, we present new 3/8—Simpson inte-
gral inequalities via generalized (weighted) integral operators for functions
whose first derivatives (and their powers) satisfy (h, m)-convexity of the
second type and the Lipschitz condition. By introducing a new integral
identity, our method unifies and extends a number of known results on
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these inequalities. In particular, we obtain estimates for classical convex,
(h, m)-modified convex, and Lipschitz functions, as well as refined bounds
including Riemann—Liouville. Using certain choices of parameters, we
show how these results reduce to traditional inequalities. Given the gen-
erality and strength of the idea presented in the work, we believe that one
of the future possibilities is the application to new integral inequalities,

Acknowledgment. The authors are highly indebted to the referees for
their valuable suggestions.
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