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WEAVING G-FUSION FRAMES IN HILBERT SPACES

Abstract. Fusion frames, one of the important frame extensions,
introduced by Casazza and Kutyniok, Bemros et al. are able to
transform the except of weaving from Gabor frames to frame the-
ory; thus weaving frames. In this paper, we generalize the weav-
ing fusion frames and study them from the viewpoint of the finite
and infinite dimensional Hilbert spaces. Also, we introduce weakly
g-fusion woven frame and show that they are equivalent with the
weaving g-fusion frames.
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1. Introduction and preliminaries. During the last 20 years,
the theory of frames has been growing rapidly, especially for the reason
that several new applications have been developed. For example, besides
traditional applications, such as signal processing, image processing, data
compression, and sampling theory, frames are now used to mitigate the ef-
fect of losses in packet-based communication systems and hence to improve
the robustness of data transmission, and to design high-rate constellations
with full diversity in multiple-antenna code design (e.g. [7], [11], [15], [13]).
Woven frames have been introduced in [1] and they have potential appli-
cations in wireless sensor networks. Afterwards, this topic was presented
in other frames like g-frames, fusion frames, etc [17], [22], [23]. Recently,
authors were able to generalize fusion frames; this new object was called
g-fusion frames in Hilbert spaces ( [20], [18]). In this note, we aim at
studying woven version for these frames.

Throughout this paper, H and K are separable Hilbert spaces and
B(H, K) is the collection of all the bounded linear operators of H into K.
If H = K, then we use the notation B(H) instead of B(H, H). Also, my
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is the orthogonal projection from H onto a closed subspace V < H and
{H;}jey is a sequence of Hilbert spaces, where J is a subset of Z. Finally,
take [m] :={1,2,...,m} for each m > 1.

In this section, we review some basic concepts and some results.

Lemma 1. [12] Let V. < H be a closed subspace, and U be a linear
bounded operator on H. Then

7TvU* = 7T\/U*7Tw.

If U is a unitary operator (U is bijective and U* = U™'), then
mvU = Umy.

Lemma 2. [Open Mapping Theorem| [16] A bounded linear operator U
from a Banach space X onto a Banach space Y is an open mapping.
Hence, if U is bijective, U~ is continuous and thus bounded.

Definition 1. [woven frame| [I] A family of frames {f;;}ic[m), jes for H
is said to be woven if there are universal constants A and B, such that
for each partition {0;}ic[m) of I, the family {fi;}icim), jeo, is a frame for H
with lower and upper frame bounds A and B, respectively. Each family
{fij }iepm), jeo,; Is called a weaving.

We call A and B the lower and upper frame bounds, respectively.
The optimal upper (lower) frame bound is the infimum (supremum) over
all upper (lower) frame bounds. When A = B = 1, then {f;;}icim, jes 18
called a Parseval woven frame. It is easy to see that every weaving has
an universal upper frame bound by the sum of the upper frame bounds
of { fij}iem), jes- So, we only need to check that there is an universal lower
frame bound for all weavings. But we notice that this universal upper
bound cannot be the smallest upper weaving. Indeed, if B; are optimal
upper bounds of { fi;}ie[m], jes, then Zie[m] B; may not be optimal. Also,
if {fij}iepm), jes's are Parseval frames, but the constructing woven by them
may not be Parseval. For this, let ¢ > 0 and § = (1 + 52)_%. Assume that
{e1, es} is the standard orthonormal basis for R? and, also,

{f; ?:1 = {dey, deeq, deq, dees}, {g; §:1 = {deey, 0eq, Oceg, dea}.

Then {f;}j_, and {g;}j_, are Parseval frames and, also, they are woven
frames with the universal upper frame bound 2 (for more details, we refer

to [1]).
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We define the space 7 := (3;.;®H;)e, by

Mo = {{[i}jer: fj € Hj, Z [ £i? < oo} (1)

jel

With the inner product defined by

SfhAgd =D i g,

jel
it is clear that 773 is a Hilbert space with pointwise operations.
Definition 2. [g-fusion frame| [20] Let W = {W;};e; be a collection
of closed subspaces of H, {v;}jej be a family of weights, ie., v; > 0,

A; € B(H, Hy) for each j € J. We say A := (W;,Aj,v});ey Is a g-fusion
frame for H if there exist 0 < A < B < o0, such that for each f € H
AP < Do |8 mw, I < BIfIP. (2)
jel
When the right-hand side of (2) holds, A is called to be a g-fusion
Bessel sequence for H with the bound B. We say A is a Parseval g-fusion

frame whenever A = B = 1. The synthesis and the analysis operators for
a g-fusion frame are defined as follows (for more details, refer to [20]):

Th: 5 — H, d TY: H— 95,
Ta({fi}ier) = %Uﬂwj/\?fjv T = {0 e
Jje J

The g-fusion frame operator is given by

Saf = TaTx f = > vimw, A A, f,

j€J
and
Safo ) = D o Imw, £, (3)
jel
for all f € H. Therefore,
Aldy < Sy < Bldy. (4)

Hence, S, is a bounded, positive, and invertible operator (with the ad-
joint inverse). A g-fusion frame A := (Sy'W;, Ajmw, Sy", v;) ey with the
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g-fusion frame operator S3 = T3T% is called the (canonical) dual g-fusion
frame of A. Now, we can obtain

~ %
f= Z VST, A*A-ijf = ZU?W”V[\/;AJ' Ajmw, f, (5)
7€l jel
where V[f\/; = SyW; K; = Ajmw, Sy
Definition 3. [I8] A = (W;, A}, v;) ey Is called a gf-Riesz basis for H if
1) A is gf-complete, i.c., span{mw,ATH;} = H

2) There exist 0 < A < B < o0, such that for each finite subset I < J,
ngHj andje}l,

A gil? < D vimw, Alg|” < B i) (6)

jel jel jel

When only item 2) is valid, we say that A is a gf-Riesz sequence. It is
easy to check that every subfamily of a gf-Riesz sequence is a gf-Riesz
sequence.

Lemma 3. [I18] Let A = (W;, Aj,v;)jep be a g-fusion frame for H. Then
the following are equivalent:

(I) A is a gf-Riesz basis for H.

(II) For any finite subset I < J if Y vjmw,Afg; = 0 for some {g;}c1 € 73,

el
then g; = 0 for all j € J.
If a g-fusion frame is not a gf-Riesz basis, it is said to be gf-overcomplete.

Now by Lemma 3, we can set a remark:

Remark 1. if (W, A;,v;);e5 Is gf-overcomplete, then there exist a finite
subset I < J and {g,}e1 € 74\{0} for which

ZUﬂTW Alg; = 0.

jel

2. Weaving g-fusion frames. Throughout this paper, {W;} ey, ic[m]
is a collection of closed subspaces of H, {v;;} ey, ic[m] is a family of weights,
and {A;;} < B(H, H;j).

jel, ie[m
Definition 4. A family of g-fusion frames (Wij, Nij, vij)jep,icim) for H
is said to be g-fusion woven frame if there exist universal positive con-
stants A and B, such that for each partition {O'Z}le of J, the family
(Wij, Nij, v”)ja,“e[ | is a g-fusion frame for H with bounds A and B.
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Now we show that every g-fusion woven frame has a universal upper
frame bound and (see Corollary 6) we will show that it may not be optimal.

Proposition 1. Let {(WU, Aij, vy JEJ} be a g-fusion Bessel sequence for
H with the bound B; for each i € [m]. Then, for any partition {o;}e[m) of
J, the family (Wi;, Aij, vij) jeo,,ic[m] I8 a g-fusion Bessel sequence with the
Bessel bound };(,,; B

Proof. Let {o;}ic[n) be any partition of J. For each f € H, we have

Z vk mw, f7 < Z S Agmw, fIP < (Y] Bi)IfIP

m) jeo; m] jel ie[m]

[

In the following results, we construct a g-fusion woven frame by using
a bounded linear operator.

Theorem 1. Let (Wi, Aij,vi5)jes,icim be a g-fusion woven frame for

H with the universal bounds A and B and U € B(H,K). Then (UWj;,
Aijmw, U*, vi5) jes, ie[m) IS a g-fusion woven frame for K if and only if there
exists a number § > 0, such that for every f e K:

U f1 = ol ]

Proof. Let f € K and (UWZ],AZJWWUU Vij) jey, ic[m] be a g-fusion woven
frame for K with the lower bound C' and U € B(H, K ). So, by Lemma 1,
we get

CIfI* < ZZ iligmw, U mgr £ = ZZ i, U £

m] jel m] jeJ

On the other hand, we have

Z D vy, U fI? < BIU* £

m] j€J

Thus, |U*f|| > \/g |f|l. For the opposite implication, we can write for all
fekK:

A5\ 7 < AJU*£I* < Z 2 vl Ay, U* £

m] jel
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Z > v Agmw, Ut mgwfI* < BIU ||

m] j€J

So, (UI/VZJ,AijﬂwijU*,vij)jewe[m] is a g-fusion woven frame for K with
frame bounds Aé* and B||U|?. O

Corollary 1. Let (Wyj, Aij, vi;)jes, icm] be a g-fusion woven frame for H
with common frame bounds A and B, and assume that U € B(H) has
closed range. Then (U—%, Agjmw,, U *,'Uij)jeu]]’ ic[m] is also g-fusion woven
frame for R(U) with frame bounds A|UT|~2 and B|U|>.

Corollary 2. In Corollary 1, if U € B(H) is an invertible operator,
then, by Lemmas 2, we have: UW,; is closed for any j € J and therefore
(UWij, Aijmw, U™, vij) jes, ie[m) is a g-fusion woven frame for H with frame
bounds A|U~'|~% and B|U|?. In particular, if U is also unitary, then
the bounds of (UWij, Aijmw,; U™, vij) jer, icim) are the same with bounds of
(Wi g vig).

Corollary 3. Let (W;;, Ay, UZJ)]EJ ie[m] be a g-fusion woven frame for H
with frame operator S for i € [m]. Then the canonical dual ((S})~'W;;,
Ay, (Sh) ’Uij)jeJL ie[m] is also a g-fusion woven frame for H.

Theorem 2. Let (W;, A;,v;)je; be a g-fusion frame for H with bounds

A
A and B and U € B(H) be a unitary operator. If | Idy — Ul* < oL then
{(W;, Nj,vi)jen, (UYW;, AU v))jes} is a g-fusion woven frame for H.

Proof. By Proposition 1 and corollary 2, the upper bound is clear. Let
o < J be a partition and f € H. So, by Lemma 1, we can write

Sy fI2 + Y 02| U, £

Jj€o jeoc
= > il Amw, fIP + Y oI mw, f = (Nmw, f — Agmw, U )P
jeo jeoc
> > ol Agmw, £P = D i A mw, (I =U) f[* = (A=B|Idu—U|)| f]*
jel jeoe©

Thus, (Wj, Aj,v))jec JU W, AU, v;) jeoe is a g-fusion frame. [
Proposition 2. Let (W;;, Aij, vij)jes, icm] be a g-fusion Woven frame for
H with common frame bounds A and B. Let 0<C< |w \2 D < w

for any i € [m] and j € J; then (I/Vw,w] Nij, vij) jes, iefm] I8 & g-fusion woven
frame for H with frame bounds AC and BD.
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Proof. For any partition {o;}c[m] of J and f € H, we get

ACIfI? = min Jw” A £ < PIPIL 5l s, 17

m] jeo;

< max|w” PBIf|* = BD|/|.

This implies the statement. []

Theorem 3. Let I < J be non-empty and (Wi;, Aij, vij)jer,icim] be
a g-fusion woven frame for H. Then (Wij, Aij, vij)jer,icm] Is a g-fusion
woven frame.

Proof. Assume that o; = J. By Proposition 1, we know that (W;;, Ai;,vij) jes
is a g-fusion Bessel sequence for H for any i € [m]. If A is the lower bound
of (Wij, Aij, Vij) jeaint,ic[m], then for every f € H we have

AlfI? < Z D vhlAymw, I < ZZ A, £I7.

m] jeo;nl m] jE€o;

This implies the statement. []

The next theorem shows that even if one subspace is deleted, it still
remains a g-fusion woven frame.

Theorem 4. Letl be an infinite subset of I < J and (W;;, Aij, vi;) jesie[m]
be a g-fusion woven frame for H with the bounds A and B. If

Z 2 vl < oo,

m] jel

then (Wij, Ayj, vij) jen, ie[m] 1S also a g-fusion woven frame for H with frame
bounds A — C and B.

Proof. The upper bound is obvious. Suppose that {o;}icm) < J\I and
f € H, so we can write

Z Z zg”AzﬂrWUf”Q Z Z ||Al]7TWszH2 Z ZU HAUWW”]E”

m] j€o; m] jeo; I m] jel

/AHf||2 ZZU A0 HfH2 (A=) fI*.

m] jel
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In the following example, we show that the infinite condition for the
set J is necessary in Theorem 4.

Example 1. We attend to the Hilbert space H := R?® with standard base
{e1,ea,e3}. Let J = {1,2,3} and

W, = span{ey, ea}, Ws = span{es, ez}, Ws = span{es, e},
X, =span{e;}, X, =span{es}, X3 = span{es},

V1 = Vg = V3 = 1.
Assume that A;,0;: H — C for any j € J such that for each f e H,

Alf = <f7 €1>7 A2f = <f7 €2>7 A3f = <f> €3>7
O1f =(f,e1+ez), Oof =(f,ex+e3), Ozf =(fes+er)

It is easy to compute that (W, A; 1) and (X, ©;,1);ep are Parseval
g-fusion woven frame for H. But if we choose I = {1}, then the deletion
of this index of subspaces destroys the g-fusion woven frame property.

Corollary 4. Let (W;;, Aij, vij)jen ic[m] be a tight g-fusion woven frame
for H with the bound A. Assume that j, € J. Then the following stale-
mates are equivalent:

(I) ) [Z ’Lj() ||A7']0 2]0
€ m

(IT) (Wij, Nij, Vi) jen(jo}, icfm] 1S a g-fusion woven frame for H.

? < A;

Proof. (I) = (II) is clear by Theorem 4. For the opposite implication,
suppose that C' and D are the frame bounds of (Wi;, Aij, vij) jen o}, icfm-
For any 0 # f € H, we have

ClfI* < Z > vl Ay, fI?

m] jeN{jo}
Z D Agmw, FIP = DS vl [ AT, £
m] jeJ i€[m]

= Al = >, vl IMimw, £I7 < DIfIP.
i€[m]

Hence,
2 ||Aij07TWijO fH2

0<C<A= D g

i€[m]

< D.
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So, we conclude that A — 3, 103 [Aijomw,, |2 > 0. O

’L]O 7,]0 H

Theorem 5. Let (Wij, Aij, vij)jer,icim) be a g-fusion woven frame for H
with the bounds A and B. For each i € [m], j € J and an index set

I;;, suppose that {fi(f)}keﬂij e N;;(Wi;) is a Parseval frame for H;;, such

ijs
that for every finite subset K;; of I;;, the set { f” }keﬂm\le is a frame
with the lower bound Cj;. Then assume that C := infjcyem) Cij > 0.
I{VWU = Span{/\fjfi(f)}kenij\ngij for any ¢ € [m] and j € J, then
(Wij, Nij, vij)jes,iepm) Is a g-fusion woven frame for H with the bounds

CA and B.

Proof. Obviously, B is an upper bound of (I/VU, Aij, ij) jey, ie[m]- Now, for
considering the lower bound condition, we can write for each f € H and
{0:}icpm) € J the following relations:

Z Z z]HA”L]ﬂ-WZ]-f‘P Z Z zy Z |<AZJ W f f’LJ >|2

m] jeo; m) j€o; kel
k
Z 2vh X K, FAG £ P = Z Youn D Ky £ fOP
] jeo; kGHZJ\K” ] J€T; kGH”\KU
Z > v Cilhmw, £ = C Z Db, fI7 = CAfIP.
i€[m] j€o m] JEo;

O

3. Weakly g-fusion woven frames. In [1], Bemrose et al. the au-
thors showed that if each weaving is a frame, then there exists a universal
lower frame bound for all the weaving. For this, they introduced a spe-
cial kind of weaving named weakly woven. After that, this topic has been
studied for g-frames in [17|. Here we consider these results for g-fusion
frames.

Definition 5. A family of g-fusion frames (Wij, Aij, vij) jen, iefm] in H is
called weakly woven if ¥ {0;}ie[m] of N, the family (Wi;, Aij, Vij) o, ic[m]
is a g-fusion frame.

Similarly to Theorem 4.1 and Theorem in [1], [17], we can show that
weakly woven is equivalent to woven in the finite case:

Theorem 6. A finite family of g-fusion frames (W;;, Aij, vi;) jesie(m] for
a finite-dimensional Hilbert space H"™ is woven if and only if for each
partition {o;}icpm) of J, {mijAf; Hij} jeo, ic[m) SPans the space.
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But for a infinite-dimensional case, their equivalence is more difficult
to establish, similarly to frames and g-frames. The following theorem will
be used in this case, which is a general case of Lemma 4.3 in [1]:

Theorem 7. Let (W;j;,A;j,vij)jey be a g-fusion frame for H for each
i € [m]. Suppose that a collection of disjoint finite sets {7;}cpm) of J and
for any £ > 0 there exists a partition {o;}iefm) 0of I\, 7 such that
(Wijs Nij, vij) je(o: Um), ie[m] has a lower g- fus1on frame bound less than e.
Then (W;, Ayj, UU)JEJ,zG[ ] is not a woven frame.

Proof. We can write J = UjeN J;, where J;’s are disjoint index sets.
Assume that 7; = ¢ for all j € [m] and € = 1. Then there exists a
partition {01 }ie[m) of J, such that (Wij, Aij, vij) je(oi Umn), ie[m] has a lower
bound (also, optimal lower bound) less than 1. Thus, there is a vector
f1 € H with | f1|| = 1, such that

Z S Ay, il < 1.

]]E(Uzl UTzl)

Z Z UHA7«]7TWUf1H < @,

m] jel

there exists k; € N, such that

Z Z z]‘|AZ]7TWZJf1H2 < 1

m] jeKy

Since

where Ky = ;2,41 J;- By induction, for e = % and a partition {7, }ic[m]
of JyJ---JJk,-1, such that

Tni = T(n—1)i U (U(n—l)i ﬂ(Jl U T Uv]]knfl))

for all i € [m], there exists a partition {op;}icpm) of J\(J1 - UJk —1),
such that (Wij, Aij, Vij) je(on: U mne).ic[m] has a lower bound less than =. There-
fore, there is an element f,, of H and k,, € N, such that || f,|| = 1, k > kpo1

and
Z Z zy||AlJ7rWz]an <_

[m] jeKn

where K, = J;2,1J;- Choose a partition {G}icm) of J, where
Si i=Ujend i} = T UG 0 NI U -+ -UJn)). Assume that (Wi, Ay,
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Vij)jeq,ic[m] 15 & g-fusion frame for H, with the optimal lower bound A.
Then by the Archimedean Property, there exists an r € N, such that
r > 2. Now, there exists f, € H, such that | f,| =1 and we have

Z Z UZJHAUWWU f7"H

m] JES
Z Z inAijﬂWijfTH2 + Z Z U?jHAijﬂ—WijfTHQ
m] JET(r41)i ie[m] jesinI\J1 U U JIr)
2: Do vl AT £l + }: D vl AT, £l
[m] je(rri Uori) [m] j€Uksrq1 Jk

1 1
<=+ - < A|f]7
roT

and this is a contradiction with the lower bound property of A. []

Corollary 5. Let (W;;, Aij, vij)jes,ic[m] be a g-fusion woven frame for H.
Then there exist a collection of disjoint finite subsets {7'Z}Ze of J and
A > 0, such that for each partition {o;}cm) of the set J\U | Tis the
family (Wij, Aij, Vij) je(o: Um), ic[m] 1S @ g—fusjon frame for H with the lower
frame bound A.

Corollary 6. Suppose that (W;.Aj, w;) ey and (V},0;,v;) ey are g-fusion
frames for H with the optimal upper frame bounds B, and Bs, respec-
tively, and they constitute a g-fusion woven frame for H. Then, By + Bs
is not an optimal upper g-fusion woven frame bound.

Proof. Let € > 0. Assume that By + B, is the optimal upper g-fusion
woven frame bound for the g-fusion woven frame. So, there exists o < J,
such that

sup (Ew | Ajmw, f1* + Z vi |0y, f| ) = By + B.

Hf”_ ]EO’ on’C

Therefore, there exists f; € H, such that | fi]| = 1 and

EMJQ-HAjﬂ'ijlHQ + 2 U?H@jﬂ'vijHQ Z Bl + BQ — E&.
jeo jeoc
Thus, by the assumption,

D wilAmw AP+ Y w0 Al < e

jel\o jel\oe¢
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and this is a contradiction by Theorem 7. []

Theorem 8. Let (W;;, Aij,vi;);e5 be a g-fusion frame for H with bounds

A; and B; for each i € [m]. Suppose that there exists N > 0, such that
for all i,k € [m] withi # k, T = J and f € H, the following inequality is
valid:

D @i Aigmw, — vig Ay, 1

gel
< Nmin{ 302 |Agmw, f12, Y o [, /12
gel jel
Then the family (W;j, Aij, ij) jey ic[m] IS woven frame with universal bounds.

A

B
m-ni)+1 B

where A =3 A and B 1=,
Proof. Let {0;}c[m] be a partition of J and f € H. Therefore,

D, AP < Z D vl I = Z 2 >, iy, 12
i€[m]

m] jel m] jJEok

< Z ( Z vz-j ‘A’ijTrWiijQ

i€[m]  jeo;

£ ) 2 {lsAimu, £ = veghum, fI2 + o | A, £12})

ke[m] jeo
k#1
<Y (X oA, fIP+ D) D (N + 1o A, /1)
i€[m] jeoi ke[m] jeok
k#1i
—{(m =DV +1) + 1} 2 (X w2 lAgmw, /).

jeai

Thus, by Proposition 1, we get

A
(m—1)(N+1)+ 1HfH2 S Z <Z UZZJ'HAiJWWijf‘P) < BIfI.

i€[m] J€o;
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Now let us formulate the main result of this section. By Corollary 5
and Theorem 8, we conclude that the following statement holds:

Theorem 9. A g-fusion frame (W;, Aij, vij) jes,icim) for H is woven frame
if and only if it is a weakly woven frame.

4. Weaving gf-Riesz bases. Weaving Riesz bases and some results
are presented in [1]. Bemrose et al. [1] managed to do this firstly in the
finite case and so, the result was extended in the Theorem 5.2 for arbitrary
sets. The following is a general result:

Theorem 10. Let (W;, Aj, w;)jen and (V;, ©;,v;)jen be two gf-Riesz bases
with common constants 0 < A < B < o, such that for each o < N, the
family (Wj, A, w;)e0 UV}, ©4,0))jese is a gf-Riesz sequence with Riesz
bounds A and B. Then, (W;, Aj, w;) e | J(V;, ©},0;) jeoe Is a gf-Riesz basis.

Proof. Let 0 ¢ N and assume that n := o] < co. If n =0, then the
proof is evident. Suppose that the result holds for each n. Let o <N with
lo| = n + 1 and choose j, € o. Suppose that o = o\{jo}, so

(Wi, Aj, w;5) jeor, UV}, 05, 05)jess is a gf-Riesz basis by the induction hy-
pothesis. Assume that (W, A;, w;) e [ J(V}, ©;,0;)je0e is not a gf-Riesz
basis. For any g € Hj,, if

Jo>»
v, 59 € span ({mw, Ay Hy}jeo | J{mv, 03 Hj}jeoe),
then
span ({mw, A} H;}jeo |_J{mv, 05 H}jeor)
> span ({mw, A3 Hj} jeo, | {71, 05 Hibjeos) = H,

ie., {mw,AfH;}jeo U{mv,0] H}}jcoe would be gf-complete, which is as-

sumed to not be in the case. Thus, the following must hold:
T, 05,9 ¢ Span({WWjA;ij}jEU U{ﬂ'v} @;‘Hj}jeoc).
It follows that
(W, Agy w;)eo | (Vi €550 e | (Vios O 036

is a gf-Riesz sequence in H. On the other hand, o = o¢{Jo},

(VVj7 Aj7 wj)jEUl U(%? ®j7 Uj)jeaf
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cannot be a gf-Riesz basis, because it was obtained by deleting the element
(Wiy, Ajy, wj,) from a gf-Riesz sequence; this leads to a contradiction.

Next, for the infinite case, suppose that there exists a ¢ < N, such
that |o| = |0¢| = o0, such that

Hy := span({mw,A; Hj}jeo | [{my, O H,}jeoe) # H.

Let 0 # f € Hi. Since (V},0;,v;)jen is a g-fusion Bessel sequence, by
taking the tail of the series, there is a 01 < ¢ with || < o0 and

A
2 vilesm fI* < SIfI”

jeo\o1

From the first part of the proof, the following family is a gf-Riesz basis
with bounds A and B:

(Wj, Ajs wj) jeoy U(Vg7 ©;, Uj)jea\af U(Vy; ©;,v)) jece

Therefore,
AlFIP < Y wilhmw, £ + ) vil0my, f17 + ) v30my, f°
jeo1 jea\o1 jeo€
A
= D vlem, fIP < §\|f||2
jeo\o1

and it is a contradiction. []
Now, by induction on i, we can get the following result:

Corollary 7. Let (W;j;, Aij, vij)jenis2 be a countable family of gf-Riesz
bases for H and there are common constants O < A< B < o, so

that for each partition {0;};>2 of N, the family U(W,J,Aw,vw)]@ be a

gf-Riesz sequence with Riesz bounds A and B. Then (Wij, Nij, 0ij) jenis2
is actually a gf-Riesz basis.

Theorem 11. Let (W;, A;, w;) en and (V;, 0;,v;)jen be two gf-Riesz bases
and let there be a common constant 0 < A, such that for each o < N, the
family (W;, Aj, w;)jee \J(Vj, Of,0))jece is a g-fusion frame with the lower
bound A. Then, (W;, A;, w;)ieo | J(V;, ©;,v;) jese Is actually a gf-Riesz basis.
Proof. Similar to the proof of Theorem 10, let 0 < N and assume that
lo| :=n < 0. If n =0, then the proof is obvious. Suppose that the result
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holds for each n and let 0 ¢ N with |o| = n + 1, and choose jy € 0. Sup-
pose that o1 := o\{jo}, so (W;, Aj, w;)jeo, U(V 0}, ;) jeos is a gf-Riesz
basis by the induction hypothesis. So, (W, Aj, w;)jes, J(V, O, V) jeoe Is a
gf-Riesz sequence. But (W}, Aj, w;)jeo (J(Vi, ©),0))jeoe is a g-fusion frame
and the removal of the single vector (V},,0j,,vj,) vields a set that dose
not longer span{my, OF H;}, thus (W}, Aj, w;) jes (J(V}, O, v5) jege must be a
gf-Riesz basis. Now, let |o| = c0. Choose 01 < 0y < -+ < 0, such that
a0
o = J oy, and |o| < o0. The family (W), Aj, w))jes, UV}, ©;,0;) jeoe 1s a
1

1=

gf-Riesz basis with the lower bound A for each ¢ > 1. If {g,},en € 74 and

Zwﬂw Alg; + Z vy, 0795 =

jeo jeoc
then
= | X wimw, gy + Y vy, O35
jeo jeoc
= lim | 3 wymw,Afgit Y omy ©5,1° > lim A lgsl*+ ) gs1)

JjET; Jj€oy JjeOT; jeoy

So, g; = 0 for all j > 1. This means that the synthesis operator 7" for the
family (W;, Aj, w))jes (J(V}, ©5,0))jese With the representation space H,
is bounded, linear, surjective, and injective. Therefore, Sy =N L(T) and
so by Theorem 4.2 in [20], the family is a gf-Riesz basis. []

In the following, we show that a g-fusion frame that is not a gf-Riesz
basis, cannot be woven with a gf-Riesz basis, which is a general case of
Theorem 5.4 in [1].

Theorem 12. Let A = (W;,Aj,w;);ey be a gf-Riesz basis for H and
© = (V;,0;,v))je; be a g-fusion frame for H. If A and © are g-fusion
woven, then © must be a gf-Riesz basis.

Proof. Let € > 0. Suppose that © is not a gf-Riesz basis and it may be as-
sumed that, by the remark of Lemma 3, 7y, ©% g € span{my,©F Hj} jen (j,)
for some g € Hj and finite subset I < J, where j; € I. Assume that
n := card(l) and

0< (7TV @Jlgﬁp‘dn{ﬁv@ Hj}jengi}) <
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Let ~ L
H = [span{ﬂvj@;Hj}je]I\{jl}] )

Then H has codimension at most n — 1 in H and, since

dim span{my, A H;}jer = n,

there exists f € span{my, AT H;}jer 0 H. Now, if o := I, then

D w? [ Ajmw, fIP = D wd (mw, A Ajmw, £, )l = 0,

jeoc jeoc

and, also,
D o€y, fIF = o3, 85,7, fIP.

jeo
Let f = fi1 + fo, where f; € H and fa e HE. Therefore,
2 2 2
Uleleﬂ-le f” = ,Uj1|<ﬂ-‘/j1 @;i@]lﬂ-vjl f’ f2>| <E.
So, these two families are not g-fusion woven and this is a contradiction. []

Let us introduce the weaving equivalent of an unconditional gf-Basis
for the Hilbert space.

Theorem 13. Let A = (W;,Aj,wj);ey and © := (V;,0,,v,);e5 be gf-
Riesz sequence for H with bounds Ay, By, and As, B, respectively. Then
the following are equivalent:

(I) There exist 0 < B < C < oo, such that for each o € J the family
(Wi, Aj,w;)jeo UV, ©4,0)) jese Is a gi-Riesz sequence with bounds
B and C.

(II) There exists a A > 0, such that for all {g;};e;y € 75 and 0 € ],

A D wimw, Args|* < | D wimw, At + > vy, 0%,
jeo je€o jeoc

(III) There exists a D > 0, such that for all {g;};ej € 7% and o € J,

D(H Y wimw, g’ + | W@?%H?)

JjeECT jeo

< D wimw,Args + D vymy, ©%gs|

jeo jecc
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(IV) There exists a E > 0 satistying for all {g;};e; € 76 and o € J the

following condition: if || >}, , wimw,Ajg;| = 1, then
2
E < || 2 wimw, Afg; + ) vim, 055
jeo jeoc

Proof. The implications (II1) = (II) and (II) < (IV) are clear.
(II) = (III). Let {g;}je5 € 7% and o € J. We get

| > vym, 02" = | D vimy, %, + > wimw, Aty — Y wymw, Al

jeoc jeoc jeo VE

<| Z vy, 059; + ijijA;fngz + | ijWWfA;ngQ

jeoc jeo jeo

1
<[ 20 vme €395 ) S wimw A gs [P+ Y vgmy ©5 9,4 wimw Ay

jeoc jeo jeoc jeo

Hence,

A
A—+1H Z UﬂVj@;%Hz <| Z vy, 0595 + ijWW]'A;QJ'“z'

jeo€ jeoc jeo
Similarly,
A
L Drwimw g [T < | Y5 v, O35 + D Jwymw Ay,
JjeCT jeoc jeo

Thus, we have

1 A
24+ 1 <H ijWWjA;ngz + H Z vjﬂ‘G@;ng2>
Jjeo jeoc
A * 2 % 2
< s (| S wme Aol Y w04l
Jjeo jeoe

<| X v, 0505 + Y wimw, Ay

jeoc jeo

(I) = (II). Assume that {g;};ey € 74 and o € J. We can write

| wmw, gl < € X lgsl? < (X lgal® + Y losl?)

jE€T jE€c jeo jecc



Weaving g-fusion frames in Hilbert spaces 93

_HZwﬂr .Ajgj + Z vjﬂvj@;‘-‘ng2.

VE jeoe©

(I1I) = (I). Let {gj}jey € 6 and o € J. We have

D llgilP =3 1gslP+ ) gl < szﬂw Asgs]” t H > v, 055"

jel jeo jEO’C jeo jeoc
maX{A I }H ZUWTW A*g]H + H Z vjm/j@;‘ng
jea jeoc
1
< 5maX{A N }H;w]WWJAJg] +J§C Ujﬂ'v@ g]H

The upper bound of (W;, Aj, w;)ieo J(V}, ©;,v;)jese is obvious. []

5. Perturbation for g-fusion woven.

Theorem 14. Let A; := (W, A;j,vij)je5 be a g-fusion frame for H
with frame bounds A; and B; for each i € [m]. Suppose that there exist
non-negative scalers \;, 1;, and j;, such that for some fixed n € [m]:

A=A, - Z ()\i+ni\/B>n+Ni\/§i)(\/B>n+\/§i)>O

ie[m]\{n}

and

* *
H Z(Unjﬂ-wnjAnj - UijWWz‘inj)fjH <
jel

< 771” Z'UananA:Ljfj” + /LzH ZUijWWijA;kjfjH + )\1(2 Hf]”2)§

jel jel jel

for every finite subset I  J, f; € H; and i € [m]\{n}. Then the family
(Wij, Nij, vij)ie[m) jey 1s a g-fusion woven frame for H with universal frame
bounds A and Y., B

Proof. By Proposition 1, the upper frame bound is clear. For the lower
frame bound, assume that 7T} is the synthesis operator with the g-fusion
frame A; for any ¢ € [m]. Since

1T f5 < VB S I512)2,

jel
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for each finite subset I < J and f; € H;, then for every i € [m]\{n} we
have

(T — TZ)JCJH = H Z(UananA:Lj - UijﬂWijA;‘j)fjH
gel

<l T i+ TN (S 1P)E < i/ Butmi/Ba) (Y 1£517)

jel gel

|7 = T3l < (N + 1/ B + 1/ Bi). (7)
For any i € [m] and o € J, we define
T (Y ®H)), — H
jeo

Ti(a){gj}jea = Z UijWWijAz}gj-

jeo

Therefore,

It is easy to check that TZ-(U) is a bounded operator, since

1T g ieo| < |Ti{g;}je0]. Similarly, with (7), we can show that for
each i € [m]\{n}:

|78 = T < (A + v/ Bo + 113/ By). (8)

For every f € H and i € [m]\{n}, we have
(T T“W)ﬂ
<|Kﬂf T(U* TOT)) ]+ (T @) = 1@ £]

< |TOI(TE = (@) £+ TN = T7) £
< (i + 77@'\/B>n + Mz’\/> \/> + \/> MfI-

Now, suppose that {o;};em] is a partition of J and 7" is the synthesis op-
erator associated with the g-fusion Bessel sequence (W;;, Ay, vij)ie[m]yjegi.
Hence, we obtain

|T* > = [{f, TT* )] = <f,Z > v, Al A, )]

i€[m] j€o;

Kf 2 Z Uz]ﬂ'W”AUAZﬂTW”f"i_ 2 Z Unjﬂ-W n]ﬂ'anf

ie[m]\{n} jeo; m] jeo;
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Z Z Unjﬂ_Wm Anj/]Tan f>‘

m]\{n} j€o;
<f Z 2 Un]ﬂ-Wn] n] n]ﬂ-anf - Z Z ,Un]ﬂ-Wn] "Jﬂ-an
m) jeo; i€e[m]\{n} j€o;
UUWWWAZJAZJT(WU f>‘ Kf Z Z U”JWWnJAnJAnJWWn7f>}
[m] jeoi
_ Z Kf, Z (Unj’/TWn]AnJAn]WW UUWWZ]A”A”WWU)fN
ie[m]\{n} J€oi
> LTI = Y W@ A(Tedys =1 @) 1
ig[m]\{n}
> AfIP = D0 1Al + /B + v/ Bi) (W Bu + A/ Bi) | £
ie[m]\{n}
= (A= D, i+ 0V/Bu+ pi/Bi) (W Bu + VB)) | fIP = Alf]*-
ie[m]\{n}

This completes the proof. []

The following result is obtained when the index n in Theorem 14 is
not fixed with a similar proof.

Corollary 8. For each i € [m], let A; := (W,;, Aij, vij)jer be a g-fusion
frame for H with frame bounds A; and B;. Suppose that there exist
non-negative scalars \;, n;, p; and i € [m — 1], such that

A=A — > (N +1:V/Bo+ v/ Bi) (W Bu +\/Bi) > 0
i€[m—1]

and

H Z<vij7rWijAz<j - U(Hl)jWW(Hl)jA>(ki+1)j)fjH

jel
1
< 77’” Z U"jWWijA?jfﬂ'H + MZH Z U(i+1)j7TW(i+1)jA?i+1)jfjH + AZ(Z Hf]||2) ’
gel gel gel

for every finite subset I < J, f; € H; and i € [m — 1|. Then the family
(Wij, Ay, Vij )ie[m],je1 IS @ g-fusion woven frame for H with universal frame

bounds A and ¥, B

Acknowledgment. The authors would like to extend their gratitude to
the reviewers for their helpful comments for improving the paper.



96 Gh. Rahimlou, V. Sadri, R. Ahmadi
References
[1] Bemrose T., Casazza P. G., Grochenic K., Lammers M. C., Lynch R. G.
Weaving frames. Operators and Matrices, 2016, vol. 10(4), pp. 1093 —-1116.
DOI: https://doi.org/10.71563/0am-10-61
[2] Blocsli H., Hlawatsch H. F., Fichtinger H. G. Frame-theoretic analy-
sis of oversampled filter bank. Proc. IEEE ISCAS-97, 1998, Hong Kong,
pp. 3256 —3268. DOI: https://doi.org/10.1109/78.735301
[3] Casazza P. G., Christensen O. Perturbation of operators and application to
frame theory. J. Fourier Anal. Appl, 1997, vol. 3, pp. 543 —557.
[4] Casazza P. G., Kutyniok G. Frames of subspaces. Contemp. Math, 2004,
vol. 345, pp. 87—114.
[5] Casazza P. G., Kutyniok G. Robustness of fusion frames under erasures
of subspaces and local frame wvectors. Contemp. Math, 2008, vol. 464,
pp- 149-160.
[6] Casazza P. G., Kutyniok G.LiS. Fusion frames and distributed processing.
Appl. comput. Harmon. Anal, 2008, vol. 25(1) pp. 114 132.
DOLI: https://doi.org/10.1016/j.acha.2007.10.001
|7] Casazza P. G., Kovacevi¢ J. Equal-norm tight frames with erasures, Adv.
Comput. Math, 2003, vol. 18, pp. 387—430.
[8] Christensen O. An Introduction to Frames and Riesz Bases. Birkhéuser
Springer, 2016.
[9] Diestel J. Sequences and Series in Banach Spaces. Springer-Verlag, New
York, 1984.
[10] Duffin R. J., Schaeffer A. C. A class of nonharmonik Fourier series. Trans.
Amer. Math. Soc, 1952, vol. 72(1), pp. 341 —366.
DOI: https://doi.org/10.1090/S0002-9947-1952-0047179-6
[11] Goyal V. K., Kovacevi¢ J., Kelner J. A. Quantized frame expansions with
erasures. Appl. Comput. Harmon. Anal, 2001, vol. 10, pp. 203 —233.
DOLI: https://doi.org/10.1006/acha.2000.0340
[12] Gavruta P. On the duality of fusion frames. J. Math. Anal. Appl. 2007,
vol. 333, pp. 871-879.
DOLI: https://doi.org/10.1016/j.jmaa.2006.11.052
[13] Hassibi B., Hochwald B., Shokrollahi A., Sweldens W. Representation the-
ory for highratemultiple-antenna code design., IEEE Trans. Inform. Theory,
2001, vol. 47, pp. 2335—2367.
DOLI: https://doi.org/10.1109/18.945251
[14] Heuser H. Functional Analysis. John Wiley, New York, 1991.


https://doi.org/10.7153/oam-10-61
https://doi.org/10.1109/78.735301
https://doi.org/10.1016/j.acha.2007.10.001
https://doi.org/10.1090/S0002-9947-1952-0047179-6
https://doi.org/10.1006/acha.2000.0340
https://doi.org/10.1016/j.jmaa.2006.11.052
https://doi.org/10.1109/18.945251

Weaving g-fusion frames in Hilbert spaces 97

[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Iyengar S. S., Brooks R. R. Distributed sensor networks. Chaoman, Boston
Rouge, La, USA, 2005.

Kreyszig E. Introductory Functional Analysis with Applications. John Wi-
ley and Sons. Inc., 1978.

Li D., Leng J., Huang T., Li X. On weaving G-frames for Hilbert spaces.
Complex Analysis and Operator Theory., 2020, vol. 14(33).

DOLI: https://doi.org/10.22130/scma.2021.137940.870

Rahimlou Gh., Sadri V., Ahmadi R. Weighted Riesz bases in G-fusion
frames and their perturbation. Probl. Anal. Issues Anal., 2020, vol. 9(27),
no. 1, pp. 110-127. DOI: https://doi.org/10.15393/j3.art.2020.7470
Rozell C. J., Jahnson D. H. Analysing the robustness of redundant popula-
tion of fusion frames in Hilbert spaces. J. Math. Anal. Appl, 2014, vol. 421,
pp. 1417 1427.

Sadri V., Rahimlou Gh., Ahmadi R., Zarghami Farfar R. Construction of
g-fusion frames in Hilbert spaces. Inf. Dim. Anal. Quan. Prob.(IDA-QP),
2020, vol. 23, pp. 1-18.

DOI: https://doi.org/10.1142/50219025720500150

Sun W. G-frames and g-Riesz bases. J. Math. Anal. Appl, 2006, vol. 326,
pp. 437—452. DOL: https://doi.org/10.1016/3. jmaa.2005.09.039
Vashisht L. K., Deepshikha G. S. On countinuous weaving frames. Adv.
Pure Appl. Math, 2017, vol. 8(1), pp. 15—31.

DOI: https://doi.org/10.1515/apam-2015-0077

Vashisht L. K., Deepshikha G. S., Daus P. K. On generalized weav-
ing frames of Hilbert spaces. Rocky Mountain J. Math, 2018, vol. 48(2),
pp. 661 —-685. DOI: https://doi.org/10.1216/RMJ-2018-48-2-661

Received April 09, 2025.

In revised form, August 11, 2025.
Accepted August 17, 2025.

Published online September 25, 2025.

Department of Basic Sciences
Technical and Vocational University(TVU), Tehran, Iran
1435761137, No. 4, East Brazil St., Vanak Sq., Tehran, Iran

bFaculty of Mathematical science
University of Tabriz, 5166616471, 29 Bahman Blvd., Tabriz, Iran


https://doi.org/10.22130/scma.2021.137940.870
https://doi.org/10.15393/j3.art.2020.7470
https://doi.org/10.1142/S0219025720500150
https://doi.org/10.1016/j.jmaa.2005.09.039
https://doi.org/10.1515/apam-2015-0077
https://doi.org/10.1216/RMJ-2018-48-2-661

98

Gh. Rahimlou, V. Sadri, R. Ahmadi

Gh. Rahimlou®
E-mail:ghrahimlo@tvu.ac.ir

V. Sadri®

E-mail:vsadriQtvu.ac.ir

R. Ahmadi®
E-mail:rahmadi@tabrizu.ac.ir



