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WEAVING G-FUSION FRAMES IN HILBERT SPACES

Abstract. Fusion frames, one of the important frame extensions,
introduced by Casazza and Kutyniok, Bemros et al. are able to
transform the except of weaving from Gabor frames to frame the-
ory; thus weaving frames. In this paper, we generalize the weav-
ing fusion frames and study them from the viewpoint of the finite
and infinite dimensional Hilbert spaces. Also, we introduce weakly
g-fusion woven frame and show that they are equivalent with the
weaving g-fusion frames.
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1. Introduction and preliminaries. During the last 20 years, the
theory of frames has been growing rapidly, especially for the reason that
several new applications have been developed. For example, besides tra-
ditional applications, such as signal processing, image processing, data
compression, and sampling theory, frames are now used to mitigate the
effect of losses in packet-based communication systems and hence to im-
prove the robustness of data transmission, and to design high-rate con-
stellations with full diversity in multiple-antenna code design (e.g. [7],
[11], [15], [13]). Woven frames have been introduced in [1] and they have
potential applications in wireless sensor networks. Afterwards, this topic
was presented in other frames like g-frames, fusion frames, etc [17], [22],
[23]. Recently, authors were able to generalize fusion frames; this new
object was called g-fusion frames in Hilbert spaces ([20], [18]). In this
note, we aim at studying woven version for these frames.

Throughout this paper, 𝐻 and 𝐾 are separable Hilbert spaces and
ℬp𝐻,𝐾q is the collection of all the bounded linear operators of 𝐻 into 𝐾.
If 𝐻 “ 𝐾, then we use the notation ℬp𝐻q instead of ℬp𝐻,𝐻q. Also, 𝜋𝑉

is the orthogonal projection from 𝐻 onto a closed subspace 𝑉 Ă 𝐻 and
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t𝐻𝑗u𝑗PJ is a sequence of Hilbert spaces, where J is a subset of Z. Finally,
take r𝑚s :“ t1, 2, . . . ,𝑚u for each 𝑚 ą 1.

In this section, we review some basic concepts and some results.

Lemma 1. [12] Let 𝑉 Ď 𝐻 be a closed subspace, and 𝑈 be a linear
bounded operator on 𝐻. Then

𝜋𝑉𝑈
˚
“ 𝜋𝑉𝑈

˚𝜋𝑈𝑉 .

If 𝑈 is a unitary operator (𝑈 is bijective and 𝑈˚ “ 𝑈´1), then
𝜋𝑈𝑉𝑈 “ 𝑈𝜋𝑉 .

Lemma 2. [Open Mapping Theorem][16] A bounded linear operator
𝑈 from a Banach space 𝑋 onto a Banach space 𝑌 is an open mapping.
Hence, if 𝑈 is bijective, 𝑈´1 is continuous and thus bounded.

Definition 1. [woven frame][1] A family of frames t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗PJ for 𝐻 is
said to be woven if there are universal constants 𝐴 and 𝐵, such that for
each partition t𝜎𝑖u𝑖Pr𝑚s of J, the family t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗P𝜎𝑖

is a frame for 𝐻
with lower and upper frame bounds 𝐴 and 𝐵, respectively. Each family
t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗P𝜎𝑖

is called a weaving.

We call 𝐴 and 𝐵 the lower and upper frame bounds, respectively.
The optimal upper (lower) frame bound is the infimum (supremum) over
all upper (lower) frame bounds. When 𝐴 “ 𝐵 “ 1, then t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗PJ is
called a Parseval woven frame. It is easy to see that every weaving has
an universal upper frame bound by the sum of the upper frame bounds
of t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗PJ. So, we only need to check that there is an universal lower
frame bound for all weavings. But we notice that this universal upper
bound cannot be the smallest upper weaving. Indeed, if 𝐵𝑖 are optimal
upper bounds of t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗PJ, then

ř

𝑖Pr𝑚s𝐵𝑖 may not be optimal. Also,
if t𝑓𝑖𝑗u𝑖Pr𝑚s, 𝑗PJ’s are Parseval frames, but the constructing woven by them
may not be Parseval. For this, let 𝜀 ą 0 and 𝛿 “ p1` 𝜀2q´

1
2 . Assume that

t𝑒1, 𝑒2u is the standard orthonormal basis for R2 and, also,

t𝑓𝑗u
4
𝑗“1 :“ t𝛿𝑒1, 𝛿𝜀𝑒1, 𝛿𝑒2, 𝛿𝜀𝑒2u, t𝑔𝑗u

4
𝑗“1 :“ t𝛿𝜀𝑒1, 𝛿𝑒1, 𝛿𝜀𝑒2, 𝛿𝑒2u.

Then t𝑓𝑗u4𝑗“1 and t𝑔𝑗u4𝑗“1 are Parseval frames and, also, they are woven
frames with the universal upper frame bound 2 (for more details, we refer
to [1]).

We define the space H2 :“ p
ř

𝑗PJ‘𝐻𝑗qℓ2 by

H2 “
 

t𝑓𝑗u𝑗PJ : 𝑓𝑗 P 𝐻𝑗,
ÿ

𝑗PJ

}𝑓𝑗}
2
ă 8

(

. (1)



Weaving g-fusion frames in Hilbert spaces 3

With the inner product defined by

xt𝑓𝑗u, t𝑔𝑗uy “
ÿ

𝑗PJ

x𝑓𝑗, 𝑔𝑗y,

it is clear that H2 is a Hilbert space with pointwise operations.

Definition 2. [g-fusion frame][20] Let 𝑊 “ t𝑊𝑗u𝑗PJ be a collection of
closed subspaces of 𝐻, t𝑣𝑗u𝑗PJ be a family of weights, i.e., 𝑣𝑗 ą 0,
Λ𝑗 P ℬp𝐻,𝐻𝑗q for each 𝑗 P J. We say Λ :“ p𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗PJ is a g-fusion
frame for 𝐻 if there exist 0 ă 𝐴 6 𝐵 ă 8, such that for each 𝑓 P 𝐻

𝐴}𝑓}2 6
ÿ

𝑗PJ

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
𝑓}2 6 𝐵}𝑓}2. (2)

When the right-hand side of (2) holds, Λ is called to be a g-fusion
Bessel sequence for 𝐻 with the bound 𝐵. We say Λ is a Parseval g-fusion
frame whenever 𝐴 “ 𝐵 “ 1. The synthesis and the analysis operators for
a g-fusion frame are defined as follows (for more details, refer to [20]):

$

&

%

𝑇Λ : H2 ÝÑ 𝐻,

𝑇Λpt𝑓𝑗u𝑗PJq “
ř

𝑗PJ
𝑣𝑗𝜋𝑊𝑗

Λ˚𝑗 𝑓𝑗,
and

#

𝑇 ˚Λ : 𝐻 ÝÑ H2,

𝑇 ˚Λp𝑓q “ t𝑣𝑗Λ𝑗𝜋𝑊𝑗
𝑓u𝑗PJ.

The g-fusion frame operator is given by

𝑆Λ𝑓 “ 𝑇Λ𝑇
˚
Λ𝑓 “

ÿ

𝑗PJ

𝑣2𝑗𝜋𝑊𝑗
Λ˚𝑗 Λ𝑗𝜋𝑊𝑗

𝑓,

and
x𝑆Λ𝑓, 𝑓y “

ÿ

𝑗PJ

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
𝑓}2, (3)

for all 𝑓 P 𝐻. Therefore,

𝐴𝐼𝑑𝐻 6 𝑆Λ 6 𝐵𝐼𝑑𝐻 . (4)

Hence, 𝑆Λ is a bounded, positive, and invertible operator (with the ad-
joint inverse). A g-fusion frame rΛ :“ p𝑆´1Λ 𝑊𝑗,Λ𝑗𝜋𝑊𝑗

𝑆´1Λ , 𝑣𝑗q𝑗PJ with the
g-fusion frame operator 𝑆

rΛ “ 𝑇
rΛ𝑇

˚
rΛ

is called the (canonical) dual g-fusion
frame of Λ. Now, we can obtain

𝑓 “
ÿ

𝑗PJ

𝑣2𝑗𝜋𝑊𝑗
Λ˚𝑗ĂΛ𝑗𝜋Ą𝑊𝑗

𝑓 “
ÿ

𝑗PJ

𝑣2𝑗𝜋Ą𝑊𝑗

ĂΛ𝑗

˚

Λ𝑗𝜋𝑊𝑗
𝑓, (5)

where Ă𝑊𝑗 :“ 𝑆´1Λ 𝑊𝑗 , ĂΛ𝑗 :“ Λ𝑗𝜋𝑊𝑗
𝑆´1Λ .

Definition 3. [18] Λ “ p𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗PJ is called a gf-Riesz basis for 𝐻 if
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1) Λ is gf-complete, i.e., spant𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u “ 𝐻,

2) There exist 0 ă 𝐴 6 𝐵 ă 8, such that for each finite subset I Ď J,
𝑔𝑗 P 𝐻𝑗 and 𝑗 P I,

𝐴
ÿ

𝑗PI

}𝑔𝑗}
2 6

›

›

ÿ

𝑗PI

𝑣𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
6 𝐵

ÿ

𝑗PI

}𝑔𝑗}
2. (6)

When only item 2) is valid, we say that Λ is a gf-Riesz sequence. It is
easy to check that every subfamily of a gf-Riesz sequence is a gf-Riesz
sequence.

Lemma 3. [18] Let Λ “ p𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗PJ be a g-fusion frame for 𝐻. Then
the following are equivalent:

(I) Λ is a gf-Riesz basis for 𝐻.
(II) For any finite subset I Ă J if

ř

𝑗PI
𝑣𝑗𝜋𝑊𝑗

Λ˚𝑗 𝑔𝑗 “ 0 for some t𝑔𝑗u𝑗PI P H2,

then 𝑔𝑗 “ 0 for all 𝑗 P J.
If a g-fusion frame is not a gf-Riesz basis, it is said to be gf-overcomplete.

Now by Lemma 3, we can set a remark:

Remark 1. if p𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗PJ is gf-overcomplete, then there exist a finite
subset I Ă J and t𝑔𝑗u𝑗PI P H2zt0u for which

ÿ

𝑗PI

𝑣𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 “ 0.

2. Weaving g-fusion frames. Throughout this paper, t𝑊𝑖𝑗u𝑗PJ, 𝑖Pr𝑚s
is a collection of closed subspaces of 𝐻, t𝑣𝑖𝑗u𝑗PJ, 𝑖Pr𝑚s is a family of weights,
and

 

Λ𝑖𝑗

(

𝑗PJ, 𝑖Pr𝑚s Ď ℬp𝐻,𝐻𝑖𝑗q.

Definition 4. A family of g-fusion frames p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s for 𝐻
is said to be g-fusion woven frame if there exist universal positive con-
stants 𝐴 and 𝐵, such that for each partition t𝜎𝑖u 𝑖Pr𝑚s of J, the family
p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗P𝜎𝑖, 𝑖Pr𝑚s is a g-fusion frame for 𝐻 with bounds 𝐴 and 𝐵.

Now we show that every g-fusion woven frame has a universal upper
frame bound and (see Corollary 6) we will show that it may not be optimal.

Proposition 1. Let
 

p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ
(

be a g-fusion Bessel sequence for
𝐻 with the bound 𝐵𝑖 for each 𝑖 P r𝑚s. Then, for any partition t𝜎𝑖u𝑖Pr𝑚s of
J, the family p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗P𝜎𝑖, 𝑖Pr𝑚s is a g-fusion Bessel sequence with the
Bessel bound

ř

𝑖Pr𝑚s𝐵𝑖.



Weaving g-fusion frames in Hilbert spaces 5

Proof. Let t𝜎𝑖u𝑖Pr𝑚s be any partition of J. For each 𝑓 P 𝐻, we have
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 6

ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 6

`

ÿ

𝑖Pr𝑚s

𝐵𝑖

˘

}𝑓}2.

l

In the following results, we construct a g-fusion woven frame by using
a bounded linear operator.

Theorem 1. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven frame for
𝐻 with the universal bounds 𝐴 and 𝐵 and 𝑈 P ℬp𝐻,𝐾q. Then p𝑈𝑊𝑖𝑗,
Λ𝑖𝑗𝜋𝑊𝑖𝑗

𝑈˚, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is a g-fusion woven frame for 𝐾 if and only if there
exists a number 𝛿 ą 0, such that for every 𝑓 P 𝐾:

}𝑈˚𝑓} > 𝛿}𝑓}.

Proof. Let 𝑓 P 𝐾 and p𝑈𝑊𝑖𝑗,Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven

frame for 𝐾 with the lower bound 𝐶 and 𝑈 P ℬp𝐻,𝐾q. So, by Lemma 1,
we get

𝐶}𝑓}2 6
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚𝜋𝑈𝑊𝑖𝑗

𝑓}2 “
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚𝑓}2.

On the other hand, we have
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚𝑓}2 6 𝐵}𝑈˚𝑓}2.

Thus, }𝑈˚𝑓} >
b

𝐶
𝐵
}𝑓}. For the opposite implication, we can write for all

𝑓 P 𝐾:

𝐴𝛿2}𝑓}2 6 𝐴}𝑈˚𝑓}2 6
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚𝑓}2

“
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚𝜋𝑈𝑊𝑖𝑗

𝑓}2 6 𝐵}𝑈}2}𝑓}2.

So, p𝑈𝑊𝑖𝑗,Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is a g-fusion woven frame for 𝐾 with

frame bounds 𝐴𝛿2 and 𝐵}𝑈}2. l

Corollary 1. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven frame for 𝐻
with common frame bounds 𝐴 and 𝐵, and assume that 𝑈 P ℬp𝐻q has
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closed range. Then p𝑈𝑊𝑖𝑗,Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑈˚, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is also g-fusion woven

frame for ℛp𝑈q with frame bounds 𝐴}𝑈 :}´2 and 𝐵}𝑈}2.

Corollary 2. In Corollary 1, if 𝑈 P ℬp𝐻q is an invertible operator,
then, by Lemmas 2, we have: 𝑈𝑊𝑖𝑗 is closed for any 𝑗 P J and therefore
p𝑈𝑊𝑖𝑗,Λ𝑖𝑗𝜋𝑊𝑖𝑗

𝑈˚, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is a g-fusion woven frame for 𝐻 with frame
bounds 𝐴}𝑈´1}´2 and 𝐵}𝑈}2. In particular, if 𝑈 is also unitary, then
the bounds of p𝑈𝑊𝑖𝑗,Λ𝑖𝑗𝜋𝑊𝑖𝑗

𝑈˚, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s are the same with bounds of
p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q.

Corollary 3. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven frame for 𝐻
with frame operator 𝑆𝑖

Λ for 𝑖 P r𝑚s. Then the canonical dual
`

p𝑆𝑖
Λq
´1𝑊𝑖𝑗,

Λ𝑖𝑗𝜋𝑊𝑖𝑗
p𝑆𝑖

Λq
´1, 𝑣𝑖𝑗

˘

𝑗PJ, 𝑖Pr𝑚s is also a g-fusion woven frame for 𝐻.

Theorem 2. Let p𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗PJ be a g-fusion frame for 𝐻 with bounds

𝐴 and 𝐵 and 𝑈 P ℬp𝐻q be a unitary operator. If }𝐼𝑑𝐻 ´ 𝑈}2 6
𝐴

𝐵
, then

tp𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗PJ, p𝑈
´1𝑊𝑗,Λ𝑗𝑈, 𝑣𝑗q𝑗PJu is a g-fusion woven frame for 𝐻.

Proof. By Proposition 1 and corollary 2, the upper bound is clear. Let
𝜎 Ă J be a partition and 𝑓 P 𝐻. So, by Lemma 1, we can write
ÿ

𝑗P𝜎

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
𝑓}2 `

ÿ

𝑗P𝜎𝑐

𝑣2𝑗 }Λ𝑗𝑈𝜋𝑈´1𝑊𝑗
𝑓}2

“
ÿ

𝑗P𝜎

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
𝑓}2 `

ÿ

𝑗P𝜎𝑐

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
𝑓 ´ pΛ𝑗𝜋𝑊𝑗

𝑓 ´ Λ𝑗𝜋𝑊𝑗
𝑈𝑓q}2

>
ÿ

𝑗PJ

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
𝑓}2´

ÿ

𝑗P𝜎𝑐

𝑣2𝑗 }Λ𝑗𝜋𝑊𝑗
p𝐼𝑑𝐻´𝑈q𝑓}

2 >
`

𝐴´𝐵}𝐼𝑑𝐻´𝑈}
˘

}𝑓}2.

Thus, p𝑊𝑗,Λ𝑗, 𝑣𝑗q𝑗P𝜎
Ť

p𝑈´1𝑊𝑗,Λ𝑗𝑈, 𝑣𝑗q𝑗P𝜎𝑐 is a g-fusion frame. l

Proposition 2. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven frame for
𝐻 with common frame bounds 𝐴 and 𝐵. Let 0 ă 𝐶 6 |𝜔

p𝑖q
𝑗 |

2 6 𝐷 ă 8

for any 𝑖 P r𝑚s and 𝑗 P J; then p𝑊𝑖𝑗, 𝜔
p𝑖q
𝑗 Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is a g-fusion woven

frame for 𝐻 with frame bounds 𝐴𝐶 and 𝐵𝐷.

Proof. For any partition t𝜎𝑖u𝑖Pr𝑚s of J and 𝑓 P 𝐻, we get

𝐴𝐶}𝑓}2 “ min
𝑖Pr𝑚s

|𝜔
p𝑖q
𝑗 |

2𝐴}𝑓}2 6
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}𝜔
p𝑖q
𝑗 Λ𝑖𝑗𝜋𝑊𝑖𝑗

𝑓}2

6 max
𝑖Pr𝑚s

|𝜔
p𝑖q
𝑗 |

2𝐵}𝑓}2 “ 𝐵𝐷}𝑓}2.
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This implies the statement. l

Theorem 3. Let I Ă J be non-empty and p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PI, 𝑖Pr𝑚s be
a g-fusion woven frame for 𝐻. Then p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is a g-fusion
woven frame.

Proof. Assume that 𝜎𝑖ĂJ. By Proposition 1, we know that p𝑊𝑖𝑗,Λ𝑖𝑗,𝑣𝑖𝑗q𝑗PJ
is a g-fusion Bessel sequence for 𝐻 for any 𝑖 P r𝑚s. If 𝐴 is the lower bound
of p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗P𝜎𝑖XI, 𝑖Pr𝑚s, then for every 𝑓 P 𝐻 we have

𝐴}𝑓}2 6
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖XI

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 6

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2.

This implies the statement. l

The next theorem shows that even if one subspace is deleted, it still
remains a g-fusion woven frame.

Theorem 4. Let I be an infinite subset of I Ă J and p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ,𝑖Pr𝑚s
be a g-fusion woven frame for 𝐻 with the bounds 𝐴 and 𝐵. If

𝐶 :“
ÿ

𝑖Pr𝑚s

ÿ

𝑗PI

𝑣2𝑖𝑗}Λ𝑖𝑗}
2
ă 8,

then p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJzI, 𝑖Pr𝑚s is also a g-fusion woven frame for 𝐻 with frame
bounds 𝐴´ 𝐶 and 𝐵.

Proof. The upper bound is obvious. Suppose that t𝜎𝑖u𝑖Pr𝑚s Ă JzI and
𝑓 P 𝐻, so we can write

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2“

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖
Ť

I

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2´

ÿ

𝑖Pr𝑚s

ÿ

𝑗PI

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2

> 𝐴}𝑓}2 ´
ÿ

𝑖Pr𝑚s

ÿ

𝑗PI

𝑣2𝑖𝑗}Λ𝑖𝑗}
2
}𝑓}2 “ p𝐴´ 𝐶q}𝑓}2.

l

In the following example, we show that the infinite condition for the
set J is necessary in Theorem 4.

Example 1. We attend to the Hilbert space 𝐻 :“ R3 with standard base
t𝑒1, 𝑒2, 𝑒3u. Let J “ t1, 2, 3u and

𝑊1 “ spant𝑒1, 𝑒2u, 𝑊2 “ spant𝑒2, 𝑒3u, 𝑊3 “ spant𝑒3, 𝑒1u,
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𝑋1 “ spant𝑒1u, 𝑋2 “ spant𝑒2u, 𝑋3 “ spant𝑒3u,

𝑣1 “ 𝑣2 “ 𝑣3 “ 1.

Assume that Λ𝑗,Θ𝑗 : 𝐻 Ñ C for any 𝑗 P J such that for each 𝑓 P 𝐻,

Λ1𝑓 “ x𝑓, 𝑒1y, Λ2𝑓 “ x𝑓, 𝑒2y, Λ3𝑓 “ x𝑓, 𝑒3y,

Θ1𝑓 “x𝑓, 𝑒1 ` 𝑒2y, Θ2𝑓 “ x𝑓, 𝑒2 ` 𝑒3y, Θ3𝑓 “ x𝑓, 𝑒3 ` 𝑒1y.

It is easy to compute that p𝑊𝑗,Λ𝑗, 1q𝑗PJ and p𝑋𝑗,Θ𝑗, 1q𝑗PJ are Parseval
g-fusion woven frame for 𝐻. But if we choose I “ t1u, then the deletion
of this index of subspaces destroys the g-fusion woven frame property.

Corollary 4. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a tight g-fusion woven frame
for 𝐻 with the bound 𝐴. Assume that 𝑗0 P J. Then the following stale-
mates are equivalent:
(I)

ř

𝑖Pr𝑚s

𝑣2𝑖𝑗0}Λ𝑖𝑗0𝜋𝑊𝑖𝑗0
}2 ă 𝐴;

(II) p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJzt𝑗0u, 𝑖Pr𝑚s is a g-fusion woven frame for 𝐻.

Proof. p𝐼q ñ p𝐼𝐼q is clear by Theorem 4. For the opposite implication,
suppose that 𝐶 and 𝐷 are the frame bounds of p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJzt𝑗0u, 𝑖Pr𝑚s.
For any 0 ‰ 𝑓 P 𝐻, we have

𝐶}𝑓}2 6
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJzt𝑗0u

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2

“
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 ´

ÿ

𝑖Pr𝑚s

𝑣2𝑖𝑗0}Λ𝑖𝑗0𝜋𝑊𝑖𝑗0
𝑓}2

“ 𝐴}𝑓}2 ´
ÿ

𝑖Pr𝑚s

𝑣2𝑖𝑗0}Λ𝑖𝑗0𝜋𝑊𝑖𝑗0
𝑓}2 6 𝐷}𝑓}2.

Hence,

0 ă 𝐶 6 𝐴´
ÿ

𝑖Pr𝑚s

𝑣2𝑖𝑗0
}Λ𝑖𝑗0𝜋𝑊𝑖𝑗0

𝑓}2

}𝑓}2
6 𝐷.

So, we conclude that 𝐴´
ř

𝑖Pr𝑚s 𝑣
2
𝑖𝑗0
}Λ𝑖𝑗0𝜋𝑊𝑖𝑗0

}2 ą 0. l

Theorem 5. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven frame for 𝐻
with the bounds 𝐴 and 𝐵. For each 𝑖 P r𝑚s, 𝑗 P J and an index set
I𝑖𝑗, suppose that t𝑓 p𝑘q𝑖𝑗 u𝑘PI𝑖𝑗 P Λ𝑖𝑗p𝑊𝑖𝑗q is a Parseval frame for 𝐻𝑖𝑗, such
that for every finite subset K𝑖𝑗 of I𝑖𝑗, the set t𝑓 p𝑘q𝑖𝑗 u𝑘PI𝑖𝑗zK𝑖𝑗

is a frame
with the lower bound 𝐶𝑖𝑗. Then assume that 𝐶 :“ inf𝑗PJ,𝑖Pr𝑚s𝐶𝑖𝑗 ą 0.
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If Ă𝑊𝑖𝑗 :“ 𝑠𝑝𝑎𝑛tΛ˚𝑖𝑗𝑓
p𝑘q
𝑖𝑗 u𝑘PI𝑖𝑗zK𝑖𝑗

for any 𝑖 P r𝑚s and 𝑗 P J, then
pĂ𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is a g-fusion woven frame for 𝐻 with the bounds
𝐶𝐴 and 𝐵.

Proof. Obviously, 𝐵 is an upper bound of pĂ𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s. Now, for
considering the lower bound condition, we can write for each 𝑓 P 𝐻 and
t𝜎𝑖u𝑖Pr𝑚s P J the following relations:

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋Ă𝑊𝑖𝑗
𝑓}2 “

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗
ÿ

𝑘PI𝑖𝑗

|xΛ𝑖𝑗𝜋Ă𝑊𝑖𝑗
𝑓, 𝑓

p𝑘q
𝑖𝑗 y|

2

>
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗
ÿ

𝑘PI𝑖𝑗zK𝑖𝑗

|x𝜋
Ă𝑊𝑖𝑗

𝑓,Λ˚𝑖𝑗𝑓
p𝑘q
𝑖𝑗 y|

2
“
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗
ÿ

𝑘PI𝑖𝑗zK𝑖𝑗

|xΛ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓, 𝑓

p𝑘q
𝑖𝑗 y|

2

>
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗𝐶𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 > 𝐶

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 > 𝐶𝐴}𝑓}2.

l

3. Weakly g-fusion woven frames. In [1], Bemrose et al. the au-
thors showed that if each weaving is a frame, then there exists a universal
lower frame bound for all the weaving. For this, they introduced a spe-
cial kind of weaving named weakly woven. After that, this topic has been
studied for g-frames in [17]. Here we consider these results for g-fusion
frames.

Definition 5. A family of g-fusion frames p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PN, 𝑖Pr𝑚s in 𝐻 is
called weakly woven if @ t𝜎𝑖u𝑖Pr𝑚s of N, the family p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗P𝜎𝑖, 𝑖Pr𝑚s

is a g-fusion frame.

Similarly to Theorem 4.1 and Theorem in [1], [17], we can show that
weakly woven is equivalent to woven in the finite case:

Theorem 6. A finite family of g-fusion frames p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ,𝑖Pr𝑚s for
a finite-dimensional Hilbert space 𝐻𝑛 is woven if and only if for each
partition t𝜎𝑖u𝑖Pr𝑚s of J, t𝜋𝑖𝑗Λ

˚
𝑖𝑗𝐻𝑖𝑗u𝑗P𝜎𝑖,𝑖Pr𝑚s spans the space.

But for a infinite-dimensional case, their equivalence is more difficult
to establish, similarly to frames and g-frames. The following theorem will
be used in this case, which is a general case of Lemma 4.3 in [1]:

Theorem 7. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ be a g-fusion frame for 𝐻 for each
𝑖 P r𝑚s. Suppose that a collection of disjoint finite sets t𝜏𝑖u𝑖Pr𝑚s of J and
for any 𝜀 ą 0 there exists a partition t𝜎𝑖u𝑖Pr𝑚s of Jz

Ť

𝑖Pr𝑚s 𝜏𝑖, such that
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p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗Pp𝜎𝑖
Ť

𝜏𝑖q, 𝑖Pr𝑚s has a lower g-fusion frame bound less than 𝜀.
Then p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s is not a woven frame.

Proof. We can write J “
Ť

𝑗PN J𝑗, where J𝑗’s are disjoint index sets.
Assume that 𝜏1𝑗 “ H for all 𝑗 P r𝑚s and 𝜀 “ 1. Then there exists a
partition t𝜎𝑖1u𝑖Pr𝑚s of J, such that p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗Pp𝜎𝑖1

Ť

𝜏𝑖1q, 𝑖Pr𝑚s has a lower
bound (also, optimal lower bound) less than 1. Thus, there is a vector
𝑓1 P 𝐻 with }𝑓1} “ 1, such that

ÿ

𝑖Pr𝑚s

ÿ

𝑗Pp𝜎𝑖1
Ť

𝜏𝑖1q

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓1}

2
ă 1.

Since
ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓1}

2
ă 8,

there exists 𝑘1 P N, such that
ÿ

𝑖Pr𝑚s

ÿ

𝑗PK1

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓1}

2
ă 1,

where K1 “
Ť

𝑖>𝑘1`1
J𝑗. By induction, for 𝜀 “ 1

𝑛
and a partition t𝜏𝑛𝑗u𝑖Pr𝑚s

of J1
Ť

¨ ¨ ¨
Ť

J𝑘𝑛´1, such that

𝜏𝑛𝑖 “ 𝜏p𝑛´1q𝑖
ď

`

𝜎p𝑛´1q𝑖
č

pJ1
ď

¨ ¨ ¨
ď

J𝑘𝑛´1q
˘

for all 𝑖 P r𝑚s, there exists a partition t𝜎𝑛𝑖u𝑖Pr𝑚s of JzpJ1
Ť

¨ ¨ ¨
Ť

J𝑘𝑛´1q,
such that p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗Pp𝜎𝑛𝑖

Ť

𝜏𝑛𝑖q,𝑖Pr𝑚s has a lower bound less than 1
𝑛
. There-

fore, there is an element 𝑓𝑛 of 𝐻 and 𝑘𝑛 P N, such that }𝑓𝑛} “ 1, 𝑘𝑛 ą 𝑘𝑛´1
and

ÿ

𝑖Pr𝑚s

ÿ

𝑗PK𝑛

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓𝑛}

2
ă

1

𝑛
,

where K𝑛 “
Ť

𝑖>𝑘𝑛`1
J𝑗. Choose a partition t𝜍𝑖u𝑖Pr𝑚s of J, where

𝜍𝑖 :“
Ť

𝑗PNt𝜏𝑗𝑖u “ 𝜏p𝑛`1q𝑖
Ť

p𝜍𝑖 X JzpJ1
Ť

¨ ¨ ¨
Ť

J𝑛qq. Assume that p𝑊𝑖𝑗,Λ𝑖𝑗,
𝑣𝑖𝑗q𝑗P𝜍𝑖, 𝑖Pr𝑚s is a g-fusion frame for 𝐻, with the optimal lower bound 𝐴.
Then by the Archimedean Property, there exists an 𝑟 P N, such that
𝑟 ą 2

𝐴
. Now, there exists 𝑓𝑟 P 𝐻, such that }𝑓𝑟} “ 1 and we have

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜍𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓𝑟}

2
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“
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜏p𝑟`1q𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓𝑟}

2
`

ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜍𝑖XJzpJ1
Ť

¨¨¨
Ť

J𝑟q

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓𝑟}

2

6
ÿ

𝑖Pr𝑚s

ÿ

𝑗Pp𝜏𝑟𝑖
Ť

𝜎𝑟𝑖q

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓𝑟}

2
`

ÿ

𝑖Pr𝑚s

ÿ

𝑗P
Ť

𝑘>𝑟`1 J𝑘

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓𝑟}

2

ă
1

𝑟
`

1

𝑟
ă 𝐴}𝑓𝑟}

2,

and this is a contradiction with the lower bound property of 𝐴. l

Corollary 5. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ, 𝑖Pr𝑚s be a g-fusion woven frame for 𝐻.
Then there exist a collection of disjoint finite subsets t𝜏𝑖u𝑖Pr𝑚s of J and
𝐴 ą 0, such that for each partition t𝜎𝑖u𝑖Pr𝑚s of the set Jz

Ť

𝑖Pr𝑚s 𝜏𝑖, the
family p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗Pp𝜎𝑖

Ť

𝜏𝑖q, 𝑖Pr𝑚s is a g-fusion frame for 𝐻 with the lower
frame bound 𝐴.

Corollary 6. Suppose that p𝑊𝑗.Λ𝑗, 𝑤𝑗q𝑗PJ and p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗PJ are g-fusion
frames for 𝐻 with the optimal upper frame bounds 𝐵1 and 𝐵2, respec-
tively, and they constitute a g-fusion woven frame for 𝐻. Then, 𝐵1 ` 𝐵2

is not an optimal upper g-fusion woven frame bound.

Proof. Let 𝜀 ą 0. Assume that 𝐵1 ` 𝐵2 is the optimal upper g-fusion
woven frame bound for the g-fusion woven frame. So, there exists 𝜎 Ă J,
such that

sup
}𝑓}“1

´

ÿ

𝑗P𝜎

𝑤2
𝑗 }Λ𝑗𝜋𝑊𝑗

𝑓}2 `
ÿ

𝑗P𝜎𝑐

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓}2

¯

“ 𝐵1 `𝐵2.

Therefore, there exists 𝑓1 P 𝐻, such that }𝑓1} “ 1 and
ÿ

𝑗P𝜎

𝑤2
𝑗 }Λ𝑗𝜋𝑊𝑗

𝑓1}
2
`

ÿ

𝑗P𝜎𝑐

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓1}

2 > 𝐵1 `𝐵2 ´ 𝜀.

Thus, by the assumption,
ÿ

𝑗PJz𝜎

𝑤2
𝑗 }Λ𝑗𝜋𝑊𝑗

𝑓1}
2
`

ÿ

𝑗PJz𝜎𝑐

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓1}

2 6 𝜀

and this is a contradiction by Theorem 7. l

Theorem 8. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ be a g-fusion frame for 𝐻 with bounds
𝐴𝑖 and 𝐵𝑖 for each 𝑖 P r𝑚s. Suppose that there exists 𝑁 ą 0, such that
for all 𝑖, 𝑘 P r𝑚s with 𝑖 ‰ 𝑘, I Ă J and 𝑓 P 𝐻, the following inequality is
valid:
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ÿ

𝑗PI

}p𝑣𝑖𝑗Λ𝑖𝑗𝜋𝑊𝑖𝑗
´ 𝑣𝑘𝑗Λ𝑘𝑗𝜋𝑊𝑘𝑗

q𝑓}2

6 𝑁 min
!

ÿ

𝑗PI

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2,

ÿ

𝑗PI

𝑣2𝑘𝑗}Λ𝑘𝑗𝜋𝑊𝑘𝑗
𝑓}2

)

.

Then the family p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ,𝑖Pr𝑚s is woven frame with universal bounds.

𝐴

p𝑚´ 1qp𝑁 ` 1q ` 1
𝑎𝑛𝑑 𝐵,

where 𝐴 :“
ř

𝑖Pr𝑚s𝐴𝑖 and 𝐵 :“
ř

𝑖Pr𝑚s𝐵𝑖.

Proof. Let t𝜎𝑖u𝑖Pr𝑚s be a partition of J and 𝑓 P 𝐻. Therefore,

ÿ

𝑖Pr𝑚s

𝐴𝑖}𝑓}
2 6

ÿ

𝑖Pr𝑚s

ÿ

𝑗PJ

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 “

ÿ

𝑖Pr𝑚s

ÿ

𝑘Pr𝑚s

ÿ

𝑗P𝜎𝑘

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2

6
ÿ

𝑖Pr𝑚s

´

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2

`
ÿ

𝑘Pr𝑚s
𝑘‰𝑖

ÿ

𝑗P𝜎𝑘

!

}𝑣𝑖𝑗Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓 ´ 𝑣𝑘𝑗Λ𝑘𝑗𝜋𝑊𝑘𝑗

𝑓}2 ` 𝑣2𝑘𝑗}Λ𝑘𝑗𝜋𝑊𝑘𝑗
𝑓}2

)¯

6
ÿ

𝑖Pr𝑚s

´

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2 `

ÿ

𝑘Pr𝑚s
𝑘‰𝑖

ÿ

𝑗P𝜎𝑘

p𝑁 ` 1q𝑣2𝑘𝑗}Λ𝑘𝑗𝜋𝑊𝑘𝑗
𝑓}2

¯

“ tp𝑚´ 1qp𝑁 ` 1q ` 1u
ÿ

𝑖Pr𝑚s

´

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2

¯

.

Thus, by Proposition 1, we get

𝐴

p𝑚´ 1qp𝑁 ` 1q ` 1
}𝑓}2 6

ÿ

𝑖Pr𝑚s

´

ÿ

𝑗P𝜎𝑖

𝑣2𝑖𝑗}Λ𝑖𝑗𝜋𝑊𝑖𝑗
𝑓}2

¯

6 𝐵}𝑓}2.

l

Now let us formulate the main result of this section. By Corollary 5
and Theorem 8, we conclude that the following statement holds:

Theorem 9. A g-fusion frame p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ,𝑖Pr𝑚s for 𝐻 is woven frame
if and only if it is a weakly woven frame.

4. Weaving gf-Riesz bases. Weaving Riesz bases and some results
are presented in [1]. Bemrose et al. [1] managed to do this firstly in the
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finite case and so, the result was extended in the Theorem 5.2 for arbitrary
sets. The following is a general result:

Theorem 10. Let p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗PN and p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗PN be two gf-Riesz bases
with common constants 0 ă 𝐴 6 𝐵 ă 8, such that for each 𝜎 Ă N, the
family p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is a gf-Riesz sequence with Riesz
bounds𝐴 and𝐵. Then, p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is a gf-Riesz basis.

Proof. Let 𝜎 Ă N and assume that 𝑛 :“ |𝜎| ă 8. If 𝑛 “ 0, then the
proof is evident. Suppose that the result holds for each 𝑛. Let 𝜎ĂN with
|𝜎| “ 𝑛 ` 1 and choose 𝑗0 P 𝜎. Suppose that 𝜎1 :“ 𝜎zt𝑗0u, so
p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎1

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐
1

is a gf-Riesz basis by the induction hy-
pothesis. Assume that p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is not a gf-Riesz
basis. For any 𝑔 P 𝐻𝑗0 , if

𝜋𝑉𝑗0
Θ˚

𝑗0
𝑔 P span

`

t𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗P𝜎

ď

t𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗P𝜎𝑐

˘

,

then

span
`

t𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗P𝜎

ď

t𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗P𝜎𝑐

˘

Ą span
`

t𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗P𝜎1

ď

t𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗P𝜎𝑐
1

˘

“ 𝐻,

i.e., t𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗P𝜎

Ť

t𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗P𝜎𝑐 would be gf-complete, which is as-
sumed to not be in the case. Thus, the following must hold:

𝜋𝑉𝑗0
Θ˚

𝑗0
𝑔 R span

`

t𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗P𝜎

ď

t𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗P𝜎𝑐

˘

.

It follows that

p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

ď

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐

ď

p𝑉𝑗0 ,Θ𝑗0 , 𝑣𝑗0q

is a gf-Riesz sequence in 𝐻. On the other hand, 𝜎𝑐
1 “ 𝜎𝑐

Ť

t𝑗0u,

p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎1

ď

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐
1

cannot be a gf-Riesz basis, because it was obtained by deleting the element
p𝑊𝑗0 ,Λ𝑗0 , 𝑤𝑗0q from a gf-Riesz sequence; this leads to a contradiction.

Next, for the infinite case, suppose that there exists a 𝜎 Ă N, such
that |𝜎| “ |𝜎𝑐| “ 8, such that

𝐻1 :“ span
`

t𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗P𝜎

ď

t𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗P𝜎𝑐

˘

‰ 𝐻.
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Let 0 ‰ 𝑓 P 𝐻K
1 . Since p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗PN is a g-fusion Bessel sequence, by

taking the tail of the series, there is a 𝜎1 Ă 𝜎 with |𝜎1| ă 8 and

ÿ

𝑗P𝜎z𝜎1

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓}2 ă

𝐴

2
}𝑓}2.

From the first part of the proof, the following family is a gf-Riesz basis
with bounds 𝐴 and 𝐵:

p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎1

ď

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎z𝜎𝑐
1

ď

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐

Therefore,

𝐴}𝑓}2 6
ÿ

𝑗P𝜎1

𝑤2
𝑗 }Λ𝑗𝜋𝑊𝑗

𝑓}2 `
ÿ

𝑗P𝜎z𝜎1

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓}2 `

ÿ

𝑗P𝜎𝑐

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓}2

“
ÿ

𝑗P𝜎z𝜎1

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓}2 ă

𝐴

2
}𝑓}2

and it is a contradiction. l

Now, by induction on 𝑖, we can get the following result:

Corollary 7. Let p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PN,𝑖>2 be a countable family of gf-Riesz
bases for 𝐻 and there are common constants 0 ă 𝐴 6 𝐵 ă 8, so

that for each partition t𝜎𝑖u𝑖>2 of N, the family
8
Ť

𝑖“2

p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗P𝜎𝑖
be a

gf-Riesz sequence with Riesz bounds 𝐴 and 𝐵. Then, p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PN,𝑖>2

is actually a gf-Riesz basis.

Theorem 11. Let p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗PN and p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗PN be two gf-Riesz bases
and let there be a common constant 0 ă 𝐴, such that for each 𝜎 Ă N, the
family p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is a g-fusion frame with the lower
bound𝐴. Then, p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is actually a gf-Riesz basis.

Proof. Similar to the proof of Theorem 10, let 𝜎 Ă N and assume that
|𝜎| :“ 𝑛 ă 8. If 𝑛 “ 0, then the proof is obvious. Suppose that the result
holds for each 𝑛 and let 𝜎 Ă N with |𝜎| “ 𝑛` 1, and choose 𝑗0 P 𝜎. Sup-
pose that 𝜎1 :“ 𝜎zt𝑗0u, so p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎1

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐
1

is a gf-Riesz
basis by the induction hypothesis. So, p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎1

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is a
gf-Riesz sequence. But p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is a g-fusion frame
and the removal of the single vector p𝑉𝑗0 ,Θ𝑗0 , 𝑣𝑗0q yields a set that dose
not longer spant𝜋𝑉𝑗

Θ˚
𝑗𝐻𝑗u, thus p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 must be a
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gf-Riesz basis. Now, let |𝜎| “ 8. Choose 𝜎1 Ă 𝜎2 Ă ¨ ¨ ¨ Ă 𝜎, such that

𝜎 “
8
Ť

𝑖“1

𝜎𝑖, and |𝜎𝑖| ă 8. The family p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎𝑖

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐
𝑖

is a

gf-Riesz basis with the lower bound 𝐴 for each 𝑖 > 1. If t𝑔𝑗u𝑗PN P H2 and
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗 “ 0,

then

0 “ }
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗}
2

“ lim
𝑖Ñ8

}
ÿ

𝑗P𝜎𝑖

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗`

ÿ

𝑗P𝜎𝑐
𝑖

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗}
2 > lim

𝑖Ñ8
𝐴
`

ÿ

𝑗P𝜎𝑖

}𝑔𝑗}
2
`
ÿ

𝑗P𝜎𝑐
𝑖

}𝑔𝑗}
2
˘

.

So, 𝑔𝑗 “ 0 for all 𝑗 > 1. This means that the synthesis operator 𝑇 for the
family p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 with the representation space H̃2

is bounded, linear, surjective, and injective. Therefore, H̃2 “ 𝒩Kp𝑇 q and
so by Theorem 4.2 in [20], the family is a gf-Riesz basis. l

In the following, we show that a g-fusion frame that is not a gf-Riesz
basis, cannot be woven with a gf-Riesz basis, which is a general case of
Theorem 5.4 in [1].

Theorem 12. Let Λ “ p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗PJ be a gf-Riesz basis for 𝐻 and
Θ :“ p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗PJ be a g-fusion frame for 𝐻. If Λ and Θ are g-fusion
woven, then Θ must be a gf-Riesz basis.

Proof. Let 𝜀 ą 0. Suppose that Θ is not a gf-Riesz basis and it may be as-
sumed that, by the remark of Lemma 3, 𝜋𝑉𝑗1

Θ˚
𝑗1
𝑔 P spant𝜋𝑉𝑗

Θ˚
𝑗𝐻𝑗u𝑗PIzt𝑗1u

for some 𝑔 P 𝐻𝑗1 and finite subset I Ă J, where 𝑗1 P I. Assume that
𝑛 :“ cardpIq and

0 6 𝑑p𝜋𝑉𝑗1
Θ˚

𝑗1
𝑔, spant𝜋𝑉𝑗

Θ˚
𝑗𝐻𝑗u𝑗PIzt𝑗1uq ă

𝜀

𝑣2𝑗1
.

Let
rℋ :“

“

spant𝜋𝑉𝑗
Θ˚

𝑗𝐻𝑗u𝑗PIzt𝑗1u
‰K
,

Then rℋ has codimension at most 𝑛´ 1 in 𝐻 and, since

dim spant𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗PI “ 𝑛,
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there exists 𝑓 P spant𝜋𝑊𝑗
Λ˚𝑗𝐻𝑗u𝑗PI X rℋ. Now, if 𝜎 :“ I, then

ÿ

𝑗P𝜎𝑐

𝑤2
𝑗 }Λ𝑗𝜋𝑊𝑗

𝑓}2 “
ÿ

𝑗P𝜎𝑐

𝑤2
𝑗 |x𝜋𝑊𝑗

Λ˚𝑗 Λ𝑗𝜋𝑊𝑗
𝑓, 𝑓y| “ 0,

and, also,
ÿ

𝑗P𝜎

𝑣2𝑗 }Θ𝑗𝜋𝑉𝑗
𝑓}2 “ 𝑣2𝑗1}Θ𝑗1𝜋𝑉𝑗1

𝑓}2.

Let 𝑓 “ 𝑓1 ` 𝑓2, where 𝑓1 P rℋ and 𝑓2 P rℋK. Therefore,

𝑣2𝑗1}Θ𝑗1𝜋𝑉𝑗1
𝑓}2 “ 𝑣2𝑗1 |x𝜋𝑉𝑗1

Θ˚
𝑗1

Θ𝑗1𝜋𝑉𝑗1
𝑓, 𝑓2y| ă 𝜀.

So, these two families are not g-fusion woven and this is a contradiction. l

Let us introduce the weaving equivalent of an unconditional gf-Basis
for the Hilbert space.

Theorem 13. Let Λ “ p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗PJ and Θ :“ p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗PJ be gf-
Riesz sequence for 𝐻 with bounds 𝐴1, 𝐵1, and 𝐴2, 𝐵2, respectively. Then
the following are equivalent:

(I) There exist 0 ă 𝐵 6 𝐶 ă 8, such that for each 𝜎 P J the family
p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎

Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is a gf-Riesz sequence with bounds
𝐵 and 𝐶.

(II) There exists a 𝐴 ą 0, such that for all t𝑔𝑗u𝑗PJ P H2 and 𝜎 P J,

𝐴
›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
6

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
.

(III) There exists a 𝐷 ą 0, such that for all t𝑔𝑗u𝑗PJ P H2 and 𝜎 P J,

𝐷
´

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
`
›

›

ÿ

𝑗P𝜎

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
¯

6
›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
.

(IV) There exists a 𝐸 ą 0 satisfying for all t𝑔𝑗u𝑗PJ P H2 and 𝜎 P J the
following condition: if }

ř

𝑗P𝜎 𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗} “ 1, then

𝐸 6
›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
.
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Proof. The implications p𝐼𝐼𝐼q ñ p𝐼𝐼q and p𝐼𝐼q ô p𝐼𝑉 q are clear.
p𝐼𝐼q ñ p𝐼𝐼𝐼q. Let t𝑔𝑗u𝑗PJ P H2 and 𝜎 P J. We get

›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
“
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗 `
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 ´

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2

6
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗 `
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
`
›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2

6
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗`
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
`

1

𝐴

›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗`
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
.

Hence,

𝐴

𝐴` 1

›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
6

›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗 `
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
.

Similarly,

𝐴

𝐴` 1

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
6

›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗 `
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
.

Thus, we have

1

2

𝐴

𝐴` 1

´

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
`
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
¯

6
𝐴

𝐴` 1
max

´

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
,
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
¯

6
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗 `
ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
.

p𝐼q ñ p𝐼𝐼q. Assume that t𝑔𝑗u𝑗PJ P H2 and 𝜎 P J. We can write

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
6 𝐶

ÿ

𝑗P𝜎

}𝑔𝑗}
2 6 𝐶

´

ÿ

𝑗P𝜎

}𝑔𝑗}
2
`

ÿ

𝑗P𝜎𝑐

}𝑔𝑗}
2
¯

6
𝐶

𝐵

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
.

p𝐼𝐼𝐼q ñ p𝐼q. Let t𝑔𝑗u𝑗PJ P H2 and 𝜎 P J. We have
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ÿ

𝑗PJ

}𝑔𝑗}
2
“
ÿ

𝑗P𝜎

}𝑔𝑗}
2
`
ÿ

𝑗P𝜎𝑐

}𝑔𝑗}
26

1

𝐴1

›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
`

1

𝐴2

›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2

6 maxt
1

𝐴1

,
1

𝐴2

u
›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗

›

›

2
`
›

›

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2

6
1

𝐷
maxt

1

𝐴1

,
1

𝐴2

u
›

›

ÿ

𝑗P𝜎

𝑤𝑗𝜋𝑊𝑗
Λ˚𝑗 𝑔𝑗 `

ÿ

𝑗P𝜎𝑐

𝑣𝑗𝜋𝑉𝑗
Θ˚

𝑗 𝑔𝑗
›

›

2
.

The upper bound of p𝑊𝑗,Λ𝑗, 𝑤𝑗q𝑗P𝜎
Ť

p𝑉𝑗,Θ𝑗, 𝑣𝑗q𝑗P𝜎𝑐 is obvious. l

5. Perturbation for g-fusion woven.

Theorem 14. Let Λ𝑖 :“ p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ be a g-fusion frame for 𝐻
with frame bounds 𝐴𝑖 and 𝐵𝑖 for each 𝑖 P r𝑚s. Suppose that there exist
non-negative scalers 𝜆𝑖, 𝜂𝑖, and 𝜇𝑖, such that for some fixed 𝑛 P r𝑚s:

𝐴 :“ 𝐴𝑛 ´
ÿ

𝑖Pr𝑚szt𝑛u

p𝜆𝑖 ` 𝜂𝑖
a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖qp
a

𝐵𝑛 `
a

𝐵𝑖q ą 0

and
›

›

ÿ

𝑗PI

p𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗 ´ 𝑣𝑖𝑗𝜋𝑊𝑖𝑗

Λ˚𝑖𝑗q𝑓𝑗
›

› 6

6 𝜂𝑖
›

›

ÿ

𝑗PI

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗𝑓𝑗

›

›` 𝜇𝑖

›

›

ÿ

𝑗PI

𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗𝑓𝑗

›

›` 𝜆𝑖

`

ÿ

𝑗PI

}𝑓𝑗}
2
˘

1
2

for every finite subset I Ă J, 𝑓𝑗 P 𝐻𝑗 and 𝑖 P r𝑚szt𝑛u. Then the family
p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑖Pr𝑚s,𝑗PJ is a g-fusion woven frame for 𝐻 with universal frame
bounds 𝐴 and

ř

𝑖Pr𝑚s𝐵𝑖.

Proof. By Proposition 1, the upper frame bound is clear. For the lower
frame bound, assume that 𝑇𝑗 is the synthesis operator with the g-fusion
frame Λ𝑗 for any 𝑖 P r𝑚s. Since

}𝑇𝑖𝑓𝑗} 6
a

𝐵𝑖

`

ÿ

𝑗PI

}𝑓𝑗}
2
˘

1
2 ,

for each finite subset I Ă J and 𝑓𝑗 P 𝐻𝑗, then for every 𝑖 P r𝑚szt𝑛u we
have

}p𝑇𝑛 ´ 𝑇𝑖q𝑓𝑗} “
›

›

ÿ

𝑗PI

p𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗 ´ 𝑣𝑖𝑗𝜋𝑊𝑖𝑗

Λ˚𝑖𝑗q𝑓𝑗
›

›
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6 𝜂𝑖}𝑇𝑛𝑓𝑗}`𝜇𝑖}𝑇𝑖𝑓𝑗}`𝜆𝑖

`

ÿ

𝑗PI

}𝑓𝑗}
2
˘

1
2 6

`

𝜆𝑖`𝜂𝑖
a

𝐵𝑛`𝜇𝑖

a

𝐵𝑖

˘`

ÿ

𝑗PI

}𝑓𝑗}
2
˘

1
2 .

Therefore,
}𝑇𝑛 ´ 𝑇𝑖} 6 p𝜆𝑖 ` 𝜂𝑖

a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖

˘

. (7)

For any 𝑖 P r𝑚s and 𝜎 P J, we define

𝑇𝑖
p𝜎q : p

ÿ

𝑗P𝜎

‘𝐻𝑗qℓ2 ÝÑ 𝐻;

𝑇
p𝜎q
𝑖 t𝑔𝑗u𝑗P𝜎 “

ÿ

𝑗P𝜎

𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗𝑔𝑗.

It is easy to check that 𝑇
p𝜎q
𝑖 is a bounded operator, since

}𝑇
p𝜎q
𝑖 t𝑔𝑗u𝑗P𝜎} 6 }𝑇𝑖t𝑔𝑗u𝑗P𝜎}. Similarly, with (7), we can show that for

each 𝑖 P r𝑚szt𝑛u:

}𝑇 p𝜎q𝑛 ´ 𝑇
p𝜎q
𝑖 } 6 p𝜆𝑖 ` 𝜂𝑖

a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖q. (8)

For every 𝑓 P 𝐻 and 𝑖 P r𝑚szt𝑛u, we have
›

›

`

𝑇 p𝜎q𝑛 p𝑇 p𝜎q𝑛 q
˚
´ 𝑇

p𝜎q
𝑖 p𝑇

p𝜎q
𝑖 q

˚
˘

𝑓
›

›

6
›

›

`

𝑇 p𝜎q𝑛 p𝑇 p𝜎q𝑛 q
˚
´ 𝑇 p𝜎q𝑛 p𝑇

p𝜎q
𝑖 q

˚
˘

𝑓
›

›`
›

›

`

𝑇 p𝜎q𝑛 p𝑇
p𝜎q
𝑖 q

˚
´ 𝑇

p𝜎q
𝑖 p𝑇

p𝜎q
𝑖 q

˚
˘

𝑓
›

›

6
›

›𝑇 p𝜎q𝑛

›

›

›

›

`

p𝑇 p𝜎q𝑛 q
˚
´ p𝑇

p𝜎q
𝑖 q

˚
˘

𝑓
›

›`
›

›𝑇
p𝜎q
𝑖

›

›

›

›

`

𝑇 p𝜎q𝑛 ´ 𝑇
p𝜎q
𝑖

˘

𝑓
›

›

6 p𝜆𝑖 ` 𝜂𝑖
a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖qp
a

𝐵𝑛 `
a

𝐵𝑖q}𝑓}.

Now, suppose that t𝜎𝑖u𝑖Pr𝑚s is a partition of J and 𝑇 is the synthesis op-
erator associated with the g-fusion Bessel sequence p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑖Pr𝑚s,𝑗P𝜎𝑖

.
Hence, we obtain

}𝑇 ˚𝑓}2 “ |x𝑓, 𝑇𝑇 ˚𝑓y| “
ˇ

ˇ

@

𝑓,
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗Λ𝑖𝑗𝜋𝑊𝑖𝑗

𝑓
D
ˇ

ˇ

“
ˇ

ˇ

@

𝑓,
ÿ

𝑖Pr𝑚szt𝑛u

ÿ

𝑗P𝜎𝑖

𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗Λ𝑖𝑗𝜋𝑊𝑖𝑗

𝑓 `
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗Λ𝑛𝑗𝜋𝑊𝑛𝑗

𝑓

´
ÿ

𝑖Pr𝑚szt𝑛u

ÿ

𝑗P𝜎𝑖

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗Λ𝑛𝑗𝜋𝑊𝑛𝑗

𝑓
D
ˇ

ˇ

“
ˇ

ˇ

@

𝑓,
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗Λ𝑛𝑗𝜋𝑊𝑛𝑗

𝑓 ´
ÿ

𝑖Pr𝑚szt𝑛u

ÿ

𝑗P𝜎𝑖

`

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗Λ𝑛𝑗𝜋𝑊𝑛𝑗
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𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗Λ𝑖𝑗𝜋𝑊𝑖𝑗

˘

𝑓
D
ˇ

ˇ >
ˇ

ˇ

@

𝑓,
ÿ

𝑖Pr𝑚s

ÿ

𝑗P𝜎𝑖

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗Λ𝑛𝑗𝜋𝑊𝑛𝑗

𝑓
D
ˇ

ˇ

´
ÿ

𝑖Pr𝑚szt𝑛u

ˇ

ˇ

@

𝑓,
ÿ

𝑗P𝜎𝑖

`

𝑣𝑛𝑗𝜋𝑊𝑛𝑗
Λ˚𝑛𝑗Λ𝑛𝑗𝜋𝑊𝑛𝑗

´ 𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗Λ𝑖𝑗𝜋𝑊𝑖𝑗

˘

𝑓
D
ˇ

ˇ

> |x𝑓, 𝑇𝑛𝑇
˚
𝑛 𝑓y| ´

ÿ

𝑖Pr𝑚szt𝑛u

}𝑓}
›

›

`

𝑇 p𝜎𝑖q
𝑛 p𝑇 p𝜎𝑖q

𝑛 q
˚
´ 𝑇

p𝜎𝑖q

𝑖 p𝑇
p𝜎𝑖q

𝑖 q
˚
˘

𝑓
›

›

> 𝐴𝑛}𝑓}
2
´

ÿ

𝑖Pr𝑚szt𝑛u

}𝑓}p𝜆𝑖 ` 𝜂𝑖
a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖qp
a

𝐵𝑛 `
a

𝐵𝑖q}𝑓}

“
`

𝐴𝑛 ´
ÿ

𝑖Pr𝑚szt𝑛u

p𝜆𝑖 ` 𝜂𝑖
a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖qp
a

𝐵𝑛 `
a

𝐵𝑖q
˘

}𝑓}2 “ 𝐴}𝑓}2.

This completes the proof. l

The following result is obtained when the index 𝑛 in Theorem 14 is
not fixed with a similar proof.

Corollary 8. For each 𝑖 P r𝑚s, let Λ𝑖 :“ p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑗PJ be a g-fusion
frame for 𝐻 with frame bounds 𝐴𝑖 and 𝐵𝑖. Suppose that there exist
non-negative scalars 𝜆𝑖, 𝜂𝑖, 𝜇𝑖 and 𝑖 P r𝑚´ 1s, such that

𝒜 :“ 𝐴1 ´
ÿ

𝑖Pr𝑚´1s

p𝜆𝑖 ` 𝜂𝑖
a

𝐵𝑛 ` 𝜇𝑖

a

𝐵𝑖qp
a

𝐵𝑛 `
a

𝐵𝑖q ą 0

and
›

›

ÿ

𝑗PI

p𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗 ´ 𝑣p𝑖`1q𝑗𝜋𝑊p𝑖`1q𝑗

Λ˚p𝑖`1q𝑗q𝑓𝑗
›

›

6 𝜂𝑖
›

›

ÿ

𝑗PI

𝑣𝑖𝑗𝜋𝑊𝑖𝑗
Λ˚𝑖𝑗𝑓𝑗

›

›` 𝜇𝑖

›

›

ÿ

𝑗PI

𝑣p𝑖`1q𝑗𝜋𝑊p𝑖`1q𝑗
Λ˚p𝑖`1q𝑗𝑓𝑗

›

›` 𝜆𝑖

`

ÿ

𝑗PI

}𝑓𝑗}
2
˘

1
2

for every finite subset I Ă J, 𝑓𝑗 P 𝐻𝑗 and 𝑖 P r𝑚 ´ 1s. Then the family
p𝑊𝑖𝑗,Λ𝑖𝑗, 𝑣𝑖𝑗q𝑖Pr𝑚s,𝑗PJ is a g-fusion woven frame for 𝐻 with universal frame
bounds 𝒜 and

ř

𝑖Pr𝑚s𝐵𝑖.
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Springer, 2016.

[9] Diestel J. Sequences and Series in Banach Spaces. Springer-Verlag, New
York, 1984.

[10] Duffin R. J., Schaeffer A. C. A class of nonharmonik Fourier series. Trans.
Amer. Math. Soc, 1952, vol. 72(1), pp. 341 – 366.
DOI: https://doi.org/10.1090/S0002-9947-1952-0047179-6
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