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WEAVING G-FUSION FRAMES IN HILBERT SPACES

Abstract. Fusion frames, one of the important frame extensions,
introduced by Casazza and Kutyniok, Bemros et al. are able to
transform the except of weaving from Gabor frames to frame the-
ory; thus weaving frames. In this paper, we generalize the weav-
ing fusion frames and study them from the viewpoint of the finite
and infinite dimensional Hilbert spaces. Also, we introduce weakly
g-fusion woven frame and show that they are equivalent with the
weaving g-fusion frames.
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1. Introduction and preliminaries. During the last 20 years, the
theory of frames has been growing rapidly, especially for the reason that
several new applications have been developed. For example, besides tra-
ditional applications, such as signal processing, image processing, data
compression, and sampling theory, frames are now used to mitigate the
effect of losses in packet-based communication systems and hence to im-
prove the robustness of data transmission, and to design high-rate con-
stellations with full diversity in multiple-antenna code design (e.g. [7],
[11], [15], [13]). Woven frames have been introduced in [1] and they have
potential applications in wireless sensor networks. Afterwards, this topic
was presented in other frames like g-frames, fusion frames, etc [17], [22],
[23].  Recently, authors were able to generalize fusion frames; this new
object was called g-fusion frames in Hilbert spaces (|20], [18]). In this
note, we aim at studying woven version for these frames.

Throughout this paper, H and K are separable Hilbert spaces and
B(H, K) is the collection of all the bounded linear operators of H into K.
If H= K, then we use the notation B(H) instead of B(H, H). Also, my
is the orthogonal projection from H onto a closed subspace V < H and
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{H;} ey is a sequence of Hilbert spaces, where J is a subset of Z. Finally,
take [m] :={1,2,...,m} for each m > 1.
In this section, we review some basic concepts and some results.

Lemma 1. [12] Let V. < H be a closed subspace, and U be a linear
bounded operator on H. Then

7TvU* = WvU*ﬂ'W.

If U is a unitary operator (U is bijective and U* = U~™'), then
U = Uny.

Lemma 2. [Open Mapping Theorem]|[16] A bounded linear operator
U from a Banach space X onto a Banach space Y is an open mapping.
Hence, if U is bijective, U~! is continuous and thus bounded.

Definition 1. [woven frame|[1] A family of frames { fi;}ic[m), jes for H is
said to be woven if there are universal constants A and B, such that for
each partition {0;}icpm) of J, the family {fi;}icim), jeo, is a frame for H
with lower and upper frame bounds A and B, respectively. Each family
{ fij }iem), jeo: 1s called a weaving.

We call A and B the lower and upper frame bounds, respectively.
The optimal upper (lower) frame bound is the infimum (supremum) over
all upper (lower) frame bounds. When A = B = 1, then {fj;}ic[m], jey is
called a Parseval woven frame. It is easy to see that every weaving has
an universal upper frame bound by the sum of the upper frame bounds
of {fij}icmy, jes- So, we only need to check that there is an universal lower
frame bound for all weavings. But we notice that this universal upper
bound cannot be the smallest upper weaving. Indeed, if B; are optimal
upper bounds of {fi;}icpm], jes, then Zie[m] B; may not be optimal. Also,
if {fij}icpm), jes’s are Parseval frames, but the constructing woven by them

may not be Parseval. For this, let & > 0 and § = (1 +£2)~2. Assume that
{e1, e} is the standard orthonormal basis for R? and, also,

{f; ?:1 := {dey, dceq, deq, dces}, {gj}§:1 = {deeq, deq, Oceq, dea}.

Then {f; ?:1 and {g; ?:1 are Parseval frames and, also, they are woven
frames with the universal upper frame bound 2 (for more details, we refer
to [1]).

We define the space 3 := (3], ®H;)e, by

A = {{fitier: 15 € Hy, D16 < o0} (1)

7€l



Weaving g-fusion frames in Hilbert spaces 3

With the inner product defined by
<{fj}7 {gj}> = Z<fj7gj>7
jel
it is clear that .74 is a Hilbert space with pointwise operations.
Definition 2. [g-fusion frame|[[20] Let W = {W,};e; be a collection of
closed subspaces of H, {v;};e; be a family of weights, i.e., v; > 0,
Aj € B(H, H;) for each j € J. We say A := (W, \;,v;)jey is a g-fusion
frame for H if there exist 0 < A < B < o0, such that for each f € H
AIFIP < DS vflAgmw, £1? < BIfIP. (2)
jel

When the right-hand side of (2) holds, A is called to be a g-fusion

Bessel sequence for H with the bound B. We say A is a Parseval g-fusion

frame whenever A = B = 1. The synthesis and the analysis operators for
a g-fusion frame are defined as follows (for more details, refer to [20]):

Th: 7 — H, 4 VI H— 4,
i fikies) = L vimw; A i T = i e
je

The g-fusion frame operator is given by

Saf = ThTx f = Y vimw, A Am, f,

jel
and
Saf, ) = D vl Amw, I, (3)
jel
for all f € H. Therefore,
Aldy < Sy < Bldy. (4)

Hence, S, is a bounded, positive, and invertible operator (with the ad-
joint inverse). A g-fusion frame A= (lem,/\jﬂszxl,vj)jej with the
g-fusion frame operator Sy = T3 T % is called the (canonical) dual g-fusion
frame of A. Now, we can obtain

= mw N f = D ol Ay Ay, f, (5)
jel jel
where V[/\/; = SyW; /’{; = Aymw, Sy
Definition 3. [18] A = (W, A;,v,)jey is called a gf-Riesz basis for H if
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1) A is gf-complete, i.e., span{mw,\;H;} = H
2) There exist 0 < A < B < oo, such that for each finite subset I < J,
g; € Hj and j €1,

A gil? < D vimw, Alg|” < B ;I (6)

jel jel jel

When only item 2) is valid, we say that A is a gf-Riesz sequence. It is
easy to check that every subfamily of a gf-Riesz sequence is a gf-Riesz
sequence.

Lemma 3. [18] Let A = (W}, Aj,v;),e5 be a g-fusion frame for H. Then
the following are equivalent:

(I) A is a gf-Riesz basis for H.

(II) For any finite subset I < J if > vjmw, A% g; = 0 for some {g;}jc1 € 75,
gel

then g; = 0 for all j € J.

If a g-fusion frame is not a gf-Riesz basis, it is said to be gf-overcomplete.
Now by Lemma 3, we can set a remark:

Remark 1. if (W, A;,v;),ey is gf-overcomplete, then there exist a finite
subset I < J and {g;}je1 € 75\{0} for which

ZU]TFW Ag; = 0.

jel

2. Weaving g-fusion frames. Throughout this paper, {Wi;} ey icim
is a collection of closed subspaces of H, {v;j}jeJ, ic[m] is a family of weights,
and {AU} B(H, HZ])

jel, ie[m

Definition 4. A family of g-fusion frames (Wij, Nij, vij)jep,icim) for H
is said to be g-fusion woven frame if there exist universal pos1t1ve con-
stants A and B, such that for each partition {0;}cpm of J, the family
(Wij, AU,UU)JGWJE[ | is a g-fusion frame for H with bounds A and B.

Now we show that every g-fusion woven frame has a universal upper
frame bound and (see Corollary 6) we will show that it may not be optimal.

Proposition 1. Let{ ijs Nij, Vij JGJ} be a g-fusion Bessel sequence for
H with the bound B; for each i € [m]. Then, for any partition {o;}icpm) of
J, the family (Wi;, Aij, vij) jeo,,ic[m] Is a g-fusion Bessel sequence with the
Bessel bound ., B
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Proof. Let {0;}c[m] be any partition of J. For each f e H, we have

Z Z Uz] ‘AZJWWZJsz Z ZU ||AzJ7TWUfH2 ( Z Bz)HfH2

m] jEo; m] jel i€[m]

]

In the following results, we construct a g-fusion woven frame by using
a bounded linear operator.

Theorem 1. Let (Wi, Aij, vij)jes ie[m] be a g-fusion woven frame for
H with the universal bounds A and B and U € B(H, K). Then (UW,;,
AijﬂwijU *,Vij)jel, ie[m] 1S a g-fusion woven frame for K if and only if there
exists a number 6 > 0, such that for every f € K:

[U*f1 = a1 7]

Proof. Let f e K and (UWj;, Aijmw,,U*, ;) je1, ie[m] be a g-fusion woven
frame for K with the lower bound C' and U € B(H, K). So, by Lemma 1,
we get

CIfI? < Z ZU HAUWWUU*WUW fI? = Z ZU AT, U fI2.

ie[m] jel ie[m)] jel

On the other hand, we have

Z vk Aijmw, U I < BIU* £

m] jeJ

Thus, |U*f|| > \/ngH For the opposite implication, we can write for all
feK:

AS|fI? < AU £]* < Z 2 Vil Ay, U* £

m] jel

Z 2 vl A, Urngmr f1P < BIUJP £

m] jeJ

So, (UWij, Nijmw,,U*, vij)jer,iefm) is a g-fusion woven frame for K with

frame bounds Ad? and B|U|*. [

Corollary 1. Let (W;;, Aij, Vij)je,ie[m] be a g-fusion woven frame for H
with common frame bounds A and B, and assume that U € B(H) has
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closed range. Then (UWi;, Ajjmw, U™, Vij)je1, ie[m] 15 also g-fusion woven
frame for R(U) with frame bounds A|U|~2 and B|U|*.

Corollary 2. In Corollary 1, if U € B(H) is an invertible operator,
then, by Lemmas 2, we have: UW;; is closed for any j € J and therefore
(UWij, Aijmw, U™, ij) jes, ie[m) Is a g-fusion woven frame for H with frame
bounds A|UY|72 and B||U|?. In particular, if U is also unitary, then
the bounds of (UW;;, Nijmw, U™, Uz‘j)jeu]]’ie[m] are the same with bounds of
(Wi g, vig).

Corollary 3. Let (W;j, Aij, vij)jer,ic[m] be a g-fusion woven frame for H
with frame operator S for i € [m]. Then the canonical dual ((S})~'Wi;,
Ay, (Sh) vij)jenﬂ’ iepm) 15 also a g-fusion woven frame for H.

Theorem 2. Let (W;, A;,v;)jep be a g-fusion frame for H with bounds

A
A and B and U € B(H) be a unitary operator. If |[Idg — U||* < B’ then
{(W;, Ay, 05) jen, (UTW5, AU, v))jes} Is a g-fusion woven frame for H.

Proof. By Proposition 1 and corollary 2, the upper bound is clear. Let
o < J be a partition and f € H. So, by Lemma 1, we can write

S RN, £+ > VAU, 2

J€o jeoc©
= ZU?HAJWWJ-HF + Z v Ajmw, | — (Ajmw, f— Ay, U )|
jeo jeoc
2 2 2 2 2
> > o [Agmw, = D v I mw, (Tdu—U) fI? = (A=B|1du—=U])| f|*.
jel jeETC

Thus, (W;, Aj,v))jec JU W, AU, v;) jeoe s a g-fusion frame. []
Proposition 2. Let (W;j, Aij, vij)jer,ic[m] be a g-fusion woven frame for
H with common frame bounds A and B. Let 0 < C' < \wj(i)]? <D<

for any i € [m] and j € J; then (W, wj A”, Vij) jel, ie[m] IS a g-fusion woven

frame for H with frame bounds AC' and BD.
Proof. For any partition {o;}c[mn] of J and f € H, we get

AC|f|? = g;gw;”PAan? Z o wl Ay, £

m] jeo;

< max|w” PBIf|* = BD| |},



Weaving g-fusion frames in Hilbert spaces 7

This implies the statement. []

Theorem 3. Let I < J be non-empty and (Wij, Aij, vij)jeriefm] be
a g-fusion woven frame for H. Then (Wij, Aij, vij)jes, ie[m] Is @ g-fusion
woven frame.

Proof. Assume that o; = J. By Proposition 1, we know that (W;;, Aij,vij) jes
is a g-fusion Bessel sequence for H for any i € [m]. If A is the lower bound
of (Wij, Nij, Vij) jeoint,ic[m], then for every f € H we have

Alf]? < Z > v AT, fIP < ZZ oA, £

m] jeo;nl m] jEo;

This implies the statement. []

The next theorem shows that even if one subspace is deleted, it still
remains a g-fusion woven frame.

Theorem 4. Letl be an infinite subset of I < J and (W;j, Aij, vij) jer,ic[m]
be a g-fusion woven frame for H with the bounds A and B. If

Z 2 vl < oo,

m] jel

then (Wij, Aij, vi;) jen, ie[m] 1S also a g-fusion woven frame for H with frame
bounds A — C and B.

Proof. The upper bound is obvious. Suppose that {o;}c[m) < J\I and
f e H, so we can write

ZZ v | A, £* = Z > vlNgmw, f1P- ZZ jlAgmw, £

m] JEo; m] jeo; | JI m] jel

/AHf”2 ZZU 1451 HfH2 (A= O]

m] jel

[

In the following example, we show that the infinite condition for the
set J is necessary in Theorem 4.

Example 1. We attend to the Hilbert space H := R? with standard base
{e1,e9,e3}. Let J = {1,2,3} and

Wy = span{ey, ea}, Wy = span{ey,e3}, W3 = span{es, e},
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X; = span{e;}, Xo =span{es}, X; = span{es},

V1 = Vg = V3 = 1.
Assume that A;,©;: H — C for any j € J such that for each f e H,

Alf = <f7 61>7 A2f = <f> €2>7 A3f = <f7 €3>,
O1f =(f,e1 +ez), Oof ={(f,ea+e3), Osf =(f es+e)

It is easy to compute that (W;, A;, 1) and (X;,0;,1);e5 are Parseval
g-fusion woven frame for H. But if we choose I = {1}, then the deletion
of this index of subspaces destroys the g-fusion woven frame property.

Corollary 4. Let (W;;, Aij, vij)jes,ic[m] be a tight g-fusion woven frame
for H with the bound A. Assume that Jo € J. Then the following stale-
mates are equivalent:

(I) ) [Z Z]Q HAUO 'L]O
1S m

(I1) (Wij, Nij, Vij) jen\(jo}, ie[m] 1S a g-fusion woven frame for H.

? < A;

Proof. (I) = (II) is clear by Theorem 4. For the opposite implication,
suppose that C' and D are the frame bounds of (W;;, Aij, vij) jen o}, ie[m]-
For any 0 # f € H, we have

CHfH2 < Z Z Ui2j||Aij7TWz‘ij2

ie[m] jel\{jo}
Z ZU’L‘]HAU/NWUJCHQ Z ’Lj()HAZJOﬂ-Wz]Osz
m] jeJ i€[m]

= AIfI? = ] vl | Agemw,, fI? < DI
ie[m]

Hence,
Ai‘ TW. - 2
0<C<A- ) vfjo””—wng<D.
. 171
i€[m]
So, we conclude that A — 3, 107 [Aijomw,, |2 > 0. O

Theorem 5. Let (W;;, Aij, vij)jen,ie[m] be a g-fusion woven frame for H
with the bounds A and B. For each i € [m], j € J and an index set

I;;, suppose that {fgc)}keﬂij e A\;j(W,;) is a Parseval frame for H,j, such
that for every finite subset K;; of I;;, the set {fz(]k)}ke]lzj\ﬂg” is a frame
with the lower bound Cj;. Then assume that C := infjcyem) Cij > 0.
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Iiﬂw/ij = span{Afjfi(f)}keﬁij\Kij for any ¢ € [m] and j € J, then
(Wij, Nij, vij)jes,iepm) Is a g-fusion woven frame for H with the bounds
CA and B.

Proof. Obviously, B is an upper bound of (VVU, Aij, vij) jes, iefm]- Now, for
considering the lower bound condition, we can write for each f € H and
{0i}icim) € J the following relations:

Z X Vil A, fI? = Z 2vE D K, £ D

m] jeo; m] j€o; kell;;

Z ZU Z ’<7Tf/[\’/ijf7 >‘2 Z szj Z ‘<Al]7TW7,jf fzy >’2
[m]jeoi  keli;\Kiz [m]jeoi  kel;;\Ky;

> Y Y oGyl Ay, fI? = C Z DAy, fI? = CAf].
iE[m]jegi JEUZ

]

3. Weakly g-fusion woven frames. In [1|, Bemrose et al. the au-
thors showed that if each weaving is a frame, then there exists a universal
lower frame bound for all the weaving. For this, they introduced a spe-
cial kind of weaving named weakly woven. After that, this topic has been
studied for g-frames in [17]. Here we consider these results for g-fusion
frames.

Definition 5. A family of g-fusion frames (W;;, Aij, Vij) jen, iefm) in H is
called weakly woven if ¥ {0;}ie[m] of N, the family (Wij, Aij, Vij) o, ic[m]

is a g-fusion frame.

Similarly to Theorem 4.1 and Theorem in [1], [17], we can show that
weakly woven is equivalent to woven in the finite case:

Theorem 6. A finite family of g-fusion frames (Wi, Aij, vij)jesiefm] for
a finite-dimensional Hilbert space H" is woven if and only if for each

partition {0;}ic(m) of J, {mijAf; Hij} jeo, icim) SPans the space.

But for a infinite-dimensional case, their equivalence is more difficult
to establish, similarly to frames and g-frames. The following theorem will
be used in this case, which is a general case of Lemma 4.3 in [1]:

Theorem 7. Let (W;j,A;j,vij)jey be a g-fusion frame for H for each
i € [m]. Suppose that a collection of disjoint finite sets {7;}icpm) of J and
for any € > 0 there exists a partition {0;}icfm) of J\ Uie[m] 7;, such that
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(Wij, Nij, vij) je(o U ), iefm] has a lower g-fusion frame bound less than ¢.

Then (W;;, Aij, ’UZ])]EJJG[ ] is not a woven frame.

Proof. We can write J = UjeN J;, where J;’s are disjoint index sets.
Assume that 7; = J for all j € [m] and ¢ = 1. Then there exists a
partition {oi }iepm) of J, such that (Wij, Aij, vij)je(on rm),ic[m] has a lower
bound (also, optimal lower bound) less than 1. Thus, there is a vector
f1 € H with | f1] = 1, such that

Z Z ?jHAijWWijflng < 1.

]]E(Uzl Uﬂl)

Z Z UHAl]WWUle < X,

m] jel

Since

there exists k; € N, such that

2 Z z]HA’LJTrWz]le <1

m] jeKy

where K; = | ;21,1 J;- By induction, for ¢ = % and a partition {7,;}icpm)
of JyJ---JJk,-1, such that

Tui = T | (-0 [ )1 JIka-1))

for all i € [m], there exists a partition {op;}icpm) of J\(J1 - - UJkn 1)
such that (Wij, Aij, Vij) je(on: | ri).ic[m] has a lower bound less than =, There-
fore, there is an element f,, of H and k, € N, such that || f,| = 1, k‘ > knq

and
Z Z Uij |AZ]7TW”an <_

[m] jeKn

where K, = [Jsp 41 J;- Choose a partition {G}ipm) of J, where
i = Ujendmii} = 70 Ul 0 NI U=+ - U dn)). Assume that (Wi, A,
vij)jegijie[m] is a g-fusion frame for H, with the optimal lower bound A.
Then by the Archimedean Property, there exists an r € N, such that
r > 2. Now, there exists f, € H, such that | f,| =1 and we have

Z Z U’L] ”Aljﬂ-sz fTH

[m] jEsi
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Z Z z‘QjHAijWWijfTHQ + Z Z UiszAijWWijfr‘F

m] JET(r+1)i ie[m] jesinI\(J1 U UIr)
Z D OdIAgmw, P+ Z D vl AT, £l
[m] je(rri U ori) [m] j€Uksrq1 Jk

1 1
<-+-=-< AHfT‘H27
T r

and this is a contradiction with the lower bound property of A. []

Corollary 5. Let (Wyj, Aij, vij)jes, icim] be a g-fusion woven frame for H.
Then there exist a collection of d1SJo1nt finite subsets {T;}ic[m) of J and
A > 0, such that for each partition {0;}c[m] of the set J]\U | Ti» the
family (Wij, Nij, Vij) je(o, Um), ie[m] 15 @ g—fusion frame for H with tbe lower

frame bound A.

Corollary 6. Suppose that (W;.Aj, w;) ey and (V},0;,v;) ey are g-fusion
frames for H with the optimal upper frame bounds B, and Bs, respec-
tively, and they constitute a g-fusion woven frame for H. Then, By + B,
is not an optimal upper g-fusion woven frame bound.

Proof. Let ¢ > 0. Assume that By + Bs is the optimal upper g-fusion
woven frame bound for the g-fusion woven frame. So, there exists o < J,
such that

sup <Zw 1A mw, fII” + Z 2” O;my, f| ) = By + Bs.

HfH_ ]Go’ _]EO'(’

Therefore, there exists f; € H, such that ||f;| = 1 and
D wl A, filP + ) 0lO0my, fil> = By + By — e
JjE€o jeoe©
Thus, by the assumption,
X5 WNmw Al + ) w8y fillP < e
jel\o jel\oe¢
and this is a contradiction by Theorem 7. []

Theorem 8. Let (W;;,A;j,vi;)jer be a g-fusion frame for H with bounds
A; and B; for each i € [m]. Suppose that there exists N > 0, such that
for all i,k € [m] withi # k, 1 = J and f € H, the following inequality is
valid:
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D i Ay, — v Ay, £

gel

< Nmin { 3 02 [Aggmw, f12 5 08 [ w1

gel jel
Then the family (Wij, Aij, Vij) jeg,icfm] is woven frame with universal bounds.

A
(m—1)(N+1)+1
where A := > A and B:= %, B
Proof. Let {o;}ic[n be a partition of J and f € H. Therefore,

D) AlfIP < Z D il Ay, 1P = Z Z >, vl Ay, £
i€[m]

m] jeJ m] jEok

<X (X HAv:jWWufH

JEo;

+ 3> {||Uz'j/\z‘ﬂwijf — oAy, ? + U;fjHAkjWijfHQ})
ke[m] jEok
k#i

< Y (D dlagmw, 12+ Y W + 1 A, £

ie[m] je€o; ke[m] je€ok
k#i

~{m =DV +1) + 1) 2 (X5 o3 laumu, £17).

e[lm] j€o;

and B,

Thus, by Proposition 1, we get

A
vt < X (X dhlramw, /) < ISP

i€[m] je€o;

L]

Now let us formulate the main result of this section. By Corollary 5
and Theorem 8, we conclude that the following statement holds:

Theorem 9. A g-fusion frame (W;j, Aj, vij) jesiem] for H is woven frame

if and only if it is a weakly woven frame.

4. Weaving gf-Riesz bases. Weaving Riesz bases and some results
are presented in [1]. Bemrose et al. [1] managed to do this firstly in the
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finite case and so, the result was extended in the Theorem 5.2 for arbitrary
sets. The following is a general result:

Theorem 10. Let (W;, A;, w;)jen and (V;, ©;,v;) jen be two gf-Riesz bases
with common constants 0 < A < B < o, such that for each o < N, the
family (W;, A, w;)jer |V}, ©;,0))jeoe is a gf-Riesz sequence with Riesz
bounds A and B. Then, (W;, Aj, w;)jeo | J(V;, ©},0))jeoe Is a gf-Riesz basis.

Proof. Let 0 ¢ N and assume that n := o] < co. If n =0, then the
proof is evident. Suppose that the result holds for each n. Let o N with
lo| = n + 1 and choose j, € o. Suppose that o1 := o\{jo}, so

(W, Aj,wj) jeor UV, ©5,05) jeos is a gf-Riesz basis by the induction hy-
pothesis. Assume that (W, A;,w;) e (J(V;, ©j,0))jeoc is not a gf-Riesz
basis. For any g € H,,, if

Jo»
T, 05,9 € span({WWjA;‘Hj}jea U{ij@;‘Hj}jGUC)’
then
spart({mw, A} Hj} e |_J{m, 07 H} jeor)
S span ({mw, A} H;} jeo, | J{mv; 05 Hy}jeor) = H,

ie., {mw,ASH;}jeo | U{mv, 0] H}}jcoe would be gf-complete, which is as-
sumed to not be in the case. Thus, the following must hold:

mv;, 05,9 ¢ span ({mw, AT H; } jeo U{ﬂ'Vj O H;}jeor).-
It follows that
(Wi Ay w5 jeo | (Vi 055 05) 00 | (Vios O o)
is a gf-Riesz sequence in H. On the other hand, o = o J{Jo},
(Wj, Mg, wj) jeoy U(V}, ©;, ;) jeo

cannot be a gf-Riesz basis, because it was obtained by deleting the element
(Wiy, Ajy, wj,) from a gf-Riesz sequence; this leads to a contradiction.
Next, for the infinite case, suppose that there exists a ¢ < N, such

that |o| = |0¢| = o0, such that

H, = Span({WWjA;‘kHj}jea U{W‘G@;Hj}j&’c) # H.
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Let 0 # f € Hi. Since (V;,0;,v;)jen is a g-fusion Bessel sequence, by
taking the tail of the series, there is a 0y < ¢ with || < o0 and

A
2 vlem fI* < SIfI.

jeo\o1

From the first part of the proof, the following family is a gf-Riesz basis
with bounds A and B:

(W5, Ay, w;) jeo U(V}, ©;, Uj)jea\af U(V}, ©;,v))jece

Therefore,

AIFIP < Y5 wildgmw fIP+ ) o l0gmy, fIP + ) w10y, I

jeo1 jEO’\O’l jecc

A
= 2 vlem, fIP < SIfIP

jeo\o1
and it is a contradiction. []
Now, by induction on 7, we can get the following result:

Corollary 7. Let (W;;, Aij, vij)jen,i>2 be a countable family of gf-Riesz
bases for H and there are common constants O < A< B < o, so

that for each partition {o;};>2 of N, the family U (Wij, Nij, vij) jeo; be a

gi-Riesz sequence with Riesz bounds A and B. Then (Wijs Nij, i) jeniz2
is actually a gf-Riesz basis.

Theorem 11. Let (W;, A;, w;) en and (V;, ©;,v;)jen be two gf-Riesz bases
and let there be a common constant 0 < A, such that for each o0 < N, the
family (Wj, Aj, w;)jes | J(V},0;,0)) je0e is a g-fusion frame with the lower
bound A. Then, (W;, Aj, w;)jee J(V}, ©;, V) jese is actually a gf-Riesz basis.

Proof. Similar to the proof of Theorem 10, let ¢ < N and assume that
lo| :=n < o0. If n = 0, then the proof is obvious. Suppose that the result
holds for each n and let 0 ¢ N with |o| = n + 1, and choose jy € 0. Sup-
pose that o1 := o\{jo}, so (W;, Aj, w;)jeo, U(V 0}, ;) jeos is a gf-Riesz
basis by the induction hypothesis. So, (W, Aj, w;)jes, \J(V, O, 0;) jeoe Is a
gf-Riesz sequence. But (W}, Aj, w;)jeo | J(Vi, ©),0))jeoe is a g-fusion frame
and the removal of the single vector (V},,0j,,vj,) vields a set that dose

Jo»

not longer span{my, ©F H;}, thus (W}, Aj, w;) jes (J(V}, O, v5) jege must be a
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gf- Riesz basis. Now, let || = c0. Choose 0, < 09 < -+ < o, such that
o= U 0;, and |o;| < c0. The family (W}, Aj, w;)jeo, U(V], O, 0))jeoe 18 a
gf- Rlesz basis with the lower bound A for each i > 1. If {g;};eny € J4 and

Zw]ﬂw A]gj + Z ’Ujﬂ'v@ gj =

jeo jecc

then

0= HZU)JWW Ajg; + Z vy, O] 95

jeo jeoc
= lim | 3 wymw, Ajg;+ D vimy, O3, > lim A 1g1*+ 3 losl*)
JjEOT; Jjeo§ JjET; jeos

So, g; = 0 for all 7 > 1. This means that the synthesis operator 7" for the
family (W}, Aj, w;))jeo UV}, ©;,v;)jese Wwith the representation space H
is bounded, linear, surjective, and injective. Therefore, Sy =N H(T) and
so by Theorem 4.2 in [20], the family is a gf-Riesz basis. []

In the following, we show that a g-fusion frame that is not a gf-Riesz
basis, cannot be woven with a gf-Riesz basis, which is a general case of
Theorem 5.4 in [1].

Theorem 12. Let A = (W;,Aj,w;);ey be a gf-Riesz basis for H and
© := (V},0,v;);e5 be a g-fusion frame for H. If A and © are g-fusion
woven, then © must be a gf-Riesz basis.

Proof. Let € > 0. Suppose that © is not a gf-Riesz basis and it may be as-
sumed that, by the remark of Lemma 3, my, ©% g € span{my, 0% H;} jen ;)
for some g € Hj, and finite subset I < J, where j; € I. Assume that
n := card(l) and

0 < d(mv,, 07,9, span{my, 07 Hy}jeng) <
J1
Let N |

H = [span{wvj@;ij}jeﬂ\{jl}] ,

Then H has codimension at most n — 1 in H and, since

dim span{yy, A] H;}ier =
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there exists f € span{my, AT Hj}jer 0 H. Now, if o := I, then

2 wilAgmw, I = ) wf |G, A Ay, £ ] = 0,

jeo€ jeoc

and, also,

2,5 105my, fIIP = o, 1057, £

jeo

Let f = f1 + fa, where f; € H and fa e HL. Therefore,
U]2'1H®jl7rvjlf“2 = szl‘<7T{/j1 05,07y, f, fo)| <e.

So, these two families are not g-fusion woven and this is a contradiction. []

Let us introduce the weaving equivalent of an unconditional gf-Basis
for the Hilbert space.

Theorem 13. Let A = (W;,Aj,w;)jey and © = (V;,0;,v;)e5 be gf-
Riesz sequence for H with bounds Ay, By, and As, B, respectively. Then
the following are equivalent:

(I) There exist 0 < B < C' < o, such that for each o € J the family
(Wi, Aj,wj)jeo |U(Vi, ©4,0)) jese Is a gfi-Riesz sequence with bounds
B and C.

(II) There exists a A > 0, such that for all {g;};ej € 7% and o € J,

Al Y wimw, Ay g P < | Y wimw, Argy + D vy, O35
jeo jeo jeoc

(III) There exists a D > 0, such that for all {g;};ej € 7% and o € J,

D(H D wimw A"+ [ Y “ﬂvj@;ng?)

jeo jeo
2
* £
< | D wimw, Ajgs + D vy O3]

jeo jeoc

(IV) There exists a E > 0 satistying for all {g;}e; € 76 and o € J the

following condition: if | 3., wjmw, A} g;| =1, then

B < | Y wimw, Atg; + . vy, 0%,

jeo jecc
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Proof. The implications (/1) = (II) and (II) < (IV) are clear.
(I1) = (III). Let {g;}jey € 76 and o € J. We get

H 2 vy @Jng = H Z vy, ©7 g5 + Zwﬂw Algj — Ewﬂrw A% g]H
j€o* jEoc JEO Jj€o
H Z vy, 0595 + Z wjmw, Aj g ‘ + ” Z wimw; A gJH
jeoC JjEO jeo
< | D) vimy, O3+ ) wimw, A g+~ H Dy, ©% g+ > wimw, Atg,]”.
jeoe je€o jeoc jeo
Hence,
1 1H 2 v O5g | < X vm O35+ 3 Jwimw, Afg,|”
jeoc jeoc jeo
Similarly,
A+ 1HZwJ7TW AJgJH H 2 UjTv; 6191 +ZwJ7TW AJQJH
jeo jeoc jeo

Thus, we have

A (IS wmw gl + 1 Y v lf)

5
jEU jeo*
< g (| Sumiol’) S wmeial)
jeoc
< Z VT, 9;% + Zwﬂ A;QJ'HQ‘
jEO’ ]EO’

(I) = (ILI). Assume that {g;},e5 € 7% and o € J. We can write

|25 wimw, Asgil* < € Yl < O(Z lgs 2 + 3 ;1)

VE V& jeo jeoc
A* 2
HZwﬂTWJ 395+ 2 v, 05
jeo jeoe

(II1T) = (I). Let {g,}je; € 76 and o € J. We have
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D lgil?=> 1 lgil?+) ] lgl* < HZwﬂTW Nsgil H 3 vy, O,

jel jeo jeac jeo jeo
max{ }H Zwﬂrw AZ QJH + H Z vy, O QJH
jGO’ Jjeoe©
1
< ) max{A " }H ]Ze;wﬂrw Agj + jezajc VT, @*QJH

The upper bound of (W;, Aj, w;)ieo J(V}, ©;,v;)jese is obvious. []

5. Perturbation for g-fusion woven.

Theorem 14. Let A; := (W,;,Ajj,vij)jer be a g-fusion frame for H
with frame bounds A; and B; for each i € [m]. Suppose that there exist
non-negative scalers \;, n;, and p;, such that for some fixed n € [m]:

A=A, - Z (N + 07/ B + 17/ Bi) (VB + \/Bi) > 0

ie[m]\{n}

and

| > g, Ay = vigmw, A5 £ <
gel
1

< nZH Z’Unjﬂ_wnj n]f]H + qu ZUZJWW’LJA:‘]']CJH + )\1(2 Hf]HQ) 2

jel jel jel

for every finite subset I  J, f; € H; and i € [m]\{n}. Then the family
(Wij, Nij, vij)ie[m] jey 1s a g-fusion woven frame for H with universal frame

bounds A and Y., B

Proof. By Proposition 1, the upper frame bound is clear. For the lower
frame bound, assume that 7T} is the synthesis operator with the g-fusion
frame A; for any ¢ € [m]. Since

1

ITif5] < VB X 151P)2,

jel

for each finite subset I < J and f; € H;, then for every i € [m]\{n} we
have

(T =T 5 = | D (vngmrww,, Ay = vigmw, A5 ]

gel
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<l Tfi |+l Tfs 12 (015 17) 7 < it/ Bat i/ Bi) (DS 1 £5117) %

jel jel

Therefore,
| T = Till < (N + i/ Bu + pin/ By). (7)
For any i € [m] and o € J, we define
T, (), ®H,))e,
jE€c
T} jeo = Y | vimw, Ay

jeo

It is easy to check that Ti(g) is a bounded operator, since
1T {g;}ieoll < 1 Ti{g;}ieo]- Similarly, with (7), we can show that for
each i € [m]\{n}:

|7 = T < (N + v/ B + 113/ By). (8)

For every f € H and i € [m]\{n}, we have

H (TT(LU) (TT(LU))* . Ti(o) (TZ(U))*)JCH
< J(T@) =TT f + (T =TT £
< [TONT) = (@) £+ 1T = T87) 1]

< (A + Ui\/E + Mz’\/» f + \/> M-

Now, suppose that {o;}ic[m) is a partition of J and 7' is the synthesis op-
erator associated with the g-fusion Bessel sequence (Wi, Aij, vij)ie[m],jeo: -
Hence, we obtain

|T*fI? = [{F,TT* )] = [{f, Z > vmw, Al A, )]

m] jEo;

= ‘<f’ Z Z Vij 7TW1] Alj AU 7TWZ] f + Z Z Unj TrWn] Anj A”] ﬂ—an f

ie[m]\{n} j€o; m] jeo;

DD v, Ak A, )

ie[m]\{n} j€o;

= [{f. Z EUHJWW”I] niAngTw,,; [ = Z Z (vng T, A g Tow,,

m] jeo; i€[m]\{n} j€o;
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Uz]ﬂ—W”A AZJT‘-WZ] f>‘ ‘<f7 Z Zvnj/]TWnJ nj njﬂ—an.f>|

]60'1
— Z <f Z Un]ﬂ'WmA AnﬂTWnJ U’L]WWZ]A Aljﬂwij)f>{
ie[ml\{n}  Jjeos
> [(LTTEHI = Y IFINT @y — 17Ty ) £
ie[m]\{n}
> AfIP = D0 £l + /B + 1iv/ B (W By + /By £
ie[m]\{n}
= (A, - Z (Ai + 7\ B + i/ Bi) (W Bn + \/E))HfHQ = A|fI?.
ie[m]\{n}

This completes the proof. []

The following result is obtained when the index n in Theorem 14 is
not fixed with a similar proof.

Corollary 8. For each i € [m], let A; := (W,;, Aij, vij)jer be a g-fusion
frame for H with frame bounds A; and B;. Suppose that there exist
non-negative scalars \;, n;, y; and i € [m — 1], such that

A=A — > (N +1V/Bo + v/ Bi) (W Bo +\/Bi) > 0
i€[m—1]
and

| D (imw A = 01T W, Ay fi
jel

-

an ZUUWWUAU']C]H + MZH ZU(ZH JTWit1); l+1)JfJH + A Z Hf]” 2

jel gel jel

for every finite subset I < J, f; € H; and i € [m — 1|. Then the family
(Wij, Nij, vij)ie[m] jey 1s a g-fusion woven frame for H with universal frame

bounds A and ., B
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