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ON Ig-CONVERGENCE OF SEQUENCES
OF BI-COMPLEX NUMBERS

Abstract. In this paper, we study the properties of ideals Z¢ re-
lated to the notion of Z-convergence of sequences of bi-complex
numbers. We prove some results about modified Olivier’s theorem
for these ideals. For bounded sequences, we show a connection be-
tween Z¢-convergence and regular matrix method of summability
of sequences of bi-complex numbers.
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1. Introduction. In 2001, Kostyrko et al. [9] introduced the concept
of ideal convergence, primarily as an extension of statistical convergence.
They demonstrated that ideal convergence serves as a generalized form of
some other established convergence concepts. In subsequent years, exten-
sive research in this particular direction was conducted by Debnath and
Rakshit [3|, Choudhury and Debnath [2], [4], Hossain and Debnath [5],
alongside numerous other researchers.

In 1892, Segre [15] introduced the notion of bi-complex number, which
constitutes an algebra isomorphic to the literariness. In Price’s book [10],
the most comprehensive study of analysis in bi-complex numbers is avail-
able. For an extensive study on bi-complex number, one may refer to [5],
[11], [14], [17]. In recent years, many important results have been obtained
in this area. Some of them pertain to this work.

The study of convergence is one of the important tools in analysis.
Research on the convergence of sequences of bi-complex numbers is still in
its infancy and has not gained much ground. The current body of research
suggests a pronounced analogy in the convergence behavior of sequences
of bi-complex numbers.

Throughout the paper, C, represents the set of all bi-complex numbers.
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2. Definitions and Preliminaries. Segre [15] defined a bi-complex
number as £ = 21 + 1929 = X1 + 11T9 + iox3 + 111024, Where 27 = 11 + 1129,
29 = x3 + 1124 € C (set of complex numbers) and z1, o, x3, 24 € R (set of
real numbers), and the independent units 4y, is are such that 12 = 2 = —1
and i129 = i977. Denote the set of all bi-complex numbers by C,; it is
defined as: Cy = {£: & = 21 +i229: 21,20 € C}.

A bi-complex number £ = x1 + i1x9 + i2x3 + 111224 is designated as a
hyperbolic number if zo = 0 and 23 = 0. The collection of hyperbolic num-
bers is symbolically represented as H, and the entirety of these hyperbolic
numbers is referred to as the H-plane. Equipped with the coordinate-wise
addition, real scalar multiplication, and term-by-term multiplication, C,
becomes a commutative algebra with the identity 1 = 1+141.04145.0+14112.0.

. . 14419
In C,, there exist four idempotent elements, namely 0, 1, e; = 5 ! 2,
11—
and ey = 21 2 Tt is obvious that e1 +e3 = 1 and ejeq = eqe; = 0.

Every bi-complex number £ = 2; + i325 has a unique idempotent repre-
sentation as & = Tiey + They where T} = 21 — 4120 and Ty = 21 + 112 are
called the idempotent components of .

The Euclidean norm ||-|| on C, is defined as,

T2 + |T»]?
Jellcs = 4ot + a3 + 23 + 2 = VI 4 Pt =/ S
where f = 2] + 9929 = X1 + 11X9 + 1923 + i102x4 = T1eq + They with this
norm C, is a Banach space.

Definition 1. [16] The i;-conjugate of a bi-complex number § = z; +ig2y
is denoted by £* = Z1 41923 V 21, 29 € C. In this context, z; and Z; represent
the complex conjugates of z; and zo, respectively.

The i5-conjugate of a bi-complex number £ = z; + iy29 is denoted by
E and is defined asé =21 —i929 V 21,29 € C.

The 1115-conjugate of a bi-complex number & = z1 + iy29 Is denoted by
§/ and defined as fl = Z] —19Z V 21,20 € C; Z1 and Z; are the complex
conjugates of z; and zo, respectively.

Definition 2. If { = z; + 4329 Is not a zero divisor, then the inverse 1

. . _ <1 — 1222
exists and is given by £ 71 = S where 23 + 22 # 0.
2+ z
1 2

Some of the properties of i;-conjugation, which are obtained by Rochon
and Shapiro [11] are listed as follows:



68 J. Hossain, S. Debnath, S. K. Paul

) =&+,
al)* = a{*’ where a € R,

) (
) (
(iii) (
) (
) (

é*)*
(iv) (&n)* = 5* 5
(v) (€H* = (€%)7Lif €71 exists,

D) () = &
(vi) (5)* = =
Rochon and Shapiro also obtained analogous properties of i5 conjugation.

Definition 3. Let S € N and S,, = {k € S: k < n}. The natural density

of S is represented and defined by §(S) = lim %, whenever it exists.
n—00

Definition 4. [5| Consider a nonempty set X. A family of subsets
Z < P(X) is termed an ideal on X if it satisfies the following conditions:

(1) For every X, Xy € Z, the union X; u X, belongs to Z.
(2) For every X € T and every subset X, of X1, X is also in Z.

In addition, T is said to be admissible if Vo € X, {z} € T and it is said to
be nontrivial if T # {} and X ¢ T.

Example 1. Below are some standard examples of ideals:

(1) The collection of all finite subsets of N constitutes a nontrivial ad-
missible ideal on N, denoted as Zy.

(2) The set comprising all subsets of N with natural density zero forms
a nontrivial admissible ideal on N. This particular ideal is denoted

as Zs.
(3) Z.={A = N: > a ! <o} = N. Then Z. forms an admissible ideal
acA
on N.

(4) Consider a partitioning of the natural numbers N into disjoint infi-

0
nite sets Dy, Do, D3, ..., such that N = | J D, and D, n D, = &
p=1
for p # q. The set Z, comprising all subsets of N that have finite
intersections with the sets D,, constitutes an ideal on N.

(5) For any q € (0,1] the set

={ACN: Za‘q<oo}

acA
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is an admissible ideal. The ideal

I(El) = {ACNZ Zail <oo}

aceA

is usually denoted by Z..

For any g € (0,1] the set Z? = {A = N: 3 a™% < o0} is an admissible
acA

ideal. The ideal Z." = {4 = N: 3 a~! < o0} is usually denoted by Z,.
aceA
It is easy to see that for any ¢; < g2, where ¢q, ¢ € (0,1),

I cIW cI®) c T, c T, (1)

Definition 5. [3] A family F < 2% of subsets of a nonempty set X is
deemed a filter in X if it satisfies the following conditions:

(1) The empty set J does not belong to F.
(2) For all Xy, X, € F, the intersection X; n X, is also in F.

(3) For every X, € F and every superset X, of X; containing X;, Xs is
also in F.

Definition 6. [3| If T is a proper non-trivial ideal in Y, then
F(I)={AcY:3BeI: A=Y — B} constitutes a filter in Y. This
filter is commonly referred to as the filter associated with the ideal T.

Definition 7. Let Z < P(N) denote a non-trivial ideal over N. We define
an Z-convergence for a real-valued sequence (,,) towards | as follows: for
every € > 0, the set H(e) = {n € N: |§, — 1| > ¢} must be an element
of I. Here, [ is called the Z-limit of the sequence (§,) and is denoted by:
Tlimg = L.

Definition 8. [7] An admissible ideal T of N is classified as a P-ideal (or
AP-ideal) if, for every countable family of mutually disjoint sets Aj, As,
As, ... from I, there exists a countable family of sets By, By, Bs, ... such

that the symmetric differences A;AB; are finite sets for every j € N, and
e}

Bj eT.
j=1
Definition 9. Consider an admissible ideal 7 in N. We define Z*-conver-
gence for a real-valued sequence (&) towards [ as follows: there exists a
set T = {t; <ty <...<ty <...} in the associated filter F(Z), such that

lim &, = . Symbolically, we write Z*-lim &, = [.
keT k
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Definition 10. [5] With respect to the Euclidean norm on C,, a se-
quence of bi-complex numbers (&) is deemed Z-convergent to t € Cy if,

for each € > 0, the set F'(¢) = {k e N: ||§ —t|c, = €} € L.
I lc,
t

Symbolically, we write, &

Definition 11. [5] Let Z be an admissible ideal. A sequence (&) of Cq
is deemed Z*-convergent to & € Cy with respect to the Euclidean norm on
CyifdasetT = {t; <ty <...<t, <...} in the associated filter F(I),
such that the subsequence (&, ) converges to &.
T

Symbolically, we write, & e, &.
Definition 12. With respect to the Fuclidean norm on C,, a sequence
of bi-complex numbers (&) is said to be ZI-convergent to t € Cy if, for
each € > 0, the set F'(¢) = {ke N: |& —t|c, = e} € T4.
Zé~|lc,

t.

Symbolically, we write &

3. Main Results.
Theorem 1. The ideal Z? holds the (AP) property in C, for any 0 <q< 1.

Proof. It suffices to prove that for any sequences (uy) € Cs, such that
Z-limuy, = &, there exists a set T' = {t; <ty < ... < tp < ...} € N,
such that N\T" € Z¢ and li’1€n u, = & For any positive integer £, let

er = 5r and Ay = {n € N: |luy, — {|lc, = 5} As Z¢-limuy, = £, we have
A € T4, ie. Y, a % < oo. Therefore, there exists an infinite sequence

aEAk
ny < ng < ...<ng < ...of integers, such that for every k = 1,2,...
a0
> a?< 5. Let H= | [(ng, nps1) 0 Ag]. Then
o =1
2
acH
o y _q _q 1 1 1
<Y a > a e+ ) a o< St ot < oo,
Ay ey el

Thus, HeZl. Pt T =N\H = {t1 <to < ... <t <...}.
Now it suffices to prove that klim u, = &. Let € > 0. Choose ky € N,
—00

such that 2%0 < €. Let t; > ny,. Then ¢, belongs to some interval
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(nj,nj+1), where j > ko and ¢ A;(j > ko). Hence, ¢, € N\A;, and then
|ur, —&|c, < € for every t > ng,, thus klim uy, = €. [
—00

Olivier’s like theorem for the ideals 77 in C,.
In 1827, L. Olivier established an important result concerning the con-
vergence rate for convergent series with positive, decreasing terms. He
o0
proved that for any non-increasing sequence (u,)r_, where >, wu, < +00,

n=1

it necessarily follows that lim n-wu, = 0. However, the monotonicity con-
n—aoo

dition is essential, as demonstrated by the counterexample where u,, = %
1

when n is a perfect square (n = k* for k = 1,2,...) and u, = 5 oth-
erwise. This example shows that without the monotonicity requirement,
the conclusion n - u,, — 0 may fail.

Building on this foundation, Saldt and Toma [12] extended this re-
search by characterizing the class of ideals S(7) for which the implication
holds: whenever a series with positive terms converges, the generalized

limit 7 — lim n - a, = 0 is satisfied. The class S(7T) consists of all admis-
n—0o0

sible ideals I < P(N), such that I > I.. From the inclusions in (1), it is
clear that the ideals I? do not belong to the class S(T). In what follows,
0

we show that it is possible to modify Olivier’s condition »] a, < +o in
n=1

such a way that the ideal 79 will play the role of the ideal Z, in Cs.

Definition 13. A sequence (u,) of Cy is said to be a non-decreasing
sequence with respect to the Euclidean norm ||.||c, if the corresponding se-
quence of real numbers (|u,|c,) Is non-decreasing, that Is,
Vn e N: Jluniife, 2 [unc,.

Lemma 1. If (u,) is a non-increasing sequence of Cy and

0
> |unlle, <+, then Z-lim nu, = 0.
n=1

n—00
Theorem 2. Let 0 < g < 1. For every sequence (u,) € Cy, such that

0¢]
>, < +00, Z¢ — lim nu, = 0.

n=1 n—o

Proof. Let the conclusion of the above theorem be false. Then there exists
e > 0, such that the set A(e) = {n e N: n.|u,|c, = ¢} ¢ Z2. Therefore,

0
dimt =+, 2)
k=1
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where A(e) = {m; < my < mg < ...my < ...}. By the definition of
the set A(e), we have my.|um,|lc, = € > 0, for each k € N. From this,
mi.|ul, |c, = €7 > 0, and, so, for each k € N:

Ju e, = %.my " (3)

From (2) and (3) we get 2 |ug, |lc, = +oo and, hence, Z |ud|c, = +o0.
k=1
But this contradicts the assumptlon of the theorem. []

Let us denote by S,(7T") the class of all admissible ideals Z for which
an analogous Theorem 2 holds.

Theorem 3. Let 0 < g < 1. Then, for every sequence (u,) of Co, the
class S,(T) consists of all admissible ideals such that T > Z7.

Proof. It is sufficient to prove that for any infinite set 7' = {t; < ...t; <
o0
..} € I? we have T € Z, too. Since T € Z¢, we have: ] t,? < 4.

k=1
Define a sequence (u,) € Cy, such that

¥ it and keN,
= mg
T ate e
0 |

o0

Obviously, u, > 0 and )] u] < +coo by the definition of the number wu,,.
k=1

Since Z € S,(T), we have Z-lim n.u,, = 0. This implies that for each ¢ > 0

we have the set A(e) = {n e N: |.u,lc, 2 e} eZ.

Z?—convergence and regular matrix transformations of the se-
quence of C,.
Let A = (an),n,k =1,2,... be an infinite matrix of Cy. The sequence

(t,) of Cy is said to be A-limitable to the number of s if lim s, = s,
n—0o0

0
where s, = > |ants|c,. If (t,) is A-limitable to the number s, we write
k=1

A-lim ¢, = s. We denote by F(A) the set of all A-limitable sequences.

n—0o0

The set F'(A) is called the convergence field. The method defined by the
matrix A is said to be regular provided that F'(A) contains all convergent

sequences and lim t,, = ¢t implies A-lim ¢, = t. Then A is called a regular
n—o0 n—0o0

matrix. It is well-known that a matrix A is regular if it satisfies the
following three conditions:
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0
(a) There exits K > 0,Yn=1,2,3,..., > |aw|c, < K;
k=1
(b) Vk=12,..., 1hn'HankHC2:: 0;
n—0o0

0
© Jim 3 e, = 1

We define a class of lower triangular non-negative matrices 7 with the
0

properties: > |anklc, = 1,¥n € N. If M < N, such that d(M) = 0, then
k=1

lim Y [ an]c, = 0.
n—00
keM

Let us define the class 7, of lower triangular non-negative matrices in
this way:

Definition 14. Matrix A = (an;) belongs to the class T, if and only if
it satisfies the following conditions:

a0
() Jimy 3% e, = 1,

(p2) If M =N and M e T¢, then lim > nklc, =0, 0<g < 1.

keM
It is easy to see that every matrix of class ], is regular. As the following
example shows, the converse does not hold.

Example 2. Let M = {n?’: n € N} and ¢ = 1. Clearly, M e I} =
Z.. Now define the matrix A by: a1 = uy + uo; a1 = uj.ug, k > 1;
e = 22k # Inn® k< ny oy = B2k = Inn? B < ng

ane = 0, k > n. It is easy to show that A is lower trlangular non-negative
regular matrix, but does not satisfy the condition (p,) from Definition 14.

Inn
2lnn - 2 -0

WV

1 1
D7 lankle, = gt )

k<n?
keA{

for n — oo. Therefore, A ¢ T;.

Lemma 2. If a bounded sequence (x,) is not Z-convergent, then there
exist real numbers A < pu, such that neither the set {n € N: |z,|lc, < A}
nor the set {n € N: ||z, |c, > A} belongs to ideal Z.

Theorem 4. Let 0 < g < 1. Then the bounded sequence () of Cq is
Z-convergence to L € Cy iff it is A-summable to L € Cy for each matrix

AeT,.
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Proof. Let Z¢-limca,, = L and A € 7,. As A is regular, there exists a
ke R, such that Vn e N, > |ank|c, < K. To prove the claim, it suffices
keM

[ee}
to show that lim b, = 0, where b, = >_ |au(ax — L)|c,. For e > 0, put

B(e) ={k e N: |(ax— L)|lc, = €}. By the assumption, we have B(e) € Z4.
By the condition (p2), from Definition 14 we have:

3 Jaue, =0 (4)
keB(e)

As the sequence (ay,) is bounded, 3 M > 0, such that Yk € N

l(ax — L)|c, < M. (5)
Let € > 0. Then

[balcs < 35 lamklleall (e = Dlles + D) lanklesll (o — L)e

keB(£) k¢B(5)

<M D Janle, + % Z lankllc, <M ). Hankllc2+—

keB(<) k¢ B(<) keB(<)

By part (ps) of Definition 14, there exists an ng € N, such that

€
Y n > ng, Z lank|c, < N

keB(£)

together with (6), we obtain lim b, = 0.
n—o0

Conversely, suppose that ZJ-lim o, = L does not hold. We show that
there exists a matrix A € 7;, such that A-lim «,, = L does not hold

n—0oo
neither. If ZJ-lim o, = L' # L, then from the first part of proof it follows
that A-lim o, = L # L for any A € 7, Thus, we may assume that

n—a0
(avn,) is not Z%-convergent, and by the above lemma 2 there exist A and

i (N < p), such that neither the set U = {k € N: |a,|c, < A} nor
V = {k e N: |ayl|lc, > 1} belongs to the ideal Z2. Clearly, U n'V = . If
U¢ T4 then Y, i 9= +co, and if V ¢ Z9, then > i79 = +oo.

el eV
Let U, =Un{1,2,3,...} and V,, =V n {1,2,3,...}. Now we define
the matrix A = (a,x) by the following way:

Syn = Z i 1 forneU, Sy = Z 11 forneV,
iEUn iEVn
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Sy = Zz”q forn¢ UnV.

i=1

As U, V ¢ T4, we have lim S, = +, j =1,2,3.

n—ao0

r ;;;(le;’ if neU and k € Uy;
1.6, ifnelU and k ¢ U,;
CLFYC eV andkeV,:

ank = { FS@)n
e1.6s, ifneV and k ¢ V,;
e1 + €2 .
f UnV;

k’q.S(::,)n’ iftn¢UnV,

L e1.€2, if k> n.

Let us check that A € 7,. Obviously, A is a lower triangular non-negative
matrix. Condition (p;) is clear from the definition of matrix A.
Let BeZdand b= > k™% < +c0. Then,

keB
Z HankHCQ =X Z kinB(k» < S(g)n - 07

keB S@n keBA{1,2,3,..}

for n — 0. Thus, Ae7,.
For n e U,

o8]
D lank-nl e, =
k=1

On the other hand, for n e V,

Zk v (k) lowlc, < Zk X (k

Dn =1 Dn .=

0

D lank-axlc, = 2 kv (K)o llc, > 2 kv (k

k=1 29n =y 29n =y

Therefore, A-lim «,, does not exist. []

n—0o0

Corollary 1. If0 < ¢ < ¢ <1, then T, € T,.

Proof. Let @ € Z»\Z%. Suppose (a,,) = xo(n), n = 1,2,3,.... Clearly,
Z%-lima,, = 0 and Z2'-lim o, does not exist. Let A be the matrix con-
structed from the sequence (a,) as in the proof of Theorem 4. In partic-
ular, A e 7" and A-lim z,, does not exist. Therefore, A ¢ 7%. []

n—aoo
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