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ON ℐ𝑄
𝐶-CONVERGENCE OF SEQUENCES
OF BI-COMPLEX NUMBERS

Abstract. In this paper, we study the properties of ideals ℐ𝑞𝑐 re-
lated to the notion of ℐ-convergence of sequences of bi-complex
numbers. We prove some results about modified Olivier’s theorem
for these ideals. For bounded sequences, we show a connection be-
tween ℐ𝑞𝑐 -convergence and regular matrix method of summability
of sequences of bi-complex numbers.
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1. Introduction. In 2001, Kostyrko et al. [9] introduced the concept
of ideal convergence, primarily as an extension of statistical convergence.
They demonstrated that ideal convergence serves as a generalized form of
some other established convergence concepts. In subsequent years, exten-
sive research in this particular direction was conducted by Debnath and
Rakshit [3], Choudhury and Debnath [2], [4], Hossain and Debnath [5],
alongside numerous other researchers.

In 1892, Segre [15] introduced the notion of bi-complex number, which
constitutes an algebra isomorphic to the literariness. In Price’s book [10],
the most comprehensive study of analysis in bi-complex numbers is avail-
able. For an extensive study on bi-complex number, one may refer to [5],
[11], [14], [17]. In recent years, many important results have been obtained
in this area. Some of them pertain to this work.

The study of convergence is one of the important tools in analysis.
Research on the convergence of sequences of bi-complex numbers is still in
its infancy and has not gained much ground. The current body of research
suggests a pronounced analogy in the convergence behavior of sequences
of bi-complex numbers.

Throughout the paper, C2 represents the set of all bi-complex numbers.
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2. Definitions and Preliminaries. Segre [15] defined a bi-complex
number as 𝜉 “ 𝑧1 ` 𝑖2𝑧2 “ 𝑥1 ` 𝑖1𝑥2 ` 𝑖2𝑥3 ` 𝑖1𝑖2𝑥4, where 𝑧1 “ 𝑥1 ` 𝑖1𝑥2,
𝑧2 “ 𝑥3 ` 𝑖1𝑥4 P C (set of complex numbers) and 𝑥1, 𝑥2, 𝑥3, 𝑥4 P R (set of
real numbers), and the independent units 𝑖1, 𝑖2 are such that 𝑖21 “ 𝑖22 “ ´1
and 𝑖1𝑖2 “ 𝑖2𝑖1. Denote the set of all bi-complex numbers by C2; it is
defined as: C2 “ t𝜉 : 𝜉 “ 𝑧1 ` 𝑖2𝑧2 : 𝑧1, 𝑧2 P Cu.

A bi-complex number 𝜉 “ 𝑥1 ` 𝑖1𝑥2 ` 𝑖2𝑥3 ` 𝑖1𝑖2𝑥4 is designated as a
hyperbolic number if 𝑥2 “ 0 and 𝑥3 “ 0. The collection of hyperbolic num-
bers is symbolically represented as ℋ, and the entirety of these hyperbolic
numbers is referred to as the ℋ-plane. Equipped with the coordinate-wise
addition, real scalar multiplication, and term-by-term multiplication, C2

becomes a commutative algebra with the identity 1 “ 1`𝑖1.0`𝑖2.0`𝑖1𝑖2.0.

In C2, there exist four idempotent elements, namely 0, 1, 𝑒1 “
1` 𝑖1𝑖2

2
,

and 𝑒2 “
1´ 𝑖1𝑖2

2
. It is obvious that 𝑒1 ` 𝑒2 “ 1 and 𝑒1𝑒2 “ 𝑒2𝑒1 “ 0.

Every bi-complex number 𝜉 “ 𝑧1 ` 𝑖2𝑧2 has a unique idempotent repre-
sentation as 𝜉 “ 𝑇1𝑒1 ` 𝑇2𝑒2 where 𝑇1 “ 𝑧1 ´ 𝑖1𝑧2 and 𝑇2 “ 𝑧1 ` 𝑖1𝑧2 are
called the idempotent components of 𝜉.

The Euclidean norm ‖¨‖ on C2 is defined as,

‖𝜉‖C2 “

b

𝑥21 ` 𝑥
2
2 ` 𝑥

2
3 ` 𝑥

2
4 “

a

|𝑧1|2 ` |𝑧2|2 “

c

|𝑇1|2 ` |𝑇2|2

2
,

where 𝜉 “ 𝑧1 ` 𝑖2𝑧2 “ 𝑥1 ` 𝑖1𝑥2 ` 𝑖2𝑥3 ` 𝑖1𝑖2𝑥4 “ 𝑇1𝑒1 ` 𝑇2𝑒2 with this
norm C2 is a Banach space.

Definition 1. [16] The 𝑖1-conjugate of a bi-complex number 𝜉 “ 𝑧1`𝑖2𝑧2
is denoted by 𝜉˚ “ 𝑧1`𝑖2𝑧2 @ 𝑧1, 𝑧2 P C. In this context, 𝑧1 and 𝑧2 represent
the complex conjugates of 𝑧1 and 𝑧2, respectively.

The 𝑖2-conjugate of a bi-complex number 𝜉 “ 𝑧1 ` 𝑖2𝑧2 is denoted by
𝜉 and is defined as 𝜉 “ 𝑧1 ´ 𝑖2𝑧2 @ 𝑧1, 𝑧2 P C.

The 𝑖1𝑖2-conjugate of a bi-complex number 𝜉 “ 𝑧1` 𝑖2𝑧2 is denoted by
𝜉
1 and defined as 𝜉1 “ 𝑧1 ´ 𝑖2𝑧2 @ 𝑧1, 𝑧2 P C; 𝑧1 and 𝑧2 are the complex

conjugates of 𝑧1 and 𝑧2, respectively.

Definition 2. If 𝜉 “ 𝑧1 ` 𝑖2𝑧2 is not a zero divisor, then the inverse 𝜉´1

exists and is given by 𝜉´1 “
𝑧1 ´ 𝑖2𝑧2
𝑧21 ` 𝑧

2
2

, where 𝑧21 ` 𝑧22 ‰ 0.

Some of the properties of 𝑖1-conjugation, which are obtained by Rochon
and Shapiro [11] are listed as follows:
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(i) p𝜉 ` 𝜂q˚ “ 𝜉˚ ` 𝜂˚,

(ii) p𝛼𝜉q˚ “ 𝛼𝜉˚’ where 𝛼 P R,
(iii) p𝜉˚q˚ “ 𝜉,

(iv) p𝜉𝜂q˚ “ 𝜉˚𝜂˚,

(v) p𝜉´1q˚ “ p𝜉˚q´1if 𝜉´1 exists,
(vi) p 𝜉

𝜂
q˚ “

𝜉˚

𝜂˚
.

Rochon and Shapiro also obtained analogous properties of 𝑖2 conjugation.

Definition 3. Let 𝑆 Ď N and 𝑆𝑛 “ t𝑘 P 𝑆 : 𝑘 6 𝑛u. The natural density
of 𝑆 is represented and defined by 𝛿p𝑆q “ lim

𝑛Ñ8

|𝑆𝑛|
𝑛

, whenever it exists.

Definition 4. [5] Consider a nonempty set X. A family of subsets
ℐ Ă 𝒫p𝑋q is termed an ideal on 𝑋 if it satisfies the following conditions:

(1) For every 𝑋1, 𝑋2 P ℐ, the union 𝑋1 Y𝑋2 belongs to ℐ.
(2) For every 𝑋1 P ℐ and every subset 𝑋2 of 𝑋1, 𝑋2 is also in ℐ.

In addition, ℐ is said to be admissible if @𝑥 P 𝑋, t𝑥u P ℐ and it is said to
be nontrivial if ℐ ‰ tHu and X R ℐ.

Example 1. Below are some standard examples of ideals:

(1) The collection of all finite subsets of N constitutes a nontrivial ad-
missible ideal on N, denoted as ℐ𝑓 .

(2) The set comprising all subsets of N with natural density zero forms
a nontrivial admissible ideal on N. This particular ideal is denoted
as ℐ𝛿.

(3) ℐ𝑐 “ t𝐴 Ď N :
ř

𝑎P𝐴

𝑎´1 ă 8u Ă N. Then ℐ𝑐 forms an admissible ideal

on N.
(4) Consider a partitioning of the natural numbers N into disjoint infi-

nite sets 𝐷1, 𝐷2, 𝐷3, . . ., such that N “
8
Ť

𝑝“1

𝐷𝑝 and 𝐷𝑝 X 𝐷𝑞 “ H

for 𝑝 ‰ 𝑞. The set ℐ, comprising all subsets of N that have finite
intersections with the sets 𝐷𝑝, constitutes an ideal on N.

(5) For any 𝑞 P p0, 1s the set

ℐp𝑞q𝑐 “

!

𝐴 Ă N :
ÿ

𝑎P𝐴

𝑎´𝑞 ă 8
)
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is an admissible ideal. The ideal

ℐp1q𝑐 “

!

𝐴 Ă N :
ÿ

𝑎P𝐴

𝑎´1 ă 8
)

is usually denoted by ℐ𝑐.
For any 𝑞 P p0, 1s the set ℐp𝑞q𝑐 “ t𝐴 Ă N :

ř

𝑎P𝐴

𝑎´𝑞 ă 8u is an admissible

ideal. The ideal ℐp1q𝑐 “ t𝐴 Ă N :
ř

𝑎P𝐴

𝑎´1 ă 8u is usually denoted by ℐ𝑐.

It is easy to see that for any 𝑞1 ă 𝑞2, where 𝑞1, 𝑞2 P p0, 1q,

ℐ𝑓 Ă ℐp𝑞1q𝑐 Ă ℐp𝑞2q𝑐 Ă ℐ𝑐 Ă ℐ𝑑. (1)

Definition 5. [3] A family ℱ Ă 2X of subsets of a nonempty set X is
deemed a filter in X if it satisfies the following conditions:

(1) The empty set H does not belong to ℱ .
(2) For all 𝑋1, 𝑋2 P ℱ , the intersection 𝑋1 X𝑋2 is also in ℱ .
(3) For every 𝑋1 P ℱ and every superset 𝑋2 of 𝑋1 containing 𝑋1, 𝑋2 is

also in ℱ .

Definition 6. [3] If ℐ is a proper non-trivial ideal in 𝑌 , then
ℱpℐq “ t𝐴 Ă 𝑌 : D𝐵 P ℐ : 𝐴 “ 𝑌 ´ 𝐵u constitutes a filter in 𝑌 . This
filter is commonly referred to as the filter associated with the ideal ℐ.

Definition 7. Let ℐ Ă 𝑃 pNq denote a non-trivial ideal over N. We define
an ℐ-convergence for a real-valued sequence p𝜉𝑛q towards 𝑙 as follows: for
every 𝜀 ą 0, the set 𝐻p𝜀q “ t𝑛 P N : |𝜉𝑛 ´ 𝑙| > 𝜀u must be an element
of ℐ. Here, 𝑙 is called the ℐ-limit of the sequence p𝜉𝑛q and is denoted by:
ℐ-lim

𝑘
𝜉𝑘 “ 𝑙.

Definition 8. [7] An admissible ideal ℐ of N is classified as a P-ideal (or
AP-ideal) if, for every countable family of mutually disjoint sets 𝐴1, 𝐴2,
𝐴3, . . . from ℐ, there exists a countable family of sets 𝐵1, 𝐵2, 𝐵3, . . . such
that the symmetric differences 𝐴𝑗∆𝐵𝑗 are finite sets for every 𝑗 P N, and
8
Ť

𝑗“1

𝐵𝑗 P ℐ.

Definition 9. Consider an admissible ideal ℐ in N. We define ℐ˚-conver-
gence for a real-valued sequence p𝜉𝑘q towards 𝑙 as follows: there exists a
set 𝑇 “ t𝑡1 ă 𝑡2 ă . . . ă 𝑡𝑘 ă . . .u in the associated filter ℱpℐq, such that
lim
𝑘P𝑇

𝜉𝑘 “ 𝑙. Symbolically, we write ℐ˚-lim
𝑘
𝜉𝑘 “ 𝑙.
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Definition 10. [5] With respect to the Euclidean norm on C2, a se-
quence of bi-complex numbers p𝜉𝑘q is deemed ℐ-convergent to 𝑡 P C2 if,
for each 𝜀 ą 0, the set 𝐹 p𝜀q “ t𝑘 P N : }𝜉𝑘 ´ 𝑡}C2 > 𝜀u P ℐ.

Symbolically, we write, 𝜉𝑘
ℐ´}¨}C2
ÝÝÝÝÑ 𝑡.

Definition 11. [5] Let ℐ be an admissible ideal. A sequence p𝜉𝑘q of C2

is deemed ℐ˚-convergent to 𝜉 P C2 with respect to the Euclidean norm on
C2 if D a set 𝑇 “ t𝑡1 ă 𝑡2 ă . . . ă 𝑡𝑘 ă . . .u in the associated filter ℱpℐq,
such that the subsequence p𝜉𝑡𝑘q converges to 𝜉.

Symbolically, we write, 𝜉𝑘
ℐ˚´}¨}C2
ÝÝÝÝÝÑ 𝜉.

Definition 12. With respect to the Euclidean norm on C2, a sequence
of bi-complex numbers p𝜉𝑘q is said to be ℐ𝑞𝑐 -convergent to 𝑡 P C2 if, for
each 𝜀 ą 0, the set 𝐹 p𝜀q “ t𝑘 P N : }𝜉𝑘 ´ 𝑡}C2 > 𝜀u P ℐ𝑞𝑐 .
Symbolically, we write 𝜉𝑘

ℐ𝑞𝑐´}¨}C2
ÝÝÝÝÝÑ 𝑡.

3. Main Results.

Theorem 1. The ideal ℐ𝑞𝑐 holds the (AP) property in C2 for any 0ă𝑞61.

Proof. It suffices to prove that for any sequences p𝑢𝑘q P C2, such that
ℐ𝑞𝑐 -lim𝑢𝑘 “ 𝜉, there exists a set 𝑇 “ t𝑡1 ă 𝑡2 ă . . . ă 𝑡𝑘 ă . . .u Ď N,
such that Nz𝑇 P ℐ𝑞𝑐 and lim

𝑘
𝑢𝑡𝑘 “ 𝜉. For any positive integer 𝑘, let

𝜀𝑘 “
1
2𝑘

and 𝐴𝑘 “ t𝑛 P N : }𝑢𝑘 ´ 𝜉}C2 > 1
2𝑘
u. As ℐ𝑞𝑐 -lim𝑢𝑘 “ 𝜉, we have

𝐴𝑘 P ℐ𝑞𝑐 , i.e.
ř

𝑎P𝐴𝑘

𝑎´𝑞 ă 8. Therefore, there exists an infinite sequence

𝑛1 ă 𝑛2 ă . . . ă 𝑛𝑘 ă . . . of integers, such that for every 𝑘 “ 1, 2, . . .
ř

𝑎ą𝑛𝑘,
𝑎P𝐴𝑘

𝑎´𝑞 ă 1
2𝑘

. Let 𝐻 “
8
Ť

𝑘“1

rp𝑛𝑘, 𝑛𝑘`1q X 𝐴𝑘s. Then

ÿ

𝑎P𝐻

𝑎´𝑞

6
ÿ

𝑎ą𝑛1,
𝑎P𝐴1

𝑎´𝑞`
ÿ

𝑎ą𝑛2,
𝑎P𝐴2

𝑎´𝑞`¨ ¨ ¨`
ÿ

𝑎ą𝑛𝑘,
𝑎P𝐴𝑘

𝑎´𝑞`¨ ¨ ¨ ă
1

2
`

1

22
`¨ ¨ ¨`

1

2𝑘
`¨ ¨ ¨ ă `8.

Thus, 𝐻 P ℐ𝑞𝑐 . Put 𝑇 “ Nz𝐻 “ t𝑡1 ă 𝑡2 ă . . . ă 𝑡𝑘 ă . . .u.
Now it suffices to prove that lim

𝑘Ñ8
𝑢𝑡𝑘 “ 𝜉. Let 𝜀 ą 0. Choose 𝑘0 P N,

such that 1
2𝑘0

ă 𝜀. Let 𝑡𝑘 ą 𝑛𝑘0 . Then 𝑡𝑘 belongs to some interval
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p𝑛𝑗, 𝑛𝑗`1q, where 𝑗 > 𝑘0 and R 𝐴𝑗p𝑗 > 𝑘0q. Hence, 𝑡𝑘 P Nz𝐴𝑗, and then
}𝑢𝑡𝑘 ´ 𝜉}C2 ă 𝜀 for every 𝑡𝑘 ą 𝑛𝑘0 , thus lim

𝑘Ñ8
𝑢𝑡𝑘 “ 𝜉. l

Olivier’s like theorem for the ideals ℐ𝑞𝑐 in C2.
In 1827, L. Olivier established an important result concerning the con-

vergence rate for convergent series with positive, decreasing terms. He

proved that for any non-increasing sequence p𝑢𝑛q8𝑛“1 where
8
ř

𝑛“1

𝑢𝑛 ă `8,

it necessarily follows that lim
𝑛Ñ8

𝑛 ¨ 𝑢𝑛 “ 0. However, the monotonicity con-

dition is essential, as demonstrated by the counterexample where 𝑢𝑛 “ 1
𝑛

when 𝑛 is a perfect square (𝑛 “ 𝑘2 for 𝑘 “ 1, 2, . . .) and 𝑢𝑛 “
1
2𝑛

oth-
erwise. This example shows that without the monotonicity requirement,
the conclusion 𝑛 ¨ 𝑢𝑛 Ñ 0 may fail.

Building on this foundation, Šalát and Toma [12] extended this re-
search by characterizing the class of ideals 𝒮p𝒯 q for which the implication
holds: whenever a series with positive terms converges, the generalized
limit 𝐼 ´ lim

𝑛Ñ8
𝑛 ¨ 𝑎𝑛 “ 0 is satisfied. The class 𝒮p𝒯 q consists of all admis-

sible ideals 𝐼 Ă 𝒫pNq, such that 𝐼 Ą 𝐼𝑐. From the inclusions in (1), it is
clear that the ideals 𝐼p𝑞q𝑐 do not belong to the class 𝒮p𝒯 q. In what follows,

we show that it is possible to modify Olivier’s condition
8
ř

𝑛“1

𝑎𝑛 ă `8 in

such a way that the ideal ℐp𝑞q𝑐 will play the role of the ideal ℐ𝑐 in C2.

Definition 13. A sequence p𝑢𝑛q of C2 is said to be a non-decreasing
sequence with respect to the Euclidean norm }.}C2 if the corresponding se-
quence of real numbers p}𝑢𝑛}C2q is non-decreasing, that is,
@𝑛 P N : }𝑢𝑛`1}C2 > }𝑢𝑛}C2 .

Lemma 1. If p𝑢𝑛q is a non-increasing sequence of C2 and
8
ř

𝑛“1

}𝑢𝑛}C2ă`8, then ℐ- lim
𝑛Ñ8

𝑛𝑢𝑛 “ 0.

Theorem 2. Let 0 ă 𝑞 6 1. For every sequence p𝑢𝑛q P C2, such that
8
ř

𝑛“1

}𝑢𝑞𝑛}C2 ă `8, ℐ𝑞𝑐 ´ lim
𝑛Ñ8

𝑛𝑢𝑛 “ 0.

Proof. Let the conclusion of the above theorem be false. Then there exists
𝜀 ą 0, such that the set 𝐴p𝜀q “ t𝑛 P N : 𝑛.}𝑢𝑛}C2 > 𝜀u R ℐ𝑞𝑐 . Therefore,

8
ÿ

𝑘“1

𝑚´𝑞
𝑘 “ `8, (2)
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where 𝐴p𝜀q “ t𝑚1 ă 𝑚2 ă 𝑚3 ă . . .𝑚𝑘 ă . . . u. By the definition of
the set 𝐴p𝜀q, we have 𝑚𝑘.}𝑢𝑚𝑘}C2 > 𝜀 ą 0, for each 𝑘 P N. From this,
𝑚𝑞
𝑘.}𝑢

𝑞
𝑚𝑘
}C2 > 𝜀𝑞 ą 0, and, so, for each 𝑘 P N:

}𝑢𝑞𝑚𝑘}C2 > 𝜀𝑞.𝑚´𝑞
𝑘 . (3)

From (2) and (3) we get
8
ř

𝑘“1

}𝑢𝑞𝑚𝑘}C2 “ `8 and, hence,
8
ř

𝑘“1

}𝑢𝑞𝑛}C2 “ `8.

But this contradicts the assumption of the theorem. l

Let us denote by 𝑆𝑞p𝑇 q the class of all admissible ideals ℐ for which
an analogous Theorem 2 holds.

Theorem 3. Let 0 ă 𝑞 6 1. Then, for every sequence p𝑢𝑛q of C2, the
class 𝑆𝑞p𝑇 q consists of all admissible ideals such that ℐ Ě ℐ𝑞𝑐 .
Proof. It is sufficient to prove that for any infinite set 𝑇 “ t𝑡1 ă . . . 𝑡𝑘 ă

. . . u P ℐ𝑞𝑐 we have 𝑇 P ℐ, too. Since 𝑇 P ℐ𝑞𝑐 , we have:
8
ř

𝑘“1

𝑡´𝑞𝑘 ă `8.

Define a sequence p𝑢𝑛q P C2, such that

𝑢𝑘 “

$

’

&

’

%

𝑒1 ` 𝑒2
𝑚𝑘

, if 𝑛 “ 𝑡𝑘 and 𝑘 P N,
𝑒1 ` 𝑒2

10𝑛
, if 𝑛 P Nz𝑀.

Obviously, 𝑢𝑛 ą 0 and
8
ř

𝑘“1

𝑢𝑞𝑘 ă `8 by the definition of the number 𝑢𝑛.

Since ℐ P 𝑆𝑞p𝑇 q, we have ℐ-lim 𝑛.𝑢𝑛 “ 0. This implies that for each 𝜀 ą 0
we have the set 𝐴p𝜀q “ t𝑛 P N : }.𝑢𝑛}C2 > 𝜀u P ℐ. l

ℐ𝑞𝑐´convergence and regular matrix transformations of the se-
quence of C2.

Let 𝐴 “ p𝑎𝑛𝑘q, 𝑛, 𝑘 “ 1, 2, . . . be an infinite matrix of C2. The sequence
p𝑡𝑛q of C2 is said to be 𝐴-limitable to the number of 𝑠 if lim

𝑛Ñ8
𝑠𝑛 “ 𝑠,

where 𝑠𝑛 “
8
ř

𝑘“1

}𝑎𝑛𝑘𝑡𝑘}C2 . If p𝑡𝑛q is 𝐴-limitable to the number 𝑠, we write

𝐴- lim
𝑛Ñ8

𝑡𝑛 “ 𝑠. We denote by 𝐹 p𝐴q the set of all 𝐴-limitable sequences.
The set 𝐹 p𝐴q is called the convergence field. The method defined by the
matrix 𝐴 is said to be regular provided that 𝐹 p𝐴q contains all convergent
sequences and lim

𝑛Ñ8
𝑡𝑛 “ 𝑡 implies 𝐴- lim

𝑛Ñ8
𝑡𝑛 “ 𝑡. Then 𝐴 is called a regular

matrix. It is well-known that а matrix 𝐴 is regular if it satisfies the
following three conditions:
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(a) There exits 𝐾 ą 0, @𝑛 “ 1, 2, 3, . . . ,
8
ř

𝑘“1

}𝑎𝑛𝑘}C2 6 𝐾;

(b) @𝑘 “ 1,2, . . . , lim
𝑛Ñ8

}𝑎𝑛𝑘}C2 “ 0;

(c) lim
𝑛Ñ8

8
ÿ

𝑘“1

}𝑎𝑛𝑘}C2 “ 1.

We define a class of lower triangular non-negative matrices 𝒯 with the

properties:
8
ř

𝑘“1

}𝑎𝑛𝑘}C2 “ 1, @𝑛 P N. If 𝑀 Ď N, such that 𝑑p𝑀q “ 0, then

lim
𝑛Ñ8

ÿ

𝑘P𝑀

}𝑎𝑛𝑘}C2 “ 0.

Let us define the class 𝒯𝑞 of lower triangular non-negative matrices in
this way:

Definition 14. Matrix 𝐴 “ p𝑎𝑛𝑘q belongs to the class 𝒯𝑞 if and only if
it satisfies the following conditions:

p𝑝1q lim
𝑛Ñ8

8
ÿ

𝑘“1

}𝑎𝑛𝑘}C2 “ 1,

p𝑝2q If 𝑀 Ď N and 𝑀 P ℐ𝑞𝑐 , then lim
𝑛Ñ8

ÿ

𝑘P𝑀

}𝑎𝑛𝑘}C2 “ 0, 0 ă 𝑞 6 1.

It is easy to see that every matrix of class 𝒯𝑞 is regular. As the following
example shows, the converse does not hold.

Example 2. Let 𝑀 “ t𝑛2 : 𝑛 P Nu and 𝑞 “ 1. Clearly, 𝑀 P ℐ1
𝑐 “

ℐ𝑐. Now define the matrix 𝐴 by: 𝑎11 “ 𝑢1 ` 𝑢2; 𝑎1𝑘 “ 𝑢1.𝑢2, 𝑘 ą 1;
𝑎𝑛𝑘 “

𝑢1`𝑢2
2𝑘. ln𝑛

, 𝑘 ‰ ln𝑛2, 𝑘 6 𝑛; 𝑎𝑛𝑘 “
𝑢1`𝑢2
𝑙. ln𝑛

, 𝑘 “ ln𝑛2, 𝑘 6 𝑛;
𝑎𝑛𝑘 “ 0, 𝑘 ą 𝑛. It is easy to show that 𝐴 is lower triangular non-negative
regular matrix, but does not satisfy the condition p𝑝2q from Definition 14.

ÿ

𝑘ă𝑛2,
𝑘P𝑀

}𝑎𝑛𝑘}C2 “
1

ln𝑛2
p1`

1

2
` ¨ ¨ ¨ `

1

𝑛
q >

ln𝑛

2 ln𝑛
“

1

2
Û 0

for 𝑛Ñ 8. Therefore, 𝐴 R 𝒯1.

Lemma 2. If a bounded sequence p𝑥𝑛q is not ℐ-convergent, then there
exist real numbers 𝜆 ă 𝜇, such that neither the set t𝑛 P N : }𝑥𝑛}C2 ă 𝜆u
nor the set t𝑛 P N : }𝑥𝑛}C2 ą 𝜆u belongs to ideal ℐ.

Theorem 4. Let 0 ă 𝑞 6 1. Then the bounded sequence p𝛼𝑛q of C2 is
ℐ𝑞𝑐 -convergence to 𝐿 P C2 iff it is A-summable to 𝐿 P C2 for each matrix
𝐴 P 𝒯𝑞.
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Proof. Let ℐ𝑞𝑐 -lim𝛼𝑛 “ 𝐿 and 𝐴 P 𝒯𝑞. As 𝐴 is regular, there exists a
𝑘 P R, such that @𝑛 P N,

ř

𝑘P𝑀

}𝑎𝑛𝑘}C2 6 𝐾. To prove the claim, it suffices

to show that lim
𝑛Ñ8

𝑏𝑛 “ 0, where 𝑏𝑛 “
8
ř

𝑘“1

}𝑎𝑛𝑘p𝛼𝑘 ´ 𝐿q}C2 . For 𝜀 ą 0, put

𝐵p𝜀q “ t𝑘 P N : }p𝛼𝑘´𝐿q}C2 > 𝜀u. By the assumption, we have 𝐵p𝜀q P ℐ𝑞𝑐 .
By the condition p𝑝2q, from Definition 14 we have:

lim
𝑛Ñ8

ÿ

𝑘P𝐵p𝜀q

}𝑎𝑛𝑘}C2 “ 0. (4)

As the sequence p𝛼𝑛q is bounded, D𝑀 ą 0, such that @𝑘 P N

}p𝛼𝑘 ´ 𝐿q}C2 6𝑀. (5)

Let 𝜀 ą 0. Then

}𝑏𝑛}C2 6
ÿ

𝑘P𝐵p 𝜀
2𝑘
q

}𝑎𝑛𝑘}C2}p𝛼𝑘 ´ 𝐿q}C2 `
ÿ

𝑘R𝐵p 𝜀
2𝑘
q

}𝑎𝑛𝑘}C2}p𝛼𝑘 ´ 𝐿q}C2

6𝑀
ÿ

𝑘P𝐵p 𝜀
2𝑘
q

}𝑎𝑛𝑘}C2 `
𝜀

2𝑘

ÿ

𝑘R𝐵p 𝜀
2𝑘
q

}𝑎𝑛𝑘}C2 6𝑀
ÿ

𝑘P𝐵p 𝜀
2𝑘
q

}𝑎𝑛𝑘}C2 `
𝜀

2
.

(6)

By part p𝑝2q of Definition 14, there exists an 𝑛0 P N, such that

@𝑛 ą 𝑛0,
ÿ

𝑘P𝐵p 𝜀
2𝑘
q

}𝑎𝑛𝑘}C2 ă
𝜀

2𝑀
;

together with (6), we obtain lim
𝑛Ñ8

𝑏𝑛 “ 0.
Conversely, suppose that ℐ𝑞𝑐 -lim𝛼𝑛 “ 𝐿 does not hold. We show that

there exists a matrix 𝐴 P 𝒯𝑞, such that 𝐴- lim
𝑛Ñ8

𝛼𝑛 “ 𝐿 does not hold

neither. If ℐ𝑞𝑐 -lim𝛼𝑛 “ 𝐿
1

‰ 𝐿, then from the first part of proof it follows
that 𝐴- lim

𝑛Ñ8
𝛼𝑛 “ 𝐿

1

‰ 𝐿 for any 𝐴 P 𝒯𝑞. Thus, we may assume that
p𝛼𝑛q is not ℐ𝑞𝑐 -convergent, and by the above lemma 2 there exist 𝜆 and
𝜇 p𝜆 ă 𝜇q, such that neither the set 𝑈 “ t𝑘 P N : }𝛼𝑛}C2 ă 𝜆u nor
𝑉 “ t𝑘 P N : }𝛼𝑛}C2 ą 𝜇u belongs to the ideal ℐ𝑞𝑐 . Clearly, 𝑈 X 𝑉 “ H. If
𝑈 R ℐ𝑞𝑐 , then

ř

𝑖P𝑈

𝑖´𝑞 “ `8, and if 𝑉 R ℐ𝑞𝑐 , then
ř

𝑖P𝑉

𝑖´𝑞 “ `8.

Let 𝑈𝑛 “ 𝑈 X t1, 2, 3, . . . u and 𝑉𝑛 “ 𝑉 X t1, 2, 3, . . . u. Now we define
the matrix 𝐴 “ p𝑎𝑛𝑘q by the following way:

𝑆p1q𝑛 “
ÿ

𝑖P𝑈𝑛

𝑖´𝑞 for 𝑛 P 𝑈, 𝑆p2q𝑛 “
ÿ

𝑖P𝑉𝑛

𝑖´𝑞 for 𝑛 P 𝑉,
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𝑆p3q𝑛 “
𝑛
ÿ

𝑖“1

𝑖´𝑞 for 𝑛 R 𝑈 X 𝑉.

As 𝑈, 𝑉 R ℐ𝑞𝑐 , we have lim
𝑛Ñ8

𝑆p𝑗q𝑛 “ `8, 𝑗 “ 1, 2, 3.

𝑎𝑛𝑘 “

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

𝑒1 ` 𝑒2
𝑘𝑞.𝑆p1q𝑛

, if 𝑛 P 𝑈 and 𝑘 P 𝑈𝑛;

𝑒1.𝑒2, if 𝑛 P 𝑈 and 𝑘 R 𝑈𝑛;
𝑒1 ` 𝑒2
𝑘𝑞.𝑆p2q𝑛

, if 𝑛 P 𝑉 and 𝑘 P 𝑉𝑛;

𝑒1.𝑒2, if 𝑛 P 𝑉 and 𝑘 R 𝑉𝑛;
𝑒1 ` 𝑒2
𝑘𝑞.𝑆p3q𝑛

, if 𝑛 R 𝑈 X 𝑉 ;

𝑒1.𝑒2, if 𝑘 ą 𝑛.

Let us check that 𝐴 P 𝒯𝑞. Obviously, 𝐴 is a lower triangular non-negative
matrix. Condition p𝑝1q is clear from the definition of matrix 𝐴.

Let 𝐵 P ℐ𝑞𝑐 and 𝑏 “
ř

𝑘P𝐵

𝑘´𝑞 ă `8. Then,

ÿ

𝑘P𝐵

}𝑎𝑛𝑘}C2 6
1

𝑆p3q𝑛

ÿ

𝑘P𝐵Xt1,2,3,... u

𝑘´𝑞𝜒𝐵p𝑘q 6
𝑏

𝑆p3q𝑛
Ñ 0,

for 𝑛Ñ 8. Thus, 𝐴 P 𝒯𝑞.
For 𝑛 P 𝑈 ,
8
ÿ

𝑘“1

}𝑎𝑛𝑘.𝛼𝑘}C2 “
1

𝑆p1q𝑛

8
ÿ

𝑘“1

𝑘´𝑞𝜒𝑈p𝑘q}𝛼𝑘}C2 ă
𝜆

𝑆p1q𝑛

8
ÿ

𝑘“1

𝑘´𝑞𝜒𝑈p𝑘q “ 𝜆.

On the other hand, for 𝑛 P 𝑉 ,
8
ÿ

𝑘“1

}𝑎𝑛𝑘.𝛼𝑘}C2 “
1

𝑆p2q𝑛

8
ÿ

𝑘“1

𝑘´𝑞𝜒𝑉 p𝑘q}𝛼𝑘}C2 ą
𝜇

𝑆p2q𝑛

8
ÿ

𝑘“1

𝑘´𝑞𝜒𝑉 p𝑘q “ 𝜇.

Therefore, 𝐴- lim
𝑛Ñ8

𝛼𝑛 does not exist. l

Corollary 1. If 0 ă 𝑞1 ă 𝑞2 6 1, then 𝒯𝑞2 Ę 𝒯𝑞1 .
Proof. Let 𝑄 P ℐ𝑞2𝑐 zℐ𝑞1𝑐 . Suppose p𝛼𝑛q “ 𝜒𝑄p𝑛q, 𝑛 “ 1, 2, 3, . . . . Clearly,
ℐ𝑞2𝑐 -lim𝛼𝑛 “ 0 and ℐ𝑞1𝑐 -lim𝛼𝑛 does not exist. Let 𝐴 be the matrix con-
structed from the sequence p𝛼𝑛q as in the proof of Theorem 4. In partic-
ular, 𝐴 P ℐ𝑞1𝑐 and 𝐴- lim

𝑛Ñ8
𝑥𝑛 does not exist. Therefore, 𝐴 R ℐ𝑞2𝑐 . l
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