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ON NUMERICAL RADIUS INEQUALITIES FOR
OPERATOR PRODUCTS IN HILBERT SPACES

Abstract. We establish several numerical radius inequalities for
products of two operators on a Hilbert space. Some of the obtained
inequalities improve well-known results. More precisely, we show
that if 𝐴,𝐵 P 𝐵p𝐻q double commute, then

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q `
1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q.

In particular, if in addition 𝐴𝐵 “ 𝐵𝐴˚, we prove that

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q.
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1. Introduction. Throughout this paper, let 𝐻 be a complex Hilbert
space. We denote by 𝐵p𝐻q the 𝐶˚-algebra of all bounded linear operators
on 𝐻. For 𝐴 P 𝐵p𝐻q, the numerical range of 𝐴 is defined by

𝑊 p𝐴q “ tx𝐴𝑥, 𝑥y : 𝑥 P 𝐻, }𝑥} “ 1u ,

and the numerical radius of 𝐴 is given by

𝑤p𝐴q “ supt|𝑧| : 𝑧 P 𝑊 p𝐴qu.

The numerical range 𝑊 p𝐴q, like the spectrum 𝜎p𝐴q, is a subset of the
complex plane. A classical result of Hausdorff and Toeplitz [5], [11] states
that 𝑊 p𝐴q is convex and bounded, and its closure contains the convex hull
of 𝜎p𝐴q. Moreover, 𝑊 p𝐴q is closed if dimp𝐻q ă 8, but not necessarily
when dimp𝐻q “ 8.
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It is well known that the numerical radius defines a norm on 𝐵p𝐻q
equivalent to the operator norm } ¨ }. Specifically, for all 𝐴 P 𝐵p𝐻q,

𝑤p𝐴q 6 }𝐴} 6 2𝑤p𝐴q, (1)

and both inequalities are sharp: equality holds on the left if 𝐴 is normal,
and on the right if 𝐴2 “ 0.

For 𝐴 P 𝐵p𝐻q, define the distance from 𝐴 to the scalar operators by

𝑑p𝐴q “ inft}𝐴´ 𝜆𝐼} : 𝜆 P Cu,

where 𝐼 denotes the identity operator on 𝐻. According to [10],

𝑑2p𝐴q “ sup
𝑥PS
t}𝐴𝑥}2 ´ |x𝐴𝑥, 𝑥y|2u, (2)

where S “ t𝑥 P 𝐻 : }𝑥} “ 1u denotes the unit sphere of 𝐻. In order to
compute the norm of the inner derivation 𝛿𝐴 associated with 𝐴 P 𝐵p𝐻q,
Stampfli [10] introduced the so called maximal numerical range 𝑊maxp𝐴q
defined as follows:

𝑊maxp𝐴q “ tlim
𝑛
x𝐴𝑥𝑛, 𝑥𝑛y : 𝑥𝑛 P 𝐻, }𝑥𝑛} “ 1, lim

𝑛
}𝐴𝑥𝑛} “ }𝐴}u.

In the same paper, it was shown that𝑊maxp𝐴q is nonempty, closed, convex,
and contained in the closure of the numerical range. In [6], the author
proves that

}𝐴} 6
a

𝑤2p𝐴q ` 𝑑2p𝐴q. (3)

It is known that the numerical radius is not submultiplicative. If
𝐴,𝐵 P ℬp𝐻q, then

𝑤p𝐴𝐵q 6 4𝑤p𝐴q𝑤p𝐵q. (4)

When 𝐴𝐵 “ 𝐵𝐴, it always holds that

𝑤p𝐴𝐵q 6 2𝑤p𝐴q𝑤p𝐵q. (5)

If 𝐴 and 𝐵 double commute, then

𝑤p𝐴𝐵q 6 𝑤p𝐴q}𝐵}. (6)

If A is an isometry and 𝐴𝐵 “ 𝐵𝐴, or a unitary operator that commutes
with another operator 𝐵, then

𝑤p𝐴𝐵q 6 𝑤p𝐵q. (7)
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For more details, see [4]. In [1] the authors prove that for all 𝐴,𝐵 P 𝐵p𝐻q,

𝑤p𝐴𝐵q 6 }𝐴}𝑤p𝐵q `
1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q. (8)

If 𝐴,𝐵 P 𝐵p𝐻q double commute, we show that

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q `
1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q.

In particular, if 𝐴,𝐵 P 𝐵p𝐻q double commute and 𝐴𝐵 “ 𝐵𝐴˚, we prove
that

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q.

The authors in [1] present an improvement of inequality (4) by establishing
that

𝑤p𝐴𝐵q 6 p}𝐴} ` 𝑑p𝐴qq𝑤p𝐵q. (9)

If 𝐴 and 𝐵 double commute, then inequality (9) can be improved by
showing that

𝑤p𝐴𝐵q 6
a

𝑐2maxp𝐴q ` 𝑑
2p𝐴q𝑤p𝐵q,

where 𝑐maxp𝐴q “ inf
𝜆P𝑊maxp𝐴q

|𝜆|.

In [3], the authors show that for all 𝐴,𝐵 P ℬp𝐻q,

𝑤p𝐴˚𝐵 `𝐵𝐴q 6 2}𝐴}𝑤p𝐵q. (10)

Based on the inequality (10), the authors in [1] remark that

𝑤p𝐴˚𝐵 ˘𝐵𝐴q 6 2}𝐴}𝑤p𝐵q. (11)

For 𝐴,𝐵 P 𝐵p𝐻q, set

ℐ𝐴,𝐵 “ tx𝐴𝑥, 𝑥yx𝐵𝑥, 𝑥y : 𝑥 P Su.

We prove that
𝑊 p𝐴𝐵q Ă ℐ𝐴,𝐵 `𝑊0p𝐴q𝑊0p𝐵q,

where 𝑊0p𝐴q “ tx𝐴𝑥, 𝑦y : p𝑥, 𝑦q P S2, x𝑥, 𝑦y “ 0u. In particular, we get

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q ` 𝑑p𝐴q𝑑p𝐵q.

For a compact set 𝐾 Ă C, define

|𝐾| “ sup
𝑧P𝐾

|𝑧|.
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2. Main results. We need the following result.

Lemma 1. [2] Let 𝐴 P ℬp𝐻q. Then

𝑑p𝐴q “ supt|x𝐴𝑥, 𝑦y| : p𝑥, 𝑦q P S2, x𝑥, 𝑦y “ 0u.

Theorem 1. Let 𝐴,𝐵 P 𝐵p𝐻q. Then

𝑊 p𝐴𝐵q Ă ℐ𝐴,𝐵 `𝑊0p𝐴q𝑊0p𝐵q. (12)

In particular,
𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q ` 𝑑p𝐴q𝑑p𝐵q. (13)

Proof. Let 𝑥 P S. Then there exists 𝑦 P S, such that x𝑥, 𝑦y “ 0 and

𝐵𝑥 “ 𝛼𝑥` 𝛽𝑦.

Hence,
x𝐴𝐵𝑥, 𝑥y “ x𝐴𝑥, 𝑥yx𝐵𝑥, 𝑥y ` x𝐵𝑥, 𝑦yx𝐴𝑦, 𝑥y.

Thus, x𝐴𝐵𝑥, 𝑥y P ℐ𝐴,𝐵 `𝑊0p𝐴q𝑊0p𝐵q. Then

𝑊 p𝐴𝐵q Ă ℐ𝐴,𝐵 `𝑊0p𝐴q𝑊0p𝐵q.

By inequality (12) and Lemma 1, we get inequality (13). l

Recall that an operator 𝐴 is called hyponormal if

𝐴˚𝐴´ 𝐴𝐴˚ > 0.

Lemma 2. [9] Let 𝐴 P 𝐵p𝐻q be a hyponormal operator. Then

𝑊 p𝐴q “ 𝑐𝑜𝑛𝑣p𝜎p𝐴qq.

Moreover, for all 𝜆 P C,

𝑤p𝐴´ 𝜆𝐼q “ }𝐴´ 𝜆𝐼}.

Let 𝑅p𝐴q denote the radius of the smallest disk in the complex plane
containing 𝜎p𝐴q.

Theorem 2. Let 𝐴,𝐵 P 𝐵p𝐻q with 𝐴 hyponormal. Then

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q `𝑅p𝐴q𝑑p𝐵q. (14)
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Proof. Since 𝐴 is hyponormal, by Lemma 2

𝑤p𝐴´ 𝜆𝐼q “ }𝐴´ 𝜆𝐼}, @𝜆 P C.

Then
𝑟p𝐴´ 𝜆𝐼q “ 𝑤p𝐴´ 𝜆𝐼q “ }𝐴´ 𝜆𝐼}, @𝜆 P C.

It follows that
inf
𝜆PC

𝑟p𝐴´ 𝜆𝐼q “ 𝑑p𝐴q.

Thus,
𝑅p𝐴q “ 𝑑p𝐴q.

We finish the proof by using Theorem 1. l

Proposition 1. Let 𝐴,𝐵 P 𝐵p𝐻q with 𝐴 self-adjoint. Define

𝜆1 “ min
𝜆P𝜎p𝐴q

𝜆 and 𝜆2 “ max
𝜆P𝜎p𝐴q

𝜆.

Then
𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q `

𝜆2 ´ 𝜆1
2

𝑑p𝐵q. (15)

Proof. Since 𝐴 is self-adjoint, 𝐴 is hyponormal and

𝑅p𝐴q “
𝜆2 ´ 𝜆1

2
.

Hence, inequality (15) follows from inequality (14). l

We need the following lemma.

Lemma 3. [12] Let 𝐴 P 𝐵p𝐻q. Then

𝑤p𝐴q “ sup
𝜃PR
}Rep𝑒𝑖𝜃𝐴q}.

Theorem 3. Let 𝐴,𝐵 P 𝐵p𝐻q double commute. Then

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q `
1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q. (16)

In particular, if in addition 𝐴𝐵 “ 𝐵𝐴˚, then

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q. (17)
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Proof. Fix 𝜃 P R. Since 𝐴 and 𝑒𝑖𝜃𝐵` 𝑒´𝑖𝜃𝐵˚ double commute, by (6) we
have

𝑤
`

𝐴p𝑒𝑖𝜃𝐵 ` 𝑒´𝑖𝜃𝐵˚q
˘

6 𝑤p𝐴q
›

›𝑒𝑖𝜃𝐵 ` 𝑒´𝑖𝜃𝐵˚
›

› .

Hence,
›

›Re
`

𝑒𝑖𝜃𝐴𝐵
˘
›

› “ 𝑤
`

Re
`

𝑒𝑖𝜃𝐴𝐵
˘˘

“
1

2
𝑤
`

𝑒𝑖𝜃𝐴𝐵 ` 𝑒´𝑖𝜃𝐵˚𝐴˚
˘

“
1

2
𝑤
`

𝐴p𝑒𝑖𝜃𝐵 ` 𝑒´𝑖𝜃𝐵˚q ` 𝑒´𝑖𝜃p𝐵˚𝐴˚ ´ 𝐴𝐵˚q
˘

6
1

2
𝑤
`

𝐴p𝑒𝑖𝜃𝐵 ` 𝑒´𝑖𝜃𝐵˚q
˘

` 𝑤
`

𝑒´𝑖𝜃p𝐵˚𝐴˚ ´ 𝐴𝐵˚q
˘

“
1

2
𝑤
`

𝐴p𝑒𝑖𝜃𝐵 ` 𝑒´𝑖𝜃𝐵˚q
˘

` 𝑤 p𝐴𝐵 ´𝐵𝐴˚q

6
1

2
𝑤p𝐴q

›

›𝑒𝑖𝜃𝐵 ` 𝑒´𝑖𝜃𝐵˚
›

›`
1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q.

Thus

sup
𝜃PR

›

›Re
`

𝑒𝑖𝜃𝐴𝐵
˘
›

› 6 𝑤p𝐴q sup
𝜃PR

›

›Re
`

𝑒𝑖𝜃𝐵
˘
›

›` 1
2
𝑤p𝐴𝐵 ´𝐵𝐴˚q.

By Lemma 3, we get

𝑤p𝐴𝐵q 6 𝑤p𝐴q𝑤p𝐵q `
1

2
𝑤p𝐵˚𝐴˚ ´ 𝐴𝐵q.

Inequality (17) follows directly from (16). l

The following lemma is crucial for developing our results.

Lemma 4. Let𝐾 be a compact convex of C. Then there exists 𝜃P r0, 𝜋s,
such that the projection of 𝑒𝑖𝜃𝐾 on the Ox axis is symmetrical with respect
to the origin.

Proof. Let 𝑃 p𝐾q the projection of 𝐾 on the Ox axis. Denote
𝑀p𝑃 p𝐾qq “ max𝑃 p𝐾q and 𝑚p𝑃 p𝐾qq “ min𝑃 p𝐾q. We have
𝑀p𝑃 p𝑒𝑖𝜋𝐾qq “ ´𝑚p𝑃 p𝐾qq and 𝑚p𝑃 p𝑒𝑖𝜋𝐾qq “ ´𝑀p𝑃 p𝐾qq. Let 𝜙 :
r0, 𝜋s ÝÑ R be defined by 𝜙p𝜃q “ 𝑀p𝑃 p𝑒𝑖𝜃𝐾qq `𝑚p𝑃 p𝑒𝑖𝜃𝐾qq. Since the
projection is continuous and 𝐾 is convex, it follows that 𝜙 is continuous.
We have 𝜙p0q “ ´𝜙p𝜋q; there exists 𝜃 P r0, 𝜋s, such that 𝜙p𝜃q “ 0. Thus,
the projection of 𝑒𝑖𝜃𝐾 on the Ox axis is symmetrical with respect to the
origin. l
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Proposition 2. Let 𝐴 P 𝐵p𝐻q. Then there exists 𝜃 P r0, 𝜋s, such that

}Rep𝑒𝑖𝜃𝐴q} 6
1

2
diamp𝑊 p𝑇 qq. (18)

Proof. Let 𝐾 “ 𝑊 p𝐴q. By Lemma 4, there exists 𝜃 P r0, 𝜋s, such that
the projection of 𝑒𝑖𝜃𝐾 on the Ox axis is symmetrical with respect to the
origin. Hence we get

|Rep𝑒𝑖𝜃𝐾q| “ 𝑅pRep𝑒𝑖𝜃𝐾qq “
1

2
diampRep𝑒𝑖𝜃𝐾qq

6
1

2
diamp𝑒𝑖𝜃𝐾q “

1

2
diamp𝐾q

“
1

2
diamp𝑊 p𝐴qq.

Since }Rep𝑒𝑖𝜃𝐴q} “ |Rep𝑒𝑖𝜃𝐾q|, we have

}Rep𝑒𝑖𝜃𝐴q} 6
1

2
diamp𝑊 p𝐴qq.

This completes the proof. l

Theorem 4. Let 𝐴,𝐵 P 𝐵p𝐻q double commute. Then there exists
𝜃 P r0, 𝜋s, such that

›

›Re
`

𝑒𝑖𝜃𝐴𝐵
˘
›

› 6
1

2
𝑤p𝐴q diamp𝑊 p𝐵qq `

1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q. (19)

In particular, if in addition 𝐴𝐵 “ 𝐵𝐴˚, then
›

›Re
`

𝑒𝑖𝜃𝐴𝐵
˘
›

› 6
1

2
𝑤p𝐴q diamp𝑊 p𝐵qq. (20)

Proof. By Theorem 2, there exists 𝜃 P r0, 𝜋s, such that

}Rep𝑒𝑖𝜃𝐵q} 6
1

2
diamp𝑊 p𝐵qq.

As in the proof of Theorem 34, we get
›

›Re
`

𝑒𝑖𝜃𝐴𝐵
˘
›

› 6
1

2
𝑤p𝐴q

›

›Re
`

𝑒𝑖𝜃𝐵
˘
›

›`
1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q.

Hence,
›

›Re
`

𝑒𝑖𝜃𝐴𝐵
˘
›

› 6
1

2
𝑤p𝐴q diamp𝑊 p𝐵qq `

1

2
𝑤p𝐴𝐵 ´𝐵𝐴˚q.
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Inequality (20) follows directly from (19). l

Now, we give a refinement of inequality (3).

Proposition 3. Let 𝐴 P 𝐵p𝐻q. Then

}𝐴} 6
a

𝑐2maxp𝐴q ` 𝑑
2p𝐴q. (21)

Proof. Let 𝜆 P 𝑊maxp𝐴q, such that 𝑐maxp𝐴q “ |𝜆|. Hence, there ex-
ists a sequence of unit vectors p𝑥𝑛q that satisfies 𝜆 “ lim

𝑛Ñ8
x𝐴𝑥𝑛, 𝑥𝑛y with

lim𝑛 }𝐴𝑥𝑛} “ }𝐴}. We have

𝐴𝑥𝑛 “ x𝐴𝑥𝑛, 𝑥𝑛y𝑥𝑛 ` x𝐴𝑥𝑛, 𝑦𝑛y𝑦𝑛,

where 𝑦𝑛 P S and x𝑥𝑛, 𝑦𝑛y “ 0. Thus

}𝐴𝑥𝑛}
2
“ |x𝐴𝑥𝑛, 𝑥𝑛y|

2
` |x𝐴𝑥𝑛, 𝑦𝑛y|

2 6 |x𝐴𝑥𝑛, 𝑥𝑛y|
2
` 𝑑2p𝐴q.

Letting 𝑛 to infinity in the last inequality, we get inequality (21). l

The following Theorem provides a refinement of inequality (9).

Theorem 5. Let 𝐴,𝐵 P 𝐵p𝐻q double commute. Then

𝑤p𝐴𝐵q 6
a

𝑐2maxp𝐴q ` 𝑑
2p𝐴q𝑤p𝐵q. (22)

Proof. By inequalities (6) and (21), we infer that

𝑤p𝐴𝐵q 6 }𝐴}𝑤p𝐵q

6
a

𝑐2maxp𝐴q ` 𝑑
2p𝐴q𝑤p𝐵q.

The proof is completed. l

Definition 1. Let 𝐴,𝐵,𝐶 P 𝐵p𝐻q. Set

𝑑𝐴,𝐵p𝐶q “ inft}𝐶 ´ 𝑈} : 𝑈 P Γ𝐴,𝐵u,

where

Γ𝐴,𝐵 “ t𝛼𝑈 : 𝑈 P 𝐵p𝐻q unitary : 𝑈𝐴 “ 𝐴𝑈,𝑈𝐵 “ 𝐵𝑈 and 𝛼 P Cu.

It is clear that
𝑑𝐴,𝐵p𝐶q 6 𝑑p𝐶q.

Now, we give an improvement of inequality (9).
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Theorem 6. Let 𝐴,𝐵 P 𝐵p𝐻q. Then

𝑤p𝐴𝐵q 6 p}𝐴} ` 𝑑𝐴,𝐵p𝐴qq𝑤p𝐵q.

Proof. Let 𝛼𝑈 P Γ𝐴,𝐵 with 𝛼 ‰ 0. Then, by Theorem 34 and inequal-
ity (18), we get

𝑤p𝐴𝐵q “ 𝑤p𝑈˚𝑈𝐴𝐵q

“ 1
|𝛼|2

𝑤p𝛼𝑈˚𝐴𝛼𝑈𝐵q

6 1
|𝛼|2

`

}𝛼𝑈˚𝐴}𝑤p𝛼𝑈𝐵q ` 1
2
𝑤p𝛼𝑈˚𝐴𝛼𝑈𝐵 ´ 𝛼𝑈𝐵𝐴˚𝛼𝑈q

˘

“ }𝑈˚𝐴}𝑤p𝑈𝐵q ` 1
2|𝛼|

𝑤p𝛼𝑈˚𝐴𝑈𝐵 ´ 𝑈𝐵𝐴˚𝛼𝑈q

6 }𝐴}𝑤p𝐵q ` 1
2|𝛼|

𝑤pp𝛼𝑈˚𝐴´ 𝐼q𝑈𝐵 ´ 𝑈𝐵p𝛼𝑈˚𝐴´ 𝐼q˚q

6 }𝐴}𝑤p𝐵q ` 1
|𝛼|
}𝛼𝑈˚𝐴´ 𝐼}𝑤p𝑈𝐵q (by inequality (11))

“ }𝐴}𝑤p𝐵q ` }𝐴´ 1
𝛼
𝑈}𝑤p𝑈𝐵q

“ }𝐴}𝑤p𝐵q ` }𝐴´ 1
𝛼
𝑈}𝑤p𝐵q.

Then
𝑤p𝐴𝐵q 6 }𝐴}𝑤p𝐵q ` }𝐴´ 1

𝛼
𝑈}𝑤p𝐵q.

Hence,
𝑤p𝐴𝐵q 6 }𝐴}𝑤p𝐵q ` }𝐴´ 𝛼𝑈}𝑤p𝐵q, @𝛼 P C˚. (23)

Taking the limit as 𝛼Ñ 0 in (23), we obtain

𝑤p𝐴𝐵q 6 }𝐴}𝑤p𝐵q ` }𝐴´ 0𝑈}𝑤p𝐵q.

It follows that
𝑤p𝐴𝐵q 6 p}𝐴} ` 𝑑𝐴,𝐵p𝐴qq𝑤p𝐵q,

so the proof is completed. l

Remark 1. The authors of [7] show that if 𝐴,𝐵 P 𝐵p𝐻q, such that
𝐴𝐵 “ ´𝐵𝐴˚, then

𝑤p𝐴𝐵q 6 𝑑p𝐴q}𝐵}.

This result is not true. Indeed, let 𝐴 “ 𝑖𝐼 and 𝐵‰0. Hence, 𝐴𝐵“ ´𝐵𝐴˚,
but

𝑤p𝐴𝐵q “ 𝑤p𝐵q ą 0 “ 𝑑p𝐴q}𝐵}.

The same authors in [8] prove that if 𝐴,𝐵 P 𝐵p𝐻q with 𝑧0 P R,
𝑑p𝐴q “ }𝐴´ 𝑧0𝐼}, then

}𝐴𝐵 ˘𝐵𝐴˚} 6 2𝑑p𝐴q}𝐵}. (24)
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The inequality (24) is not true. Indeed, let 𝐴 “ 𝐼 and 𝐵 ‰ 0. Hence
𝑑p𝐴q “ 0 “ }𝐴´ 𝑧0𝐼} with 𝑧0 “ 1 but

}𝐴𝐵 `𝐵𝐴˚} “ 2}𝐵} ą 0 “ 2𝑑p𝐴q}𝐵}.
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