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Â ðàáîòå ðàññìàòðèâàåòñÿ îäíîëèíåéíàÿ ñèñòåìà ìàññîâî-ãî îáñëóæèâàíèÿ (ÑÌÎ) ñ ïîòåðÿìè òðåáîâàíèé, äèñöèïëèíîé�ðàçäåëåíèå ïðîöåññîðà� è íåîðäèíàðíûì âõîäÿùèì ïîòîêîì.Ïîñòðîåíà ñèñòåìà óðàâíåíèé ðàâíîâåñèÿ, äîêàçàíà òåîðåìà îâèäå åå ðåøåíèÿ íà îñíîâå êîòîðîãî íàéäåíî ñòàöèîíàðíîå ðàñ-ïðåäåëåíèå äëèíû î÷åðåäè.
� 1. ÂâåäåíèåÂ ðàáîòå ðàññìàòðèâàåòñÿ îäíîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëó-æèâàíèÿ (ÑÌÎ) ñ ïîòåðÿìè òðåáîâàíèé è äèñöèïëèíîé �ðàçäåëåíèåïðîöåññîðà�� M jGj1jm â îáîçíà÷åíèÿõ Êåíäàëëà. Ïðåäïîëàãàåòñÿ,÷òî ðàñïðåäåëåíèå äëèòåëüíîñòåé îáñëóæèâàíèÿ èìååò ñïåöèàëüíûéâèä, îòðàæàþùèé íåîðäèíàðíóþ ñòðóêòóðó âõîäÿùåãî ïîòîêà. Ïî-äðîáíîå îïèñàíèå ðàññìàòðèâàåìîé ÑÌÎ äëÿ áîëåå ïðîñòîãî ñëó÷àÿ� îãðàíè÷åííîãî ðàçìåðà ãðóïïû òðåáîâàíèé � ïðèâåäåíî â [1].Ñèñòåìàì ìàññîâîãî îáñóæèâàíèÿ ñ íåîðäèíàðíûì âõîäÿùèì ïî-òîêîì ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò. Èç íèõ ìîæíî óêàçàòü[2], ãäå ðàññìîòðåíû ðàçëè÷íûå ñëó÷àè íåîðäèíàðíûõ ïîòîêîâ êàê ñôèêñèðîâàííûì òàê è ñ ïðîèçâîëüíûì ðàçìåðîì ãðóïïû, à òàêæå ðà-áîòó [3], â êîòîðîé ïðîâåäåí àíàëèç äëÿ ñëó÷àÿ ðåêóðåíòíîãî íåîðäè-íàðíîãî ïîòîêà.Âîïðîñàì äèñöèïëèíû îáñëóæèâàíèÿ �ðàçäåëåíèå ïðîöåññîðà� ïî-ñâÿùåíà îäíà èç ãëàâ [2]. Â ýòîé ñâÿçè ìîæíî òàêæå óêàçàòü ðàáîòó
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[5], â êîòîðîé ðàññìîòðåíû âðåìåíà ïðåáûâàíèÿ çàÿâîê â ñèñòåìàõM jM j1 è M jM j1jK ñ äèñöèïëèíîé �ðàçäåëåíèå ïðîöåññîðà� â óñëîâè-ÿõ áîëüøîé íàãðóçêè.Ñëåäóåò òàêæå îòìåòèòü ìíîãî÷èñëåííûå ðàáîòû, ïîñâÿùåííûåÑÌÎ M jGj1jm è åå îáîáùåíèÿì ñ äèñöèïëèíîé FIFO (ïåðâûé ïðè-øåë � ïåðâûé îáñëóæåí). Áîëüøèíñòâî èç íèõ ïîäðîáíî ïðåäñòàâëåíîâ [4].Íàìè áûë èñïîëüçîâàí ìåòîä ôàç Ýðëàíãà [2, 6] äëÿ ïîñòðîåíèÿðàçðûâíîãî ìàðêîâñêîãî ïðîöåññà, îïèñûâàþùåãî ïîâåäåíèå èññëåäó-åìîé ÑÌÎ. Äîêàçàíà òåîðåìà î âèäå ðåøåíèÿ ñèñòåìû óðàâíåíèé ðàâ-íîâåñèÿ, íà îñíîâå êîòîðîé íàéäåíî ñòàöèîíàðíîå ðàñïðåäåëåíèå äëè-íû î÷åðåäè (÷èñëà çàíÿòûõ ìåñò â íàêîïèòåëå ÑÌÎ).

� 2. Îïèñàíèå ñèñòåìûÍà îäíîêàíàëüíóþ ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ïîñòóïàåòñëó÷àéíûé íåîðäèíàðíûé ïîòîê ãðóïï òðåáîâàíèé, êîòîðûå ïîìåùà-þòñÿ â íàêîïèòåëü � êàæäàÿ ãðóïïà çàíèìàåò îäíó ïîçèöèþ íàêîïè-òåëÿ. Ïðèáûâøàÿ ãðóïïà ìîæåò çàíÿòü ëþáóþ èç ñâîáîäíûõ ïîçèöèéíàêîïèòåëÿ ñ ðàâíîé âåðîÿòíîñòüþ. Îáñëóæèâàíèå ãðóïï òðåáîâàíèéïðîèçâîäèòñÿ ïî äèñöèïëèíå �ðàçäåëåíèå ïðîöåññîðà�. Ýòî îçíà÷àåò,÷òî îáñëóæèâàíèå âñåõ ñòîÿùèõ â î÷åðåäè ãðóïï ïðîèñõîäèò îäíî-âðåìåííî, à èíòåíñèâíîñòü èõ îáñëóæèâàíèÿ ïàäàåò ïðîïîðöèîíàëüíîêîëè÷åñòâó îáñëóæèâàåìûõ ãðóïï. Òðåáîâàíèÿ â ãðóïïå îáñëóæèâà-þòñÿ ïî îäíîìó â ïîðÿäêå ïîñòóïëåíèÿ. Åñëè ê ìîìåíòó ïîñòóïëåíèÿãðóïïû â íàêîïèòåëå íåò ñâîáîäíûõ ìåñò � îíà òåðÿåòñÿ.Òàêàÿ ñõåìà îáñëóæèâàíèÿ, ïîçâîëÿåò ñóùåñòâåííî óïðîñòèòü ìî-äåëü, ðàññìàòðèâàÿ êàæäóþ ãðóïïó òðåáîâàíèé êàê îäíó �äëèííóþ�çàÿâêó, ïîñòóïèâøóþ íà îáñëóæèâàíèå. Ïðåäïîëàãàåòñÿ, ÷òî èíòåð-âàëû ìåæäó ïîñòóïëåíèÿìè ãðóïï òðåáîâàíèé, à òàêæå äëèòåëüíîñòèîáñëóæèâàíèÿ îòäåëüíûõ òðåáîâàíèé â ãðóïïå ïîä÷èíåíû ïîêàçàòåëü-íîìó çàêîíó ðàñïðåäåëåíèÿ.� 3. Ñèñòåìà óðàâíåíèé ðàâíîâåñèÿÎäíà èç íàèáîëåå âàæíûõ õàðàêòåðèñòèê ðàññìàòðèâàåìîé ÑÌÎ� êîëè÷åñòâî çàíÿòûõ ìåñò â íàêîïèòåëå. Îäíàêî, ñëó÷àéíûé ïðîöåññ÷èñëà çàíÿòûõ â î÷åðåäè ìåñò fn(t)gt�0 â îáùåì ñëó÷àå íå áóäåò ïðî-öåññîì Ìàðêîâà, òàê êàê ðàñïðåäåëåíèå äëèòåëüíîñòåé îáñëóæèâàíèÿãðóïï (ñêëàäûâàþùååñÿ èç äëèòåëüíîñòåé îáñëóæèâàíèÿ îòäåëüíûõòðåáîâàíèé â ãðóïïå) ÿâëÿåòñÿ ñâåðòêîé ïîêàçàòåëüíûõ ðàñïðåäåëå-
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íèé è çíà÷èò, íå îáëàäàåò ñâîéñòâîì �îòñóòñòâèÿ ïàìÿòè�. Äëÿ òî-ãî ÷òîáû èìåòü âîçìîæíîñòü ïðèìåíèòü àïïàðàò ïðîöåññîâ Ìàðêîâà,ðàññìîòðèì ñëó÷àéíûé âåêòîð ñîñòîÿíèÿN(t) = (n1(t); : : : ; nm(t)), ãäåm � îáúåì íàêîïèòåëÿ, à ni(t) (i = 1 : : :m) � ÷èñëî òðåáîâàíèé, íóæ-äàþùèõñÿ â îáñëóæèâàíèè, ðàçìåùåííûõ â i-îé ïîçèöèè íàêîïèòåëÿâ ìîìåíò âðåìåíè t.Òàê êàê â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé äëèòåëüíîñòè îáñëó-æèâàíèÿ îòäåëüíûõ òðåáîâàíèé ðàñïðåäåëåíû ïî ïîêàçàòåëüíîìó çà-êîíó, ñëó÷àéíûé ïðîöåññ � = fN(t)gt�0 ÿâëÿåòñÿ ìàðêîâñêèì ïðî-öåññîì ñî ñ÷åòíûì ÷èñëîì ñîñòîÿíèé, îïðåäåëåííûõ íà ïðîñòðàíñòâåQ = N� : : :�| {z }m N, ãäå N = f0; 1; : : :g.

Îïðåäåëèì ôóíêöèþ âåðîÿòíîñòè íàõîæäåíèÿ ñèñòåìû â ñîñòî-ÿíèè k1; : : : ; km â ìîìåíò âðåìåíè t êàê p(t; k1; : : : ; km) = Pfn1(t) =k1; : : : ; nm(t) = kmg. Ìàðêîâñêèé ïðîöåññ � èìååò ñ÷åòíîå ÷èñëî ñîñòî-ÿíèé, êîòîðûå ÿâëÿþòñÿ âçàèìî ñîîáùàþùèìèñÿ. Ïîñòðîèì, ñîãëàñíî[6], ñèñòåìó óðàâíåíèé Ýðëàíãà (èëè ñèñòåìó óðàâíåíèé ðàâíîâåñèÿ �ÑÓÐ) äëÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé
pk1;:::;km = limt!1 p(t; k1; : : : ; km)

ïðîöåññà �.Ïóñòü ÷èñëî çàÿâîê â ãðóïïå � ñëó÷àéíàÿ âåëè÷èíà �, èìåþùàÿðàñïðåäåëåíèå Pf� = ig = 'i i = 1; 2 : : :. Î÷åâèäíî, 1Pi=1'i = 1. Áóäåìñ÷èòàòü, ÷òî E(�) <1.Ââåäåì íåîáõîäèìûå îáîçíà÷åíèÿ: I = f1 : : :mg � ìíîæåñòâî íî-ìåðîâ âñåõ ïîçèöèé íàêîïèòåëÿ, JK = fi 2 I : ki 6= 0g � ìíîæåñòâîíîìåðîâ çàíÿòûõ ïîçèöèé íàêîïèòåëÿ â ñîñòîÿíèè K = fk1; : : : ; kmg, àòàêæå ôóíêöèþ B(k1; : : : ; km), çíà÷åíèå êîòîðîé ðàâíî ÷èñëó çàíÿòûõïîçèöèé íàêîïèòåëÿ â ñîñòîÿíèè K.Â ñîñòîÿíèå (k1; : : : ; ki; : : : ; km) ìîæíî ïåðåéòè ëèáî èç ñîñòîÿíèé(k1; : : : ; ki�1; 0; ki+1; : : : ; km) 8i 2 JK ïîñëå ïðèáûòèÿ íîâîé ãðóïïûòðåáîâàíèé â i-þ ïîçèöèþ íàêîïèòåëÿ, ëèáî èç ñîñòîÿíèé (k1; : : : ; ki+1; : : : ; km) 8i 2 I ïîñëå çàâåðøåíèÿ îáñëóæèâàíèÿ îòäåëüíîãî òðåáîâà-íèÿ, òðåòüÿ âîçìîæíîñòü � íàõîäÿñü â ñîñòîÿíèè (k1; : : : ; km), îñòàòü-ñÿ â íåì.Ñèñòåìà óðàâíåíèé ðàâíîâåñèÿ áóäåò ñîäåðæàòü òðè ãðóïïû óðàâ-íåíèé:
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äëÿ íóëåâîãî ñîñòîÿíèÿ

��p0:::0 + � mX
i=1 p0:::1i:::0 = 0; (1)

ãäå p0:::1i:::0 ñîñòîÿíèå â êîòîðîì i-ÿ ïîçèöèÿ íàêîïèòåëÿ ñîäåðæèòîäíî òðåáîâàíèå, à îñòàëüíûå ñâîáîäíû.Äëÿ ñëó÷àÿ 0 < B(k1; : : : ; km) < m
X
i2JK �'ki

pk1;:::;ki�1;0;ki+1;:::;kmm�B(k1; : : : ; ki�1; 0; ki+1; : : : ; km) � (�+ �)pk1;:::;km+
+Xi2I �

pk1;:::;ki+1;:::;kmB(k1; : : : ; ki + 1; : : : ; km) = 0 (2)
è

X
i2JK �'ki

pk1;:::;ki�1;0;ki+1;:::;kmm�B(k1; : : : ; ki�1; 0; ki+1; : : : ; km) � �pk1;:::;km+
+Xi2I �

pk1;:::;ki+1;:::;kmB(k1; : : : ; ki + 1; : : : ; km) = 0 (3)
åñëè B(k1; : : : ; km) = m.

Çàìåòèì, ÷òî ìíîæèòåëü 1m�B(k1; : : : ; ki�1; 0; ki+1; : : : ; km) îòðà-æàåò òîò ôàêò, ÷òî âíîâü ïîñòóïèâøåå òðåáîâàíèå èìååò ðàâíûé äî-ñòóï êî âñåì ïîçèöèÿì, ñâîáîäíûì ê ìîìåíòó åãî ïîñòóïëåíèÿ.Ê ñèñòåìå óðàâíåíèé (1)�(3) äîáàâëÿåòñÿ óñëîâèå íîðìèðîâêè:
X
Q pk1;:::;km = 1 (4)
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� 4. Ðåøåíèå ñèñòåìû óðàâíåíèé ðàâíîâåñèÿÒåîðåìà 1. Ðåøåíèå ñèñòåìû (1)�(3) èìååò âèä

pk1;:::;km = p0n!(m� n)!m!
���
�n Y

j2JK Fkj ; (5)
ãäå Fk = 1Pi=k'i; p0 � p0:::0 � ñîñòîÿíèå, â êîòîðîì íàêîïèòåëü íå
ñîäåðæèò íè îäíîãî òðåáîâàíèÿ, à n = B(k1; : : : ; km)Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî âûðàæåíèÿ (5) îáðàùàþò ñèñòåìó(1)�(3) â òîæäåñòâî.Ïåðåïèøåì ñèñòåìó (1)�(3) â áîëåå óäîáíîì äëÿ äîêàçàòåëüñòâàâèäå, îäíîâðåìåííî ïîäñòàâèâ â íåå âåðîÿòíîñòè (5).Íà÷íåì ðàññìîòðåíèå ñî ñëó÷àÿ 0 < n < m.

1m�n+1 ����n�1 (n�1)!(m�n+1)!m! Pi2JK �'ki Qj2JKniFkj��(�+ �)����n (n)!(m�n)!m! Qj2JK Fkj+�n+1 ����n+1 (n+1)!(m�n�1)!m! Pi2InJK Qj2J[iFkj+
+�n ����n (n)!(m�n)!m! Pi2JK Fki+1 Qj2JKniFkj = 0

(6)
Ñëåäóåò îòìåòèòü, ÷òî â âûðàæåíèè (6) îòðàæåíû äâå ðàçëè÷íûå ñè-òóàöèè, êîòîðûå ìîãóò ñêëàäûâàòüñÿ â ñèñòåìå ïîñëå óõîäàèç íåå òðå-áîâàíèÿ. Ïåðâàÿ � çàâåðøåíèå îáñëóæèâàíèÿ ïîñëåäíåãî òðåáîâàíèÿâ ãðóïïå ïîñëå óõîäà êîòîðîãî îñâîáîæäàåòñÿ ïîçèöèÿ íàêîïèòåëÿ,âòîðàÿ � óõîä òðåáîâàíèÿ ïîñëå êîòîðîãî ÷èñëî çàíÿòûõ ïîçèöèé íà-êîïèòåëÿ îñòàåòñÿ íåèçìåííûì.Çàìåòèì, ÷òî F1 = 1, ïîýòîìó åñëè â âåêòîðå ñîñòîÿíèÿ çíà÷åíèÿíóëåâûõ êîîðäèíàò ïîëîæèòü ðàâíûìè åäèíèöå, ìíîæèòåëü QJK Fkj íåèçìåíèòñÿ. Çàìåòèì òàêæå, ÷òî ìîùíîñòü ìíîæåñòâà j I n J j= m�n.Ó÷èòûâàÿ ñêàçàííîå, ìû ìîæåì ïðèâåñòè ïîäîáíûå ÷ëåíû óðàâíåíèÿ,ðàçäåëèâ åãî òåì ñàìûì íà äâå ÷àñòè:
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�n�n�1� (n�1)!(m�n)!m! Pi2JK 'ki Qj2JKniFkj � (n)!(m�n)!m! Qj2JK Fkj+
+ (n�1)!(m�n)!m! Pi2JK Fki+1 Qj2JKniFkj

�+
�n+1�n QJK Fkj

�m�nn+1 (n+1)!(m�n�1)!m! � n!(m�n)!m! � � 0;
(7)

òàê êàê Fk+1 + 'k = Fk.Â ñëó÷àå n = 0, î÷åâèäíî, ÷òî p0;:::;1;:::;0 = p0 �m� óäîâëåòâîðÿåòóðàâíåíèþ (6). Â ñëó÷àå æå m = n ïðèáûòèå íîâûõ ãðóïï òðåáîâàíèéâ ñèñòåìó íåâîçìîæíî, ïîýòîìó ïîñëåäåíåå ñëàãàåìîå â ëåâîé ÷àñòè(7) áóäåò ðàâíî íóëþ è, ñëåäîâàòåëüíî, âåðîÿòíîñòè (5) áóäóò óäîâëå-òâîðÿòü óðàâíåíèþ (3). 2
Ñëåäñòâèå 1 Ðàñïðåäåëåíèå ñòàöèîíàðíîé äëèíû î÷åðåäè fpng âðàññìîòðåííîé ÑÌÎ îïðåäåëÿåòñÿ êàê

pn = ���E(�)�n p0; n = 1; : : : ;m (8)
Äîêàçàòåëüñòâî. Âåðîÿòíîñòü pn ìîæåò áûòü ïðåäñòàâëåíà ñ ïîìî-ùüþ âåðîÿòíîñòåé (5) êàê

pn = p0 X
K2Q:B(k1;:::;km)=n pk1;:::;km ; (9)

ñëåäîâàòåëüíî
pn = p0���

�n X
jJK j=n

n!(m� n)!m! Y
JK Fkj (10)

Òåïåðü çàìåòèì, ÷òî çíà÷åíèÿ âåðîÿòíîñòåé pk1;:::;km â ðåçóëüòàòå ïå-ðåñòàíîâîê ýëåìåíòîâ ki èçìåíÿòüñÿ íå áóäóò. Ïîýòîìó, óïîðÿäî÷èìýëåìåíòû âåêòîðà ïî âîçðàñòàíèþ: ki � ki+1. Ïîñëå óïîðÿäî÷åíèÿ,ïåðâûå m� n ýëåìåíòîâ âåêòîðà áóäóò ðàâíû íóëþ. Îáîçíà÷èì s1 �êîëè÷åñòâî ïåðâûõ îäèíàêîâûõ íåíóëåâûõ ýëåìåíòîâ âåêòîðà K, s2 �
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÷èñëî ñëåäóþùèõ îäèíàêîâûõ íåíóëåâûõ ýëåìåíòîâ è ò. ä. Î÷åâèäíî,÷òî si ìîãóò ïðèíèìàòü çíà÷åíèÿ 0 ldots; n, îáùåå ÷èñëî ýëåìåíòîâ siçàâèñèò îò âåêòîðà , íî íå ìîæåò ïðåâûøàòü n è nPi=1 si = n (åñëè k� ÷èñëî ãðóïï ðàâíûõ ýëåìåíòîâ âåêòîðà K ìåíüøå n, òî ïîëîæèìsi = 0 i = k : : : n). Îáîçíà÷èì bi âåëè÷èíó ýëåìåíòîâ ãðóïïû si. Òîãäà,ñëîæèâ îäèíàêîâûå ïðîèçâåäåíèÿ, ïîëó÷èì:
pn = p0���

�n X
s1+:::+sn=n

n!(m� n)!m! � m!s1! : : : sn!(m� n)!F s1b1 : : : F snbn :(11)Òàêèì îáðàçîì:
pn = p0 ����n Ps1+:::+sn=n n!s1!:::sn!F s1b1 : : : F snbn =

= p0 ����n
 1Pj=1Fj

!n =
= p0 ����n

 1Pj=1 j'j
!n = p0 ���E(�)�n (12)

2

� 5. Çàêëþ÷åíèå
Ðàñïðåäåëåíèå fpng, ïîçâîëÿåò âû÷èñëèòü íåêîòîðûå èç õàðàêòå-ðèñòèê ðàññìàòðèâàåìîé ÑÌÎ, âàæíûå äëÿ ïðèëîæåíèé. Âåðîÿòíîñòüïðîñòîÿ ïðèáîðà îïðåäåëÿåòñÿ èç óñëîâèÿ íîðìèðîâêè êàê

p0 = 1mPn=0
���E(�)�n :

Âåðîÿòíîñòü ïîòåðü ãðóïïû òðåáîâàíèé
pm =

���E(�)�mmPn=0
���E(�)�n :
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Çàìåòèì òàêæå, ÷òî âåëè÷èíà E(�)� ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îæè-äàíèåì äëèòåëüíîñòè îáñëóæèâàíèÿ ãðóïïû è, ñëåäîâàòåëüíî, ïî-ëó÷åííîå ðàñïðåäåëåíèå ñîòâåòñòâóåò ðàñïðåäåëåíèþ äëÿ ñèñòåìûM jGj1j1, ïðèâåäåííîìó â [7].Àâòîð âûðàæàåò ãëóáîêóþ ïðèçíàòåëüíîñòü ïðîôåññîðó Â. Â. Êà-ëàøíèêîâó è äîöåíòó Å. Â. Ìîðîçîâó çà ïîëåçíîå îáñóæåäåíèå, à òàê-æå äîöåíòó Á. Ì. Øèðîêîâó çà ïîìîùü â ïîäãîòîâêå ýòîé ñòàòüè.

ResumeIn this paper a queue with one service device, requirements loss, bulkarrival and processor sharing discipline is considered. We have constructeddiscontinuous marcovian process to describe behavior of analyzed queue usingErlangian phase method. The theorem has been proved about form of analiticalsolution of equilibrium equations and stable distribution of queue length hasbeen obtained on that base.
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