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ÎÖÅÍÊÀ ËÎÃÀÐÈÔÌÈ×ÅÑÊÈÕ ÊÎÝÔÔÈÖÈÅÍÒÎÂËÎÊÀËÜÍÎ ÎÄÍÎËÈÑÒÍÛÕ ÔÓÍÊÖÈÉ
È.Ð.Êàþìîâ è Â.Â.Ñòàðêîâ

Â [1] ââåäåíû è èçó÷àëèñü óíèâåðñàëüíûå ëèíåéíî-èíâàðè-àíòíûå ñåìåéñòâà U� ëîêàëüíî îäíîëèñòíûõ â � = fz : jzj < 1gôóíêöèé. Ìíîãèå èçâåñòíûå êëàññû êîíôîðìíûõ îòîáðàæåíèéñîäåðæàòñÿ â U� ïðè êîíêðåòíûõ çíà÷åíèÿõ ïàðàìåòðà � � 1.Äëÿ f(z) = z + : : : 2 U� îáîçíà÷èì log f 0(z) = Pn an(f)zn. Âðàáîòå èññëåäîâàíû ñâîéñòâà ïîñëåäîâàòåëüíîñòèAn = supf2U� jan(f)j:
Âåäåíèå. Ôîðìóëèðîâêà çàäà÷.

Â [1] Ïîììåðåíêå ââåë ïîíÿòèå ëèíåéíî-èíâàðèàíòíîãî ñåìåéñòâà
M . Ýòî ïîäìíîæåñòâî âñåõ ðåãóëÿðíûõ â êðóãå � = fz : jzj < 1gôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì:

1)f(0) = 0; f 0(z) = 1 + � � � 6= 0; z 2 �;
2) Äëÿ ëþáûõ f 2M;a 2 �; � 2 R, ôóíêöèÿ

f�(z; a) = f('(z))� f('(0))
f 0('(0))'0(0) 2M; '(z) = a+ z

1 + az e
i�:

Ìíîãèå èçâåñòíûå êëàññû êîíôîðìíûõ îòîáðàæåíèé ÿâëÿþòñÿ ëèíåéíî-èíâàðèàíòíûìè ñåìåéñòâàìè.Ïîðÿäêîì ëîêàëüíî îäíîëèñòíîé ôóíêöèè íàçûâàåòñÿ âåëè÷èíà:
ord(f) = sup

a2�;�2R
jf
00
� (0; a)
2 j:

1Ýòà ñòàòüÿ ïðåäñòàâëÿåò ñîáîé ïåðåâîä îïóáëèêîâàííîé â "Proc. of. Nevanlinna
Coll.,Joensuu(1995)"

c
 È.Ð.Êàþìîâ è Â.Â.Ñòàðêîâ, 1996
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Óíèâåðñàëüíûì ëèíåéíî-èíâàðèàíòíûì ñåìåéñòâîì ïîðÿäêà � íà-çûâàåòñÿ îáúåäèíåíèå âñåõ ëîêàëüíî îäíîëèñòíûõ ôóíêöèé f(z) =
z + d2z2 + ::: äëÿ êîòîðûõ ord(f) � �. Ïîììåðåíêå [1] ïîêàçàë, ÷òî

ord(f) = sup
z2�

j1� jzj
2

2
f 00(z)
f 0(z) � zj � 1;

ïðè÷åì U1 � èçâåñòíûé êëàññ âûïóêëûõ îäíîëèñòíûõ â � ôóíêöèé.Ïóñòü f 2 U�; � < 1. Îáîçíà÷èì log f 0(z) = P1
n=1 an(f)zn:Ïîëîæèì An = An(�) = supf2U� jan(f)j. Öåëü ýòîé çàìåòêè � ïî-ëó÷åíèå îöåíîê ëîãàðèôìè÷åñêèõ êîýôôèöèåíòîâ. Ïðè � = 1 òàêàÿîöåíêà õîðîøî èçâåñòíà: janj � 2=n; ïðè÷åì çíàê ðàâåíñòâà çäåñü äî-ñòèãàåòñÿ ïðè ëþáîì íàòóðàëüíîì n äëÿ ôóíêöèè z=(1 � z) 2 U1.Ïîýòîìó äàëåå ñ÷èòàåì, ÷òî � > 1. Îòìåòèì òàêæå î÷åâèäíóþ òî÷-íóþ îöåíêó ja1j � 2�, òàê êàê a1 = 2d2, à jd2j � ord(f) � �: Ïîýòîìóäîñòàòî÷íî ðàññìîòðåòü ñëó÷àé n � 2.

Òåîðåìà 1. Ïðåäåë limn!1An ñóùåñòâóåò.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç U�� ñëåäóþùèé êëàññ ôóíêöèé:
f(z) = z + d2z2 + � � � ;

jz f
00(z)
f 0(z) �

2r2
1� r2 j �

2�r2
1� r2 ; r = jzj:

Î÷åâèäíî, ÷òî U�� � U�: Äëÿ f 2 U�� ïóñòü log f 0(z) =P1
n=1 an(f)zn: Ïîëîæèì A�n(�) = supf2U�� jan(f)j:Âûâåäåì îäíî âàæíîå ñâîéñòâî êëàññà U��. À èìåííî: åñëè f ïðè-íàäëåæèò U��, òî g(z) = R z0 f 0(s�)ds òàêæå ïðèíàäëåæèò U�� ïðè � > 1è ïðè óñëîâèè ÷òî f 0(z�) � ðåãóëÿðíà â jzj < 1. Â ñàìîì äåëå

jz g
00(z)
g0(z) �

2r2
1� r2 j = j�z� f

00(z�)
f 0(z�) �

2r2
1� r2 j �

� 2�r2�
1� r2� + j 2�r

2�

1� r2� �
2r2

1� r2 j:

Ïîñêîëüêó äëÿ ëþáîãî � > 1 èìååì �r2�
1�r2� � r2

1�r2 ; òî îêîí÷àòåëüíîïîëó÷àåì, ÷òî
jz g

00(z)
g0(z) �

2r2
1� r2 j �

2�r2
1� r2 ;
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òî åñòü g 2 U��:Ïóñòü f � äàåò ìàêñèìóì äëÿ A�n(�) â U��: Ïîëîæèì
logF 0(z) = 1

n
n�1X
m=0

log f 0(ze 2�min )

Î÷åâèäíî, ÷òî:
1)F 2 U��;
2)an(F ) = an(f) = A�n(�);
3)F 0(z n+1n ) ðåãóëÿðíà â jzj < 1:Ïîýòîìó, â ñèëó ïðåäûäóùèõ ðàññóæäåíèé ïîëó÷àåì, ÷òî g(z) =R z

0 F 0(sn+1n )ds ïðèíàäëåæèò U��, äàëåå an+1(g) = an(f) = A�n(�). Ýòîçíà÷èò, ÷òî A�n+1(�) � A�n(�) . Ñëåäîâàòåëüíî ïðåäåë limn!1A�n(�)ñóùåñòâóåò. Ïîêàæåì, ÷òî jA�n(�) � An(�)j ! 0, n ! 1; òåì ñàìûììû äîêàæåì òåîðåìó 1.Çàìåòèì, ÷òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü �n > 0; �n ! 0, n!
1, òàêàÿ ÷òî:

A�n(�) � An(�) � A�n(�+ �n):Ëåâîå íåðàâåíñòâî î÷åâèäíî. Äîêàæåì ïðàâîå. Ïóñòü h äàåò ìàêñè-ìóì ìîäóëÿ n-ãî êîýôôèöèåíòà janj â êëàññå U�. Ïîëîæèì logH 0(z)
= 1

n
Pn�1

m=0 log h0(ze
2�min ). O÷åâèäíî H òàêæå äàåò ìàêñèìóì ìîäóëÿ

n-ãî êîýôôèöèåíòà â êëàññå U�.Äëÿ ëþáîãî r 2 (0; 1) ðàññìîòðèì ôóíêöèþ
�(z) = zH 00(rz)

H 0(rz)
1� r2
2�+ 2r :

Ïîñêîëüêó j�(z)j � 1 è ðàçëîæåíèå â ðÿä Òåéëîðà äëÿ �(z) íà÷èíàåòñÿñ zn, òî ïî Ëåììå Øâàðöà èìååì:
j�(z)j � jzjn;

òî åñòü
jzH

00(rz)
H 0(rz) j � jzjn 2(�+ r)

1� r2 :

Ïóñòü òåïåðü jzj = r. Òîãäà, â ñèëó ïðîèçâîëüíîñòè r, äëÿ ëþáîãî
r > 0 è jzj � r

jzH
00(z)

H 0(z) j �
r n+12 (2�+ 2r 12 )

1� r � 2r
n
2 (2�r 12 + 2r)

1� r2 :
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Åñëè r � 1� 1p
n , òî j zH00(z)

H0(z) j � 2�r2�2r2
1�r2 äëÿ äîñòàòî÷íî áîëüøèõ n.Ýòî çíà÷èò, ÷òî äëÿ jzj � r

jzH
00(z)

H 0(z) � 2r2
1� r2 j �

2�r2
1� r2 :

Åñëè r � 1� 1p
n , òî ìû âîñïîëüçóåìñÿ ñòàíäàðòíûì íåðàâåíñòâîì äëÿôóíêöèé èç U�:

jzH
00(z)

H 0(z) � 2r2
1� r2 j �

2�r
1� r2 �

2�r2
(1� r2)(1� 1p

n )

Òàêèì îáðàçîì, â êà÷åñòâå �n ìîæíî ïîëîæèòü �p
n�1 .Îñòàëîñü äîêàçàòü, ÷òî jA�n(�+ �n)�A�n(�)j ! 0, n!1.Â ñàìîì äåëå, ïðåäïîëîæèì, ÷òî fn äàåò ìàêñèìóì ìîäóëÿ n-ãîêîýôôèöèåíòà â U��+�n . Ââåäåì ôóíêöèþ g00n(z)

g0n(z) = Tn f 00n (z)
f 0n(z) , ãäå Tnóäîâëåòâîðÿåò ëèíåéíîìó óðàâíåíèþ: Tn(� + �n) + 1 � Tn = �: Òîãäàäëÿ gn èìååì:

jzg
00
n(z)

g0n(z)
� 2r2

1� r2 j = jzg
00
n(z)

g0n(z)
� Tn 2r2

1� r2 + Tn 2r2
1� r2 �

2r2
1� r2 j �

2Tn(�+ �n) + 2(1� Tn)
1� r2 r2 = 2� r2

1� r2 :Òî åñòü gn 2 U��:Ýòî çíà÷èò, ÷òî A�n(�) � TnA�n(�+ �n). Íî òàê êàê Tn ! 1, �n ! 0,òî jA�n(�+ �n)�A�n(�)j ! 0, ÷òî è äîêàçûâàåò òåîðåìó 1. 2
Çàìåòèì, ÷òî èç ðåçóëüòàòîâ Àâõàäèåâà è Êàþìîâà ñëåäóåò, ÷òîâ êëàññå S èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå: lim supn!1An =

limn!1An!Î ñîîòíîøåíèè ñîñåäíèõ êîýôôèöèåíòîâ ãîâîðèò ñëåäóþùåå
Òåîðåìà 2. Äëÿ ëþáûõ íaòóðaëüíûõ n > 1

��1 ñïðaâåäëèâî íåða-

âåíñòâî An+1 � An(1� 1
n(��1) )

Äîêàçàòåëüñòâî. Ïóñòü f0 2 U� � ýêñòðåìaëüíaÿ ôóíêöèÿ â çaäa÷åî
max
f2U� jan(f)j;
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n � ôèêñèðîâaíî. Ìîæíî ñ÷èòaòü, ÷òî ðaçëîæåíèå â ðÿä Òåéëîðaôóíêöèè log f 00(z) èìååò âèä
log f 00(z) =

1X
k=1

aknzkn; an = An

(êaê è ðaíüøå). Ðaññìîòðèì ôóíêöèþ
f�(z) =

Z z

0
(f 00(s))1=(1+�)ds; � > 0:

ord(f�) = sup
z2�

j1� jzj
2

2
1

1 + �
f 000 (z)
f 00(z)

� �zj =

sup
z2�

j 1
1 + � (

1� jzj2
2

f 000 (z)
f 00(z)

� �z)� �z(1� 1
1 + � )j �

�+ �
1 + � < �

ïðè � > 0.Îáîçía÷èì � = �+�
1+� : Ðaññìîòðèì ðåãóëÿðíóþ â � ôóíêöèþ
g�(z) =

Z z

0
f 0�(s�)ds; � = n+ 1

n :

Ïîêaæåì, ÷òî g�(z) 2 U� ïðè � � 1
n(��1)�1 ; n > 1

��1 :

ord(g�) = sup
z2�

j1� jzj
2

2 � z
��1f 00� (z�)
f 0�(z�)

� �zj =

= sup
z2�

[ 1jzj j
1� jzj2
1� jzj2� �(

1� jzj2�
2

z�f 00� (z�)
f 0�(z�)

�jzj2�)+�jzj2� 1� jzj2
1� jzj2� �jzj

2j] =

� sup
r2[0;1)

[ 1r (�
1� r2
1� r2� r

�� + j� r
2�(1� r2)
1� r2� � r2j)]:

Hî ïðè � � 1 ôóíêöèè
�r2�

1� r2� ;
�r�

1� r2� ;
r�

1 + r� :

óáûâaþò ïî �. Ñëåäîâaòåëüíî
ord(g�) � sup

r2[0;1)
[� (1� r2)r��1

1� r2� (� � r�) + r] =
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sup
r2[0;1)

[� (1� r2)r��1
1� r2� (� � 1) + � (1� r2)r��1

1 + r� + r]:

Ïîýòîìó
ord(g�) � sup

r2[0;1)
[� � 1 + � (1� r2)r��1

1 + r� + r] =

� � � 1 + sup
r2[0;1)

[�(1� r) + r] = � � 1 + � � �:

Òàêèì îáðàçîì, g� 2 U�,
log g0�(z) =

1
1 + � log f

0
0(z

n+1n ) = 1
1 + � (Anzn+1 + a2nz2n+2 + : : :):

Ñëåäîâaòåëüíî An+1 � An
1+� : 2

Ïîñëå ýòèõ êà÷åñòâåííûõ ðåçóëüòîâ î ëîãàðèôìè÷åñêèõ êîýôôè-öèåíòàõ èç U� ìû ïåðåõîäèì ê ïîëó÷åíèþ ÷èñëåííûõ îöåíîê.
Òåîðåìà 3. Èìåþò ìåñòî ñëåäóþùèå îöåíêè:

(�� 1)(1 + 1
n )

(1� 2
n+1 )

n�1
2

� An(�) �
2(�� 1

� (1� 1
n )2)

(2� 1
n )(1� 1

n )n�1
< e(�� 1

4� );

e(�� 1) � lim
n!1An(�) � e(�� 1

� ):

Äîêàçàòåëüñòâî. Ïîñêîëüêó êëàññ ôóíêöèé LU� = flog f 0(z)
: f 2 U�g âûïóêëûé, òî ôóíêöèÿ

F (z) = R z0 [Qn�1
m=0 f 0(se

2�min )] 1n ds 2 U� , åñëè f 2 U� è
logF 0(z) = 1

n
n�1X
m=0

log f 0(ze 2�min ) =
1X
k=1

aknzkn:

Ïîýòîìó äîñòàòî÷íî îöåíèòü êîýôôèöèåíò ïðè zn ôóíêöèè F (z). Òàêêàê ord(f) � �, òî
j1� jzj

2

2
zF 00(z)
F 0(z) � jzj2j � �jzj; z 2 �;
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è ïî ïðèíöèïó ìàêñèìóìà ïîëó÷àåì äëÿ âñåõ r 2 (0; 1), z 2 �

j1� r2
2�

zF 00(rz)
F 0(rz) � r

� j � 1:

Ïðè ôèêñèðîâàííîì r 2 (0; 1) îáîçíà÷èì ðåãóëÿðíóþ â � ôóíêöèþ
'(z) = 1� r2

2�
zF 00(rz)
F 0(rz) � r

� =
1X
n=0

cnzn; cn = 1� r2
2� nanrn�1:

Ïîñêîëüêó j'(z)j � 1, z 2 � òî jcnj � 1 � jc0j2 (ñì., íàïðèìåð [2, ñòð.323]). Ñëåäîâàòåëüíî äëÿ an èìååì ñëåäóþùóþ îöåíêó:
1� r2
2� njanjrn�1 � 1� r2

�2 :

Îòñþäà ïîëó÷àåì:
janj �

(1� r2
�2 )2�

n(1� r2)rn�1 : (1)

Ïîäñòàâèâ r = 1� 1
n â ïðàâóþ ÷àñòü (1) , ïîëó÷èì
janj �

2(�� 1
� (1� 1

n )2)
(2� 1

n )(1� 1
n )n�1

: (2)

Íî â (2) ÷èñëèòåëü óáûâàåò ïî n 2 [2;1) , à çíàìåíàòåëü âîçðàñòàåò,ïîñêîëüêó âñå êîýôôèöèåíòû â ðàçëîæåíèè ôóíêöèè log(2� t)+ ( 1t �
1) log(1� t); t 2 (0; 1) � íåîòðèöàòåëüíû. Ñëåäîâàòåëüíî

janj �
2(�� 1

� (1� 1
n )2)

(2� 1
n )(1� 1

n )n�1
< e(�� 1

4� );

lim
n!1An(�) � e(�� 1

� ):

Îáîçíà÷èì fn(z) =
R z
0 eansnds , an ôèêñèðîâàíî,

� = ord(fn) = sup
z2�

j1� jzj
2

2 nanzn�1 � zj =
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sup
r2[0;1]

j1� r2
2 njanjrn�1 + rj � sup

r2[0;1]
j1� r2

2 njanjrn�1 + 1j =

1 + n
n+ 1 janj(1�

2
n+ 1)

2n+1 :
Îòñþäà ïîëó÷àåì îöåíêó

(�� 1)(1 + 1
n )

(1� 2
n+1 )

n�1
2

� janj � An; e(�� 1) � lim
n!1An:

Tåîðåìà 3 äîêàçàíà. 2
Â [1, òåîðåìà 2.4] Õ. Ïîììåðåíêå ïîêàçàë, ÷òî äëÿ � 2 R è f(z) =

z +P1
n=2 dnzn 2 U� ñïðàâåäëèâî íåðàâåíñòâî
j(23 � �)�2 + 1

3 j � jd3 � �d22j � j23 � �j�2 +
p3
2 �+ 1

2 : (3)

Òåîðåìà 3 ïîçâîëÿåò óòî÷íèòü ïðàâóþ ÷àñòü (3).
Ñëåäñòâèå. Åñëè f(z) 2 U�, � 2 (1;1) òî äëÿ ëþáîãî � 2 C

jd3 � �d22j � j23 � �j�2 +
p3
2 (�� 1

3� ):

Äåéñòâèòåëüíî, îáîçíà÷èì êàê è ðàíüøå ÷åðåç an êîýôôèöèåíòûâ ðàçëîæåíèè ôóíêöèè log f 0(z). Òîãäà
d2 = a1

2 ; d3 = 1
3(a2 +

a12
2 )

Òàê êàê ord(f) � �, òî jd2j � � è ja1j � 2�; ïî (1)
janj �

(1� r2
�2 )2�

n(1� r2)rn�1 :

Ïîëàãàÿ r = 1p
3
, ïîëó÷àåì ñëåäóþùåå óñèëåíèå íåðàâåíñòâà Ïîììå-ðåíêå:

jd3 � �d22j = ja23 + a12(16 �
�
4 )j � j23 � �j�2 +

p3
2 (�� 1

3� ):
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