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Abstract. In this paper, following the definition of the perturbed
metric space, some fixed point theorems are established for F'-
perturbed mappings in complete perturbed metric spaces. The
result is justified by a counterexample. Finally, an application of
this theorem for existence of a solution for the second-order bound-
ary value problem is given.
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1. Introduction. In modern mathematics, metric spaces and normed
linear spaces are two widely used concepts in functional analysis. The no-
tion of metric was developed by Frechet, and later Hausdorff presented
it axiomatically. Following this, several authors explored different ap-
proaches to the concept of a metric, seeking to develop functions that are
more general than the standard metric function. In 1993, Gahler [6] intro-
duced the concept of 2-metric, followed by n-metric, and established many
fundamental results in functional analysis. Since then, various generalized
metrics have been defined by different authors, including D-metric [5],
S-metric [15]|, b-metric 2|, G-metric [13], F-metric [9]. In these gener-
alized metrics, authors often modify the triangle inequality found in the
definition of a basic metric space. Additionally, several authors have made
significant contributions to fixed point results in generalized metric spaces
(for references please see [3], [8], [7], [1], [4], [14], [11]).

Measuring the distance between two points is always subject to errors.
For instance, imperfections in the instrument calibration can affect mea-
surements. While these errors might be minor, their cumulative effect can
be significant. Recognizing this problem, Jleli et al. [10] introduced the
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concept of a perturbed metric space and established fixed-point theorem
within that framework. A review of the literature on perturbed metric
spaces uncovers numerous oppertunities for developing fixed point results
for various types of contraction mappings within these spaces.

Motivated by these insights, we introduce the concept of F-perturbed
mapping in this paper and present a fixed-point theorem for perturbed
metric spaces. We also explore application for the existence of a solu-
tion to second-order boundary value problem. The effectiveness of this
approaches is illustrated through a numerical experiment.

2. Preliminaries. This section provides essential information and
terminology that will be important for the rest of the manuscript.
To begin with, we recall the concept of a metric space.

Definition 1. [12| A metric space is a pair (X, d), where X is a set and d
is a metric on X (or a distance function on X ), that is, a function defined
on X x X, such that for all x,y,z € X we have

(M1) d is a real-valued, finite, and non-negative;

(M2) d(z,y) =0 if and only if x = y;

(M3) d(z,y) = d(y, z);

(M4) d(z,y) < d(z,2) + d(z,y).

Note: Throughout this article, (X, d) is also called exact metric space.

The following definition introduces recently proposed concept of per-
turbed metric spaces in [10].

Definition 2. [10] Let D,P: X x X — [0,00) be two given mappings.
D is a perturbed metric on X with respect to P if the function

d=D—-P: X xX >R, (z,y) > D(z,y) — P(z,y)

is a metric on X. This means that for all x,y,z € X, the following
conditions hold:

(P1) (D = P)(z,y) = 0;

(P2) (D= P)(z,y) =0 <= z =y;

(P3) (D = P)(x,y) = (D = P)(y,z);

(P4) (D = P)(x,y) < (D = P)(z,2) + (D = P)(z,y).
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We call P a perturbed mapping, d = D— P the exact metric, and (X, D, P)
a perturbed metric space.

Example 1. [10] Let D: R x R — [0, 90) be the mapping defined by
D(z,y) = |z —y| +2°y*, Va,yeR.
Then D is a perturbed metric on R with respect to the perturbed mapping
P:R xR —[0,00)

given by
P(x,y) = 2*y', Vz,yeR,

In this case, the exact metric is the mapping d defined by
d(x7y):’x_y‘7 VCL’,ZJER-

We present the following basic properties of a perturbed metric space,
as established by Jleli and Samet [10].

Proposition 1. [10] Let D, P,Q: X x X — [0,00) be three given map-
pings and a > 0.
(i) If two triples (X, D, P) and (X, D, Q) denote two perturbed metric
spaces, then the triple (X, ,P%) also forms a perturbed metric
space.

(ii) The triple (X, aD,aP) forms a perturbed metric space if the triple
(X, D, P) consists of a perturbed metric space.

Jleli and Samat [10] introduced the following topological notations
related to perturbed metric space (X, D, P).

Definition 3. [10]| Let (X, D, P) be a perturbed metric space. Let {x,}
be a sequence in X, and T: X — X be a mapping.

(i) We say that {x,} is a perturbed convergent sequence in (X, D, P) if
{x,} is convergent in the metric space (X,d), where d = D — P is
the exact metric.

(ii) We say that {x,} is a perturbed Cauchy sequence in (X, D, P) if
{z,} is a Cauchy sequence in the metric space (X,d).

(iii) We say that (X, D, P) is a complete perturbed metric space if (X, d)
is a complete metric space, or, equivalently, if every perturbed Cauchy
sequence in (X, D, P) is a perturbed convergent sequence in (X, D, P).
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(iv) We say that T is a perturbed continuous mapping if T' is continuous
with respect to the exact metric d.

We develop a fixed-point theorem in Section 3 using the following type
of functions.

Definition 4. [16] Let F': R — R be a function satisfying

(F'1) F is strictly increasing, i.e., for all t;,t, € R, such that t; < ts
— F(tl) < F(tg),

(F2) For each sequence {t,}nen of positive real numbers, limt, =0 <

. n—ao0
A%F(tn) = —o0,
(F3) There exists k € (0,1), such that lim t*F(t) = 0.

t—0+

Some examples of F': R, — R mappings that satisfy the conditions
(F'1),(F2), and (F'3) are as follows.

Example 2. [16]
1) F(z)=Inz, z€(0,0).
2) F(z)=lnz+z, ze/(0,0).
3) Flx)=—5, xe€(0,0)
4) F(x)=In(z*+x), x¢€(0,00).
We recall the F-contraction theorem from [16] in exact metric space
(X, d) to be used in the main result.

Definition 5. [16] A mapping T: X — X is said to be an F'-contraction
if there exists 7 > 0, such that

d(Txz,Ty) >0, Vzr,ye X = 7+F(d(Tz,Ty)) < F(d(x,y)), Vx,ye X.

Theorem 1. [16] Let (X,d) be a complete exact metric space and let
T: X — X be a F-contraction. T' has a unique fixed point z* € X, and
for every xo € X a sequence {T"x¢}qen Is convergent to x*.

3. Main results. Inspired by the work of D. Wardowski [16] in
exact metric spaces, we now extend these results in setting of a perturbed
metric space. Now we begin this section by introducing the concept of F-
perturbed mapping and a lemma which is important in proving the main
results.
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Lemma 1. Let X be a nonempty set and D(x,y) be a perturbed metric
on X with respect to the perturbed mapping P(z,y) > 0, V z,y € X.
Define

D(z,y) = d(z,y) + P(z,y).

If x =y, then D(x,y) = P(x,y) > 0.
If x # y, then d(z,y) > 0. So that D(z,y) > 0. Hence, D(z,y) > 0,
VoayelX.

Definition 6. A mapping T: X — X is said to be an F-perturbed map-
ping if there exists 7 > 0, such that

D(Txz,Ty) >0 = 7+ F(D(Tx,Ty)) < F(D(z,y)), VYz,yeX. (1)

Theorem 2. Let (X, D, P) be a complete perturbed metric space and
T: X — X be a perturbed continuous F'-perturbed mapping. Then T has
a unique fixed point in X.

Proof. Let zy € X be arbitrary and fixed. We define a sequence {z,} < X,
Tpe1 = Txp,n =1,23,..., and denote v, = D(zp41,2,),n =1,2,3,. ...
If there exists ng € N, such that z,,.; = x,,, then T'x,, = x,, and the
proof is done.
Suppose Z,41 # T, Vn € N. Then v, > 0,¥n e N (using Lemma 1).
Using (1), the following holds for every n € N:

F(D(xpy1,20)) + 7 < F(D(2y, 24-1))
= F(D(zps1, 7)) < F(D(xp, xp1)) — T
= F(m) < F(yao1) = T (2)

Again, from (1), we have
F(’Yn—l) +7 < F(’Yn—Q) = F(’yn—l) g F(Vn—?) —T.

From (2), we have

F(v) € F(yno) =21 = F(v,) < F(y)—n7, neN =
lim F(v,) < lim [F(y) —n7] < —0, = lim F(y,) = —0. (3)
n—aoo n—oo n—o0
By (F2), we have
lim ~,, = 0. (4)

n—o0
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By (F3), there exists k € (0, 1), such that

lim 71 F(7,,) = 0. (5)
From (3), we have

F(y) < F(y) = nm = 7, F () < 7, F(0) — ny,
— hm [7 F(y) — %,F(%)] < lim [—nrvﬁ] — (0 < lim [—nTvﬁ] <0
n—aoo

n—0o0

— limnyf = 0;
n—00

i.e., for € > 0 there exists IV € N, such that

n’yﬁ <e, Vn>=N
)i, Vn

\Y
=

= D(Tpy1, %) < (%

= d(Tp11, Tn) + P(Tpy1, 2n) < ( )%, Vn >N

==

— d(Tpt1,20) < (=)%, Vn > N.

9
n

Now we will show that {x,} is a Cauchy sequence:

d(xnﬂmxn X d $n+p>xn+p 1) +d($n+p 1y Lntp— 2) +. "+d(xn+lawn)
1 1 1
gk 1 1 +"'+_1
+p—1E (n+p—2)E nw
p—
1
= c%
i=0 (n—i—z)
1P
L ek T, Vn > N.
nk

Therefore, lim d(xy4p,2,) =0, p=1,2,3,....
n—aoo

Hence, {z,} is a Cauchy sequence in the exact metric (X,d); that
is, {z,} is a perturbed Cauchy sequence in the perturbed metric space
(X, D, P). By the completeness of the perturbed metric space (X, D, P),
we deduce that there exists z* € X, such that

lim d(x,,z*) = 0.

n—ao0
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We now show that z* is a fixed point of 7. Since T' is a perturbed con-
tinuous mapping,

limd(Tz,, Tz*) =0 ie, limd(z,4,Tx*) =0.

n—o0 n—0oo
From the triangle inequality of d, we have

d(z*,Tx*) < d(x*,Tz,) + d(Tx,, T2*) = d(x*, xps1) + d(Tpy1, T2™)

= limd(z*, Tx*) < lim [d(2*, x,11) + d(xpy1, Tx™)]
n—o0 n—o0

— d(z*,Tx*) =0

— Ta* = z*.

We want to prove that x* is a unique fixed point.
Suppose there exists y* € X, such that Tz* = 2™ # y* = Ty*.

T+ F(D(Tz*,Ty*)) < F(D(z*,y*))
— 7+ F(D(2*,y*)) < F(D(z*,y*))

— 7 < 0, a contradiction.

Hence, x* is a unique fixed point. The proof is completed. []

We now present an example that supports the Theorem 2.
Example 3. Let D: [0,1] x [0,1] — [0,00) be the mapping defined by

D(x,y) = |z —y[ + (- y)*, Va,yel0,1].
Then D is a perturbed metric on [0, 1] with respect to the perturbed
mapping P: [0,1] x [0,1] — [0,00) given by P(x,y) = (x — y)*. In this
case, the exact metric is the mapping d: [0, 1] x [0, 1] — [0, o) defined by
d($’y) = |(L’—y’, VI,yE[O,l]

For x =0,y = %,z= %,we have

.2

which shows that
1 1 11
D(0.3) > D(0.5) + D(55)
0 5 > 0 3 + 373

1 11
. 2,D(,—) D(-,-): 513,
0.5625, D(0.5) + D(5.3) = 0513
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Hence, D is not an exact metric on [0, 1].

Let us define a mapping 7T': [0,1] — [0, 1] by Tw = £,z € [0, 1], which
is a continuous perturbed mapping. Take F'(x) = logz, z € (0, ), which
satisfies the conditions (F'1), (F2), (F3) and 7 = log2 > 0. Then we have
i_le—yl (=9

D(Tx,Ty) = |Tx —Ty| + (Tx — Ty) 5 16

Clearly, we have

T+ F(D(Tx,Ty)) =log2 + log(D(Tx,Ty)) = log(2D(Tx, Ty))
e -yl (@—y)
=log |55 +

<log [l — y| + (= — )|

= F(D(z,y)).

Hence, T is a F-perturbed mapping. So, by the Theorem 2, T has a
unique fixed point in X which is = 0.

4. Existence of a solution to the boundary value problem.
We give an application for the second-order boundary-value problem
of a unique solution with a binary relation, which is applicable in the
Theorem 2.
Let us consider a second-order boundary-value problem as follows:

—d"(t) = f(t,u(t)), te€(0,1) u(0)=u(l) =0, (6)

where the mapping f: (0,1) x R — R is continuous. This type of problem
arises in Physics and Engineering, such as in heat conduction, elastic de-
formation, and electrostatics. One can easily show that the problem (6)
is equivalent to the integral equation

1
) = [ Gle.5)1(s.uls) ds.
0
where G(t, s) is Green’s function given by

G(t,s) =
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Green’s function satisfies the boundary conditions u(0) = u(1) = 0.
Let X = (10, 1], the class of all real-valued continuous functions de-
fined on [0, 1] and define a function

D(uq(t),us(t)) = tsgg]\ul(t) —ua(t)] + |u1(0) —u2(0)|, Vug,us e X. (7)

D is a perturbed metric on C[0, 1] with respect to the perturbed mapping
P: C[0,1] x C[0,1] — [0,0) defined by the relation

P(uq(t),us(t)) = |ur(0) — uz(0)|, YV ug,us € C[0,1].

The exact metric is the function d: C[0,1] x C[0,1] — [0, 00) defined by
the relation

d(uy(t),us(t)) = sup |ui(t) —us(t)], YV ug,us e C[0,1]. (8)

te[0,1]

It is known that the set C[0, 1] endowed with the metric d defined by the
relation (8), that is (C]0, 1], d), is a complete metric space. Consequently,
by (iii) of the Definition 3, it is found that (C[0,1], D, P) is a complete
perturbed metric space.

Theorem 3. Consider the perturbed metric space (X, D, P) defined
on (7). Suppose that the boundary value problem (6) satisfies the fol-
lowing condition:

| (s,u1(s)) — f(s,u2(s))| < exp(—7) - Jua(s) —ua(s)|, 7>0. (9)
Then the boundary-value problem (6) has a unique solution.
Proof. We define a mapping T: X — X by

1

T(u(t)) = JG(t, s) f(s,u(s)) ds, se[0,1].

0

For all uy(t),us(t) € X, we have

7+ In (D(Tuy, Tus))

—r+In [ sup |Tur () — Tus(t)] + |Tus (0) — Tus(0)] ]
te[0,1]



10 Dipti Barman, T. Bag

te|0,1

1
=T+1n sup‘fGts (s,ui(s JG sugs))‘
0
1

+ U (0,5)f (s,ur(s)) — fG(O s)f (s, Uz(S))H

te|0,1

<T+ln sup}JGtsds ‘fl f(s,uq(s f(s,w(s)))ds‘
0

+ sup| f (0, 5)ds| - j (5,1(5)) — (s, ua(s))) s

te[0,1]

<7+1In % ‘f s, uq(s f(s,ug(s)))ds‘
= U(f@,ul(s)) ~ fls.ua(s))) ds]
<7+l HJ(f(s,ul(s)) ~ J(s.ua(s))) ds|

<T+ln[sup
s€[0,1]

‘f s,u1(s f(s,uz(s))‘fds]

<7+In [exp(—T) - sup ‘ul(s) - u2(s)H
s€[0,1]

—In [ sup |uq (t) — u2(t)’ - |u1(0) - UQ(O)H =In [D(Ul(t),u2<t)):|

te[0,1]

— 7+ In[(D(Tu1, Tuz))| < In[D(ur(t),us(t))], Yui(t), us(t) € X.
Thus, the mapping T fulfills the conditions of the Theorem 2 and there-
fore T has a unique fixed point in X. Consequently, the boundary value
problem (6) has a unique solution in X. []

5. Numerical Example. In this section, a numerical example is
established to indicate the significance of the given results. Let X be a set
of all continuous real-valued functions defined on [0, 1], i.e., X = C[0, 1],
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and define D: X x X — [0,0) by

D(uq(t), us(t)) = sup |ug(t) —ua(t)] + Jui(0) — uz(0)], Vu(t), us(t) € X.

te[0,1]

Then D is a perturbed metric on X with respect to the perturbed mapping
P: X x X — [0,00) defined by the relation

P(Ul(t),UQ(t>) = |U1(O) — U2<0)|, Vul(t),ug(t) € X,
and the exact metric is the function d: X x X — [0, 0) defined by

d(ui(t), uz(t)) = sup |ui(t) —ua(t)|, Vur(t),us(t) € X.

te[0,1]

Clearly, (X, D, P) is complete perturbed metric space.
Let T be the operator defined by
1
Tu(t) - J G(t,5)f (s,u(s))ds, se[0,1], (10)

0

1— <t
G’(t,s)={s< t), 0<s<t

tl—s), t<s<l.

where

Let f(s,u(s)) = (2522) - sinu(s). Then (10) becomes
1

Tu(t) = f G(t, s)(

0

s+ 0.5

> sinu(s)ds, wu(t)e X. (11)

Suppose the following condition holds:

|f (s, u1(s)) — f(s,uz(s))| < exp(—=7) - |ur(s) — ua(s)
For all u;(t), us(t) € X and 7 € (0.287,1.386), we have

, 7 ¢ (0.287,1.386).

T+ In (D(Tuy (t), Tus(t))
=7+1In [ sup |Tuy(t) — Tus(t ‘ ’Tul Tug(O)H
te[0,1]

:T—i—ln sup‘f (t,s)f(s,ui(s ))ds—JG( )f(s,(ug(t))dsl

te(0,1
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1

+ ‘JG(O,t) s, up(s JlG f(s,ua(s ))dsH

0
1

<7'+1n Sup‘f tsds ‘f((f(s,ul(s))—f(s,uﬂs)))ds‘

te|0,1

t€[0,1]

+ sup ‘JG (0, s)ds| - ’Jl (s,ui(s f(s,m(s)))ds”

<r+In [% - U(f(s,ul(s)) ~ Fls,uas))) s

l\:)ll—

‘J (s,ui(s f(s,uz(s)))dsu

1

<7+In ‘ f (f(s,ul(s)) - f(s,uz(s)))dsu

0

=7+1In | sup [f (s, ui(s)) = f(s, u2(s))| st}

-s€[0,1]

<7+1In _exp(—T) - sup ‘ul(s) - u2(s)H
- s€[0,1]

=1In [ sup ‘ul(s) — uz(S)’ + ‘Ul(o) - U2(O)H

s€[0,1]

~In [D(ul(t), u2(t))].

As a result, the conclusion is that the condition of Theorem 2 are satisfied.
Consequently, the Integral Equation (11) has a unique solution. It can be
easily checked that u(t) = t is the exact solution of Equation (11). Since
T(0) = 0, the unique fixed point in X is precisely the zero function.

6. Another generalized fixed-point theorem. In this section, we
prove another theorem on the fixed point of an operator that includes the
Banach fixed-point theorem of a perturbed metric space [10, Theorem 3.1].

Theorem 4. Let X be a complete perturbed metric space and let T be
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a mapping of X into itself. Suppose that for each positive integer n,
D(T"z,T"y) < a, - D(z,y)

for all z,y € X, where a,, > 0 is independent of z,y. If the series Y ,._, a, is
convergent and T' is a perturbed continuous function, then T has a unique
fixed point in X.

Proof. Let xy be an arbitrary element in X and consider the sequence
{x,} of iterations

Tp=T"29, n=123,....
We note that x, 1 =T""og=T"(Txg)=T"z, and x,,1 =T (T"x) =Tx,.
Now, we have

D(2p, Tps1) = D(T"xo, T" ' 29) = D(T"x0, T"21) < @y - D(w9, 21).

Therefore,
D(xy, 1) < ay - D(xg, 27). (12)
If o = x1, then a fixed point is obtained. Let, therefore, o # x1 and k
be a positive integer with k > D(zg, x1).
As the series Y. a, is convergent, lima, = 0. From (12), we have
n—o0

D(:L‘naxn-‘rl) < Gy D(:E07x1)
- d(ﬂjn,anrl) + P(xnaxn+l) < Qp - -D('TOVII)

= limd(x,, r,11) < D(z9,21) - lima,
n—0o0 n—0o0

— limd(z,, zn41) = 0.

n—0o0

Now we will show that {z,} is a Cauchy sequence.

d(xny xn-i—P) < d(xn; xn-‘rl) + d(xn-&-l) $n+2) +.o.F d(xn-&-p—l; xn-‘,—p)

— limd(z,, Tnyp) < lm [d(zn, Tri1) + A(@ng1, Toga) + ...+

A(Tntp-1, Tntp)]

— limd(zy,, Tnip) = 0.
n—0o0

Therefore, {x,} is a Cauchy sequence and the completeness of X implies
existence of g € X, such that

lim z,, = xg.
n—0oo
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Since T' is a perturbed continuous mapping, then

limd(Tx,, Txo) =0 i.e., limd(z,41,70) = 0.
n—00 n—w

For a positive integer n, we obtain

d(zg, Txo) < d(xo, 1) + d(Tpy1, Txo)
= nlinolo [d(z0, Tpi1) + d(Txy, Txo)] < 0.
Therefore, d(Txg,xg) = Txo = xo.
We now prove the uniqueness. If yq is a fixed point of T', then for any
positive integer n:
Yo = T"yo and xo = T"xy.

So,
D(xo,y0) = D(T"x0, T"yo) < an - D(x0,y0) = (@, — 1) - D(zo,y0) = 0.

If ¢ = yo, then the uniqueness is done.

From Lemma 1, if xy # yo, then D(zg,y0) > 0, so (a, — 1) = 0
ie,a, =>1Vn.

Therefore, a, cannot tend to zero and this contradiction shows that
o = yo. Thus, T has a unique fixed point in X. []

We now deduce Banach’s fixed-point theorem using perturbed metric
(see [10]) from fixed-point Theorem 4.

Proof. Since T is a Banach fixed-point theorem, using perturbed map-
ping [10], we show that there exists 0 < o < 1, such that

D(Tz,Ty) < - D(z,y), VuzyelX. (13)
For z,y € X, we get from (13):

and in general D(T"z, T"y) < o™ - D(x,y).
Since the series >, a™ is convergent, by (4), T has a unique fixed point

in X.[]

We now present an example, which supports Theorem 4.
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Example 4. Let D: [0,1] x [0,1] — [0, 00) be the mapping defined by
D(x,y)=\x—y\+(w—y)2, V.T,yEX.
Then D is a perturbed metric on [0,1] with respect to the perturbed

mapping P: [0,1] x [0,1] — [0, o0) given by P(x,y) = (z — y)>.
Let us define a self-mapping 7": [0, 1] — [0, 1] by

Te=2, zel01].
3
For all z,y € [0, 1], we have
DT, Ty) = o~ Lt (= LY = eyl 4 o (o)
T =|— - = — - = T — T —1vy)".
’ Y 3n 3n 3n 3n Y 32n Y
We know that = 3n, 32n < 1

Now,

L ey <le—yl+ @y

1

Since a,, > 0 for all n € N,
D(T"z, T"y) < ay, - (]x—y[Jr(x—y)Q) =a, - D(xz,y), Yaxzyel01].

T is also a perturbed continuous mapping. Therefore, all the conditions
of Theorem 4 are satisfied. Hence T has a unique fixed point z = 0.

Acknowledgment. The authors are thankful to the Department of
Mathematics, Siksha-Bhavana, Visva-Bharati, India. The author D.B. ac-
knowledges financial support awarded by CSIR-UGC NET (DECEMBER-
2022/JUNE-2023), University Grand Commission (UGC), New Delhi, In-
dia, through research fellowship [Ref. No 231610065558]| for carrying out
research work leading to the preparation of this manuscript.

References

[1] Bataihah A., Shatnawi M., Batiha I. M., Jebril I. H., Abdeljawad T. Some
results on fixed points in b-metric spaces through an auziliary function.
Nonlinear Funct. Anal. Appl., 2025, vol. 30, no. 1, pp. 251 —263.

DOI: https://doi.org/10.22771/nfaa.2025.30.01.15


https://doi.org/10.22771/nfaa.2025.30.01.15

16 Dipti Barman, T. Bag
[2] Czerwik S. Contraction mapping in b-metric spaces. Acta Math. Inform.
Univ. Ostrav., 1993, vol. 1, no. 1, pp. 5—11.
DOLI: http://dml.cz/dmlcz/120469
[3] Das A., Kalita H., Sajid M., Bag T. Generalized 0-parametric metric
spaces: fized point theorems and application to fractional economic growth
model via fractional differential approach. J. Inequal. Appl., 2025, vol. 2025,
art. no. 112. DOI: https://doi.org/10.1186/s13660-025-03374-8
[4] Das A., Ahmad H., Bag T. Some fized point theorems in generalized para-
metric metric spaces and applications to ordinary differential equations.
Math. Slovaca, 2024, vol. 74, no. 5, pp. 1277—-1290.
DOI: https://doi.org/10.1515/ms-2024-0093
[5] Dhage B. C. Generalized metric space and mappings with fized point. Bull.
cal. Math. Soc., 1992, vol. 84, no. 4, pp. 329-336.
DOI: https://sid.ir/paper/610314/en
[6] Gahler S. 2-Metrische raume und ihre topologische struktur. Math Nachr,
1993, vol. 26, pp. 115-118. (in German)
DOI: https://doi.org/10.1002/mana. 19630260109
[7] Ghosh S. K., Ege O., Ahmad J., Aloqaily A., Mlaiki N. On elliptic valued
b-metric spaces and some new fized point results with application. AIMS
Math., 2024, vol. 9, no. 7, pp. 17184 —17204.
DOI: http://dx.doi.org/10.3934/math.2024835
[8] Hajjat M., Bataihah A., Hazaymeh A. A. Some results on fized point in
generalized metric spaces via an auziliary function. Int. J. Neutrosophic
Sci., 2025, vol. 26, no. 01, pp. 171 180.
DOI: https://doi.org/10.54216/I1JNS.260115
[9] Jleli M., Samet B. On a new generalization of metric spaces. J. Fixed Point
Theory Appl., 2018, vol. 20, art. no. 128.
DOI: https://doi.org/10.1007/s11784-018-0606-6
[10] Jleli M., Samet B. On Banach’s fized point theorem in perturbed metric
spaces. J. Appl. Anal. Comput., 2025, vol. 15, no. 2, pp. 993 -1001.
DOI: http://dx.doi.org/10.11948/20240242
[11] Joshi M., Tomar A., Abdeljawad T. On fized points, their geometry and ap-
plication to satellite web coupling problem in S-metric spaces. AIMS Math.,
2023, vol. 8, no. 2, pp. 4407-4441.
DOI: http://dx.doi.org/math.2023220
[12] Kreyszig E. Introduction functional analysis with applications. New York:
Wiley, 1989.
[13] Mustafa Z., Sims B. A new approach to generalized metric spaces. J. Non-

linear Convex Anal., 2006, vol. 7, no. 2, pp. 289—297.


http://dml.cz/dmlcz/120469
https://doi.org/10.1186/s13660-025-03374-8
https://doi.org/10.1515/ms-2024-0093
https://sid. ir/paper/610314/en
https://doi.org/10.1002/mana.19630260109
http://dx.doi.org/10.3934/math.2024835
https://doi.org/10.54216/IJNS.260115
https://doi.org/10.1007/s11784-018-0606-6
http://dx.doi.org/10.11948/20240242
http://dx.doi.org/math.2023220

Fixed point theorems on perturbed metric space with an application 17

[14] Petrov E., Bisht R. K. Fized points theorem for generalized Kannan type
mappings. Rend. Circ. Mat. Palermo, II. Ser, 2024, vol. 73, pp. 2895 —2912.
DOI: https://doi.org/10.1007/s12215-024-01079-3

[15] Sedghi S.,; Altun I., Shobe N., Salahshour M. A. Some properties of
S-metric spaces and fized point results. Kyungpook Math., 2014, vol. 54,
pp- 113-122. DOI: http://dx.doi.org/10.5666/KMJ.2014.54.1.113

[16] Wardowski D. Fized points of a new type of contractive mappings in com-
plete metric spaces. Fixed Point Theory Appl., 2012, vol. 94, 2012.

DOI: https://doi.org/10.1186/1687-1812-2012-94

Received November 24, 2025.

In revised form, February 07, 2026.
Accepted March 06, 2026.
Published online March 24, 2026.

Department of Mathematics, Siksha-Bhavana, Visva-Bharati,
Santiniketan-731235, Birbhum, West-Bengal, India

Dipti Barman
E-mail: diptibarmanhmt@gmail.com

T. Bag
E-mail: tarapadavb@gmail.com


https://doi.org/10.1007/s12215-024-01079-3
http://dx.doi.org/10.5666/KMJ.2014.54.1.113
https://doi.org/10.1186/1687-1812-2012-94

