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1. Introduction. In modern mathematics, metric spaces and normed
linear spaces are two widely used concepts in functional analysis. The no-
tion of metric was developed by Frechet, and later Hausdorff presented
it axiomatically. Following this, several authors explored different ap-
proaches to the concept of a metric, seeking to develop functions that are
more general than the standard metric function. In 1993, Gahler [6] intro-
duced the concept of 2-metric, followed by 𝑛-metric, and established many
fundamental results in functional analysis. Since then, various generalized
metrics have been defined by different authors, including 𝐷-metric [5],
𝑆-metric [15], 𝑏-metric [2], 𝐺-metric [13], 𝐹 -metric [9]. In these gener-
alized metrics, authors often modify the triangle inequality found in the
definition of a basic metric space. Additionally, several authors have made
significant contributions to fixed point results in generalized metric spaces
(for references please see [3], [8], [7], [1], [4], [14], [11]).

Measuring the distance between two points is always subject to errors.
For instance, imperfections in the instrument calibration can affect mea-
surements. While these errors might be minor, their cumulative effect can
be significant. Recognizing this problem, Jleli et al. [10] introduced the
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concept of a perturbed metric space and established fixed-point theorem
within that framework. A review of the literature on perturbed metric
spaces uncovers numerous oppertunities for developing fixed point results
for various types of contraction mappings within these spaces.

Motivated by these insights, we introduce the concept of 𝐹 -perturbed
mapping in this paper and present a fixed-point theorem for perturbed
metric spaces. We also explore application for the existence of a solu-
tion to second-order boundary value problem. The effectiveness of this
approaches is illustrated through a numerical experiment.

2. Preliminaries. This section provides essential information and
terminology that will be important for the rest of the manuscript.

To begin with, we recall the concept of a metric space.

Definition 1. [12] A metric space is a pair p𝑋, 𝑑q, where 𝑋 is a set and 𝑑
is a metric on 𝑋 (or a distance function on 𝑋), that is, a function defined
on 𝑋 ˆ𝑋, such that for all 𝑥, 𝑦, 𝑧 P 𝑋 we have

(M1) 𝑑 is a real-valued, finite, and non-negative;

(M2) 𝑑p𝑥, 𝑦q “ 0 if and only if 𝑥 “ 𝑦;

(M3) 𝑑p𝑥, 𝑦q “ 𝑑p𝑦, 𝑥q;

(M4) 𝑑p𝑥, 𝑦q 6 𝑑p𝑥, 𝑧q ` 𝑑p𝑧, 𝑦q.

Note: Throughout this article, p𝑋, 𝑑q is also called exact metric space.
The following definition introduces recently proposed concept of per-

turbed metric spaces in [10].

Definition 2. [10] Let 𝐷,𝑃 : 𝑋 ˆ 𝑋 Ñ r0,8q be two given mappings.
𝐷 is a perturbed metric on 𝑋 with respect to 𝑃 if the function

𝑑 “ 𝐷 ´ 𝑃 : 𝑋 ˆ𝑋 Ñ R, p𝑥, 𝑦q Ñ 𝐷p𝑥, 𝑦q ´ 𝑃 p𝑥, 𝑦q

is a metric on 𝑋. This means that for all 𝑥, 𝑦, 𝑧 P 𝑋, the following
conditions hold:

(P1) p𝐷 ´ 𝑃 qp𝑥, 𝑦q > 0;

(P2) p𝐷 ´ 𝑃 qp𝑥, 𝑦q “ 0 ðñ 𝑥 “ 𝑦;

(P3) p𝐷 ´ 𝑃 qp𝑥, 𝑦q “ p𝐷 ´ 𝑃 qp𝑦, 𝑥q;

(P4) p𝐷 ´ 𝑃 qp𝑥, 𝑦q 6 p𝐷 ´ 𝑃 qp𝑥, 𝑧q ` p𝐷 ´ 𝑃 qp𝑧, 𝑦q.
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We call 𝑃 a perturbed mapping, 𝑑 “ 𝐷´𝑃 the exact metric, and p𝑋,𝐷, 𝑃 q
a perturbed metric space.

Example 1. [10] Let 𝐷 : Rˆ RÑ r0,8q be the mapping defined by

𝐷p𝑥, 𝑦q “ |𝑥´ 𝑦| ` 𝑥2𝑦4, @ 𝑥, 𝑦 P R.

Then 𝐷 is a perturbed metric on R with respect to the perturbed mapping

𝑃 : Rˆ RÑ r0,8q

given by
𝑃 p𝑥, 𝑦q “ 𝑥2𝑦4, @ 𝑥, 𝑦 P R.

In this case, the exact metric is the mapping 𝑑 defined by

𝑑p𝑥, 𝑦q “ |𝑥´ 𝑦|, @ 𝑥, 𝑦 P R.

We present the following basic properties of a perturbed metric space,
as established by Jleli and Samet [10].

Proposition 1. [10] Let 𝐷,𝑃,𝑄 : 𝑋 ˆ𝑋 Ñ r0,8q be three given map-
pings and 𝛼 ą 0.

(i) If two triples p𝑋,𝐷, 𝑃 q and p𝑋,𝐷,𝑄q denote two perturbed metric
spaces, then the triple p𝑋,𝐷, 𝑃`𝑄

2
q also forms a perturbed metric

space.
(ii) The triple p𝑋,𝛼𝐷, 𝛼𝑃 q forms a perturbed metric space if the triple

p𝑋,𝐷, 𝑃 q consists of a perturbed metric space.

Jleli and Samat [10] introduced the following topological notations
related to perturbed metric space p𝑋,𝐷, 𝑃 q.

Definition 3. [10] Let p𝑋,𝐷, 𝑃 q be a perturbed metric space. Let t𝑥𝑛u

be a sequence in 𝑋, and 𝑇 : 𝑋 Ñ 𝑋 be a mapping.

(i) We say that t𝑥𝑛u is a perturbed convergent sequence in p𝑋,𝐷, 𝑃 q if
t𝑥𝑛u is convergent in the metric space p𝑋, 𝑑q, where 𝑑 “ 𝐷 ´ 𝑃 is
the exact metric.

(ii) We say that t𝑥𝑛u is a perturbed Cauchy sequence in p𝑋,𝐷, 𝑃 q if
t𝑥𝑛u is a Cauchy sequence in the metric space p𝑋, 𝑑q.

(iii) We say that p𝑋,𝐷, 𝑃 q is a complete perturbed metric space if p𝑋, 𝑑q
is a complete metric space, or, equivalently, if every perturbed Cauchy
sequence in p𝑋,𝐷, 𝑃 q is a perturbed convergent sequence in p𝑋,𝐷, 𝑃 q.
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(iv) We say that 𝑇 is a perturbed continuous mapping if 𝑇 is continuous
with respect to the exact metric 𝑑.

We develop a fixed-point theorem in Section 3 using the following type
of functions.

Definition 4. [16] Let 𝐹 : R` Ñ R be a function satisfying

p𝐹1q F is strictly increasing, i.e., for all 𝑡1, 𝑡2 P R` such that 𝑡1 ă 𝑡2
ùñ 𝐹 p𝑡1q ă 𝐹 p𝑡2q,

p𝐹2q For each sequence t𝑡𝑛u𝑛PN of positive real numbers, lim
𝑛Ñ8

𝑡𝑛 “ 0 ðñ

lim
𝑛Ñ8

𝐹 p𝑡𝑛q “ ´8,

p𝐹3q There exists 𝑘 P p0, 1q, such that lim
𝑡Ñ0`

𝑡𝑘𝐹 p𝑡q “ 0.

Some examples of 𝐹 : 𝑅` Ñ 𝑅 mappings that satisfy the conditions
p𝐹1q, p𝐹2q, and p𝐹3q are as follows.

Example 2. [16]
1) 𝐹 p𝑥q “ ln𝑥, 𝑥 P p0,8q.
2) 𝐹 p𝑥q “ ln𝑥` 𝑥, 𝑥 P p0,8q.
3) 𝐹 p𝑥q “ ´ 1?

𝑥
, 𝑥 P p0,8q.

4) 𝐹 p𝑥q “ lnp𝑥2 ` 𝑥q, 𝑥 P p0,8q.

We recall the 𝐹 -contraction theorem from [16] in exact metric space
p𝑋, 𝑑q to be used in the main result.

Definition 5. [16] A mapping 𝑇 : 𝑋 Ñ 𝑋 is said to be an 𝐹 -contraction
if there exists 𝜏 ą 0, such that

𝑑p𝑇𝑥, 𝑇𝑦q ą 0, @ 𝑥, 𝑦 P 𝑋 ùñ 𝜏`𝐹 p𝑑p𝑇𝑥, 𝑇𝑦qq 6 𝐹 p𝑑p𝑥, 𝑦qq, @ 𝑥, 𝑦 P 𝑋.

Theorem 1. [16] Let p𝑋, 𝑑q be a complete exact metric space and let
𝑇 : 𝑋 Ñ 𝑋 be a 𝐹 -contraction. 𝑇 has a unique fixed point 𝑥˚ P 𝑋, and
for every 𝑥0 P 𝑋 a sequence t𝑇 𝑛𝑥0u𝑛PN is convergent to 𝑥˚.

3. Main results. Inspired by the work of D. Wardowski [16] in
exact metric spaces, we now extend these results in setting of a perturbed
metric space. Now we begin this section by introducing the concept of 𝐹 -
perturbed mapping and a lemma which is important in proving the main
results.
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Lemma 1. Let 𝑋 be a nonempty set and 𝐷p𝑥, 𝑦q be a perturbed metric
on 𝑋 with respect to the perturbed mapping 𝑃 p𝑥, 𝑦q > 0, @ 𝑥, 𝑦 P 𝑋.
Define

𝐷p𝑥, 𝑦q “ 𝑑p𝑥, 𝑦q ` 𝑃 p𝑥, 𝑦q.

If 𝑥 “ 𝑦, then 𝐷p𝑥, 𝑦q “ 𝑃 p𝑥, 𝑦q > 0.
If 𝑥 ‰ 𝑦, then 𝑑p𝑥, 𝑦q ą 0. So that 𝐷p𝑥, 𝑦q ą 0. Hence, 𝐷p𝑥, 𝑦q > 0,

@ 𝑥, 𝑦 P 𝑋.

Definition 6. A mapping 𝑇 : 𝑋 Ñ 𝑋 is said to be an 𝐹 -perturbed map-
ping if there exists 𝜏 ą 0, such that

𝐷p𝑇𝑥, 𝑇𝑦q ą 0 ùñ 𝜏 ` 𝐹 p𝐷p𝑇𝑥, 𝑇𝑦qq 6 𝐹 p𝐷p𝑥, 𝑦qq, @ 𝑥, 𝑦 P 𝑋. (1)

Theorem 2. Let p𝑋,𝐷, 𝑃 q be a complete perturbed metric space and
𝑇 : 𝑋 Ñ 𝑋 be a perturbed continuous 𝐹 -perturbed mapping. Then 𝑇 has
a unique fixed point in 𝑋.

Proof. Let 𝑥0 P 𝑋 be arbitrary and fixed. We define a sequence t𝑥𝑛u Ă 𝑋,
𝑥𝑛`1 “ 𝑇𝑥𝑛, 𝑛 “ 1, 2, 3, . . ., and denote 𝛾𝑛 “ 𝐷p𝑥𝑛`1, 𝑥𝑛q, 𝑛 “ 1, 2, 3, . . ..

If there exists 𝑛0 P N, such that 𝑥𝑛0`1 “ 𝑥𝑛0 , then 𝑇𝑥𝑛0 “ 𝑥𝑛0 and the
proof is done.

Suppose 𝑥𝑛`1 ‰ 𝑥𝑛, @𝑛 P N. Then 𝛾𝑛 ą 0, @𝑛 P N (using Lemma 1).
Using (1), the following holds for every 𝑛 P N:

𝐹 p𝐷p𝑥𝑛`1, 𝑥𝑛qq ` 𝜏 6 𝐹 p𝐷p𝑥𝑛, 𝑥𝑛´1qq

ùñ 𝐹 p𝐷p𝑥𝑛`1, 𝑥𝑛qq 6 𝐹 p𝐷p𝑥𝑛, 𝑥𝑛´1qq ´ 𝜏

ùñ 𝐹 p𝛾𝑛q 6 𝐹 p𝛾𝑛´1q ´ 𝜏. (2)

Again, from (1), we have

𝐹 p𝛾𝑛´1q ` 𝜏 6 𝐹 p𝛾𝑛´2q ùñ 𝐹 p𝛾𝑛´1q 6 𝐹 p𝛾𝑛´2q ´ 𝜏.

From (2), we have

𝐹 p𝛾𝑛q 6 𝐹 p𝛾𝑛´2q ´ 2𝜏 ùñ 𝐹 p𝛾𝑛q 6 𝐹 p𝛾0q ´ 𝑛𝜏, 𝑛 P N ùñ

lim
𝑛Ñ8

𝐹 p𝛾𝑛q 6 lim
𝑛Ñ8

r𝐹 p𝛾0q ´ 𝑛𝜏 s 6 ´8, ùñ lim
𝑛Ñ8

𝐹 p𝛾𝑛q “ ´8. (3)

By p𝐹2q, we have
lim
𝑛Ñ8

𝛾𝑛 “ 0. (4)
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By p𝐹3q, there exists 𝑘 P p0, 1q, such that

lim
𝑛Ñ8

𝛾𝑘
𝑛𝐹 p𝛾𝑛q “ 0. (5)

From (3), we have

𝐹 p𝛾𝑛q 6 𝐹 p𝛾0q ´ 𝑛𝜏 ùñ 𝛾𝑘
𝑛𝐹 p𝛾𝑛q 6 𝛾𝑘

𝑛𝐹 p𝛾0q ´ 𝑛𝜏𝛾𝑘
𝑛

ùñ lim
𝑛Ñ8

r𝛾𝑘
𝑛𝐹 p𝛾𝑛q ´ 𝛾𝑘

𝑛𝐹 p𝛾0qs 6 lim
𝑛Ñ8

r´𝑛𝜏𝛾𝑘
𝑛s ùñ 0 6 lim

𝑛Ñ8
r´𝑛𝜏𝛾𝑘

𝑛s 6 0

ùñ lim
𝑛Ñ8

𝑛𝛾𝑘
𝑛 “ 0;

i.e., for 𝜀 ą 0 there exists 𝑁 P N, such that

𝑛𝛾𝑘
𝑛 ă 𝜀, @𝑛 > 𝑁

ùñ 𝐷p𝑥𝑛`1, 𝑥𝑛q ă p
𝜀

𝑛
q
1
𝑘 , @𝑛 > 𝑁

ùñ 𝑑p𝑥𝑛`1, 𝑥𝑛q ` 𝑃 p𝑥𝑛`1, 𝑥𝑛q ă p
𝜀

𝑛
q
1
𝑘 , @𝑛 > 𝑁

ùñ 𝑑p𝑥𝑛`1, 𝑥𝑛q ă p
𝜀

𝑛
q
1
𝑘 , @𝑛 > 𝑁.

Now we will show that t𝑥𝑛u is a Cauchy sequence:

𝑑p𝑥𝑛`𝑝, 𝑥𝑛q 6 𝑑p𝑥𝑛`𝑝, 𝑥𝑛`𝑝´1q ` 𝑑p𝑥𝑛`𝑝´1, 𝑥𝑛`𝑝´2q ` . . .` 𝑑p𝑥𝑛`1, 𝑥𝑛q

ă 𝜀
1
𝑘

„

1

p𝑛` 𝑝´ 1q
1
𝑘

`
1

p𝑛` 𝑝´ 2q
1
𝑘

` . . .`
1

𝑛
1
𝑘



“ 𝜀
1
𝑘

𝑝´1
ÿ

𝑖“0

1

p𝑛` 𝑖q
1
𝑘

6 𝜀
1
𝑘 ¨

𝑝

𝑛
1
𝑘

, @𝑛 > 𝑁.

Therefore, lim
𝑛Ñ8

𝑑p𝑥𝑛`𝑝, 𝑥𝑛q “ 0, 𝑝 “ 1, 2, 3, . . ..

Hence, t𝑥𝑛u is a Cauchy sequence in the exact metric p𝑋, 𝑑q; that
is, t𝑥𝑛u is a perturbed Cauchy sequence in the perturbed metric space
p𝑋,𝐷, 𝑃 q. By the completeness of the perturbed metric space p𝑋,𝐷, 𝑃 q,
we deduce that there exists 𝑥˚ P 𝑋, such that

lim
𝑛Ñ8

𝑑p𝑥𝑛, 𝑥
˚
q “ 0.
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We now show that 𝑥˚ is a fixed point of 𝑇 . Since 𝑇 is a perturbed con-
tinuous mapping,

lim
𝑛Ñ8

𝑑p𝑇𝑥𝑛, 𝑇𝑥
˚
q “ 0 i.e., lim

𝑛Ñ8
𝑑p𝑥𝑛`1, 𝑇𝑥

˚
q “ 0.

From the triangle inequality of 𝑑, we have

𝑑p𝑥˚, 𝑇𝑥˚q 6 𝑑p𝑥˚, 𝑇𝑥𝑛q ` 𝑑p𝑇𝑥𝑛, 𝑇𝑥
˚
q “ 𝑑p𝑥˚, 𝑥𝑛`1q ` 𝑑p𝑥𝑛`1, 𝑇𝑥

˚
q

ùñ lim
𝑛Ñ8

𝑑p𝑥˚, 𝑇𝑥˚q 6 lim
𝑛Ñ8

r𝑑p𝑥˚, 𝑥𝑛`1q ` 𝑑p𝑥𝑛`1, 𝑇𝑥
˚
qs

ùñ 𝑑p𝑥˚, 𝑇𝑥˚q “ 0

ùñ 𝑇𝑥˚ “ 𝑥˚.

We want to prove that 𝑥˚ is a unique fixed point.
Suppose there exists 𝑦˚ P 𝑋, such that 𝑇𝑥˚ “ 𝑥˚ ‰ 𝑦˚ “ 𝑇𝑦˚.

𝜏 ` 𝐹 p𝐷p𝑇𝑥˚, 𝑇 𝑦˚qq 6 𝐹 p𝐷p𝑥˚, 𝑦˚qq

ùñ 𝜏 ` 𝐹 p𝐷p𝑥˚, 𝑦˚qq 6 𝐹 p𝐷p𝑥˚, 𝑦˚qq

ùñ 𝜏 6 0, a contradiction.

Hence, 𝑥˚ is a unique fixed point. The proof is completed. l

We now present an example that supports the Theorem 2.

Example 3. Let 𝐷 : r0, 1s ˆ r0, 1s Ñ r0,8q be the mapping defined by

𝐷p𝑥, 𝑦q “ |𝑥´ 𝑦| ` p𝑥´ 𝑦q4, @ 𝑥, 𝑦 P r0, 1s.

Then 𝐷 is a perturbed metric on r0, 1s with respect to the perturbed
mapping 𝑃 : r0, 1s ˆ r0, 1s Ñ r0,8q given by 𝑃 p𝑥, 𝑦q “ p𝑥 ´ 𝑦q4. In this
case, the exact metric is the mapping 𝑑 : r0, 1sˆ r0, 1s Ñ r0,8q defined by

𝑑p𝑥, 𝑦q “ |𝑥´ 𝑦|, @𝑥, 𝑦 P r0, 1s.

For 𝑥 “ 0, 𝑦 “ 1
2
, 𝑧 “ 1

3
, we have

𝐷
´

0,
1

2

¯

“ 0.5625, 𝐷
´

0,
1

3

¯

`𝐷
´1

3
,
1

2

¯

“ 0.513,

which shows that

𝐷
´

0,
1

2

¯

ą 𝐷
´

0,
1

3

¯

`𝐷
´1

3
,
1

2

¯

.
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Hence, 𝐷 is not an exact metric on r0, 1s.
Let us define a mapping 𝑇 : r0, 1s Ñ r0, 1s by 𝑇𝑥 “ 𝑥

2
, 𝑥 P r0, 1s, which

is a continuous perturbed mapping. Take 𝐹 p𝑥q “ log 𝑥, 𝑥 P p0,8q, which
satisfies the conditions p𝐹1q, p𝐹2q, p𝐹3q and 𝜏 “ log 2 ą 0. Then we have

𝐷p𝑇𝑥, 𝑇𝑦q “ |𝑇𝑥´ 𝑇𝑦| ` p𝑇𝑥´ 𝑇𝑦q4 “
|𝑥´ 𝑦|

2
`
p𝑥´ 𝑦q4

16
.

Clearly, we have

𝜏 ` 𝐹 p𝐷p𝑇𝑥, 𝑇𝑦qq “ log 2` logp𝐷p𝑇𝑥, 𝑇𝑦qq “ logp2𝐷p𝑇𝑥, 𝑇𝑦qq

“ log
”

2
!

|𝑥´ 𝑦|

2
`
p𝑥´ 𝑦q4

16

)ı

6 log
”

|𝑥´ 𝑦| ` p𝑥´ 𝑦q4
ı

“ 𝐹 p𝐷p𝑥, 𝑦qq.

Hence, 𝑇 is a 𝐹 -perturbed mapping. So, by the Theorem 2, 𝑇 has a
unique fixed point in 𝑋 which is 𝑥 “ 0.

4. Existence of a solution to the boundary value problem.
We give an application for the second-order boundary-value problem

of a unique solution with a binary relation, which is applicable in the
Theorem 2.
Let us consider a second-order boundary-value problem as follows:

´ 𝑢2p𝑡q “ 𝑓p𝑡, 𝑢p𝑡qq, 𝑡 P p0, 1q 𝑢p0q “ 𝑢p1q “ 0, (6)

where the mapping 𝑓 : p0, 1qˆRÑ R is continuous. This type of problem
arises in Physics and Engineering, such as in heat conduction, elastic de-
formation, and electrostatics. One can easily show that the problem (6)
is equivalent to the integral equation

𝑢p𝑡q “

1
ż

0

𝐺p𝑡, 𝑠q𝑓p𝑠, 𝑢p𝑠q 𝑑𝑠,

where 𝐺p𝑡, 𝑠q is Green’s function given by

𝐺p𝑡, 𝑠q “

#

𝑠p1´ 𝑡q, 0 ă 𝑠 6 𝑡 6 1

𝑡p1´ 𝑠q, 0 ă 𝑡 ă 𝑠 6 1.
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Green’s function satisfies the boundary conditions 𝑢p0q “ 𝑢p1q “ 0.
Let 𝑋 “ 𝐶r0, 1s, the class of all real-valued continuous functions de-

fined on r0, 1s and define a function

𝐷p𝑢1p𝑡q, 𝑢2p𝑡qq “ sup
𝑡Pr0,1s

|𝑢1p𝑡q ´ 𝑢2p𝑡q| ` |𝑢1p0q ´ 𝑢2p0q|, @𝑢1, 𝑢2 P 𝑋. (7)

𝐷 is a perturbed metric on 𝐶r0, 1s with respect to the perturbed mapping
𝑃 : 𝐶r0, 1s ˆ 𝐶r0, 1s Ñ r0,8q defined by the relation

𝑃 p𝑢1p𝑡q, 𝑢2p𝑡qq “ |𝑢1p0q ´ 𝑢2p0q|, @ 𝑢1, 𝑢2 P 𝐶r0, 1s.

The exact metric is the function 𝑑 : 𝐶r0, 1s ˆ 𝐶r0, 1s Ñ r0,8q defined by
the relation

𝑑p𝑢1p𝑡q, 𝑢2p𝑡qq “ sup
𝑡Pr0,1s

|𝑢1p𝑡q ´ 𝑢2p𝑡q|, @ 𝑢1, 𝑢2 P 𝐶r0, 1s. (8)

It is known that the set 𝐶r0, 1s endowed with the metric 𝑑 defined by the
relation (8), that is p𝐶r0, 1s, 𝑑q, is a complete metric space. Consequently,
by (iii) of the Definition 3, it is found that p𝐶r0, 1s, 𝐷, 𝑃 q is a complete
perturbed metric space.

Theorem 3. Consider the perturbed metric space p𝑋,𝐷, 𝑃 q defined
on (7). Suppose that the boundary value problem (6) satisfies the fol-
lowing condition:

|𝑓
`

𝑠, 𝑢1p𝑠q
˘

´ 𝑓
`

𝑠, 𝑢2p𝑠q
˘

| 6 expp´𝜏q ¨ |𝑢1p𝑠q ´ 𝑢2p𝑠q|, 𝜏 ą 0. (9)

Then the boundary-value problem (6) has a unique solution.

Proof. We define a mapping 𝑇 : 𝑋 Ñ 𝑋 by

𝑇
`

𝑢p𝑡q
˘

“

1
ż

0

𝐺p𝑡, 𝑠q 𝑓
`

𝑠, 𝑢p𝑠q
˘

𝑑𝑠, 𝑠 P r0, 1s.

For all 𝑢1p𝑡q, 𝑢2p𝑡q P 𝑋, we have

𝜏 ` ln p𝐷p𝑇𝑢1, 𝑇𝑢2qq

“ 𝜏 ` ln
”

sup
𝑡Pr0,1s

|𝑇𝑢1p𝑡q ´ 𝑇𝑢2p𝑡q| ` |𝑇𝑢1p0q ´ 𝑇𝑢2p0q|
ı
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“ 𝜏 ` ln
”

sup
𝑡Pr0,1s

ˇ

ˇ

ˇ

1
ż

0

𝐺p𝑡, 𝑠q𝑓 p𝑠, 𝑢1p𝑠qq ´

1
ż

0

𝐺p𝑡, 𝑠q𝑓 p𝑠, 𝑢2p𝑠qq
ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

1
ż

0

𝐺p0, 𝑠q𝑓 p𝑠, 𝑢1p𝑠qq ´

1
ż

0

𝐺p0, 𝑠q𝑓 p𝑠, 𝑢2p𝑠qq
ˇ

ˇ

ˇ

ı

6 𝜏 ` ln
”

sup
𝑡Pr0,1s

ˇ

ˇ

ˇ

1
ż

0

𝐺p𝑡, 𝑠q𝑑𝑠
ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ

1
ż

0

p𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓 p𝑠, 𝑢2p𝑠qqq 𝑑𝑠
ˇ

ˇ

ˇ

` sup
𝑡Pr0,1s

ˇ

ˇ

ˇ

1
ż

0

𝐺p0, 𝑠q𝑑𝑠
ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ

1
ż

0

p𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qqq 𝑑𝑠
ˇ

ˇ

ˇ

ı

ă 𝜏 ` ln
”1

2
¨

ˇ

ˇ

ˇ

1
ż

0

p𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qqq 𝑑𝑠
ˇ

ˇ

ˇ

`
1

2
¨

ˇ

ˇ

ˇ

1
ż

0

p𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qqq 𝑑𝑠
ˇ

ˇ

ˇ

ı

ă 𝜏 ` ln
”ˇ

ˇ

ˇ

1
ż

0

p𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qqq 𝑑𝑠
ˇ

ˇ

ˇ

ı

6 𝜏 ` ln
”

sup
𝑠Pr0,1s

ˇ

ˇ

ˇ
𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qq

ˇ

ˇ

ˇ

1
ż

0

𝑑𝑠
ı

6 𝜏 ` ln
”

expp´𝜏q ¨ sup
𝑠Pr0,1s

ˇ

ˇ

ˇ
𝑢1p𝑠q ´ 𝑢2p𝑠q

ˇ

ˇ

ˇ

ı

“ ln
”

sup
𝑡Pr0,1s

ˇ

ˇ

ˇ
𝑢1p𝑡q ´ 𝑢2p𝑡q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
𝑢1p0q ´ 𝑢2p0q

ˇ

ˇ

ˇ

ı

“ ln
”

𝐷
`

𝑢1p𝑡q, 𝑢2p𝑡q
˘

ı

ùñ 𝜏 ` ln
“`

𝐷p𝑇𝑢1, 𝑇𝑢2q
˘‰

ă ln
“

𝐷
`

𝑢1p𝑡q, 𝑢2p𝑡q
˘‰

, @𝑢1p𝑡q, 𝑢2p𝑡q P 𝑋.
Thus, the mapping 𝑇 fulfills the conditions of the Theorem 2 and there-
fore 𝑇 has a unique fixed point in 𝑋. Consequently, the boundary value
problem (6) has a unique solution in 𝑋. l

5. Numerical Example. In this section, a numerical example is
established to indicate the significance of the given results. Let 𝑋 be a set
of all continuous real-valued functions defined on r0, 1s, i.e., 𝑋 “ 𝐶r0, 1s,
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and define 𝐷 : 𝑋 ˆ𝑋 Ñ r0,8q by

𝐷
`

𝑢1p𝑡q, 𝑢2p𝑡q
˘

“ sup
𝑡Pr0,1s

|𝑢1p𝑡q´𝑢2p𝑡q| ` |𝑢1p0q´𝑢2p0q|, @𝑢1p𝑡q, 𝑢2p𝑡q P 𝑋.

Then 𝐷 is a perturbed metric on 𝑋 with respect to the perturbed mapping
𝑃 : 𝑋 ˆ𝑋 Ñ r0,8q defined by the relation

𝑃
`

𝑢1p𝑡q, 𝑢2p𝑡q
˘

“ |𝑢1p0q ´ 𝑢2p0q|, @𝑢1p𝑡q, 𝑢2p𝑡q P 𝑋,

and the exact metric is the function 𝑑 : 𝑋 ˆ𝑋 Ñ r0,8q defined by

𝑑
`

𝑢1p𝑡q, 𝑢2p𝑡q
˘

“ sup
𝑡Pr0,1s

|𝑢1p𝑡q ´ 𝑢2p𝑡q|, @𝑢1p𝑡q, 𝑢2p𝑡q P 𝑋.

Clearly, p𝑋,𝐷, 𝑃 q is complete perturbed metric space.
Let 𝑇 be the operator defined by

𝑇𝑢p𝑡q “

1
ż

0

𝐺p𝑡, 𝑠q𝑓
`

𝑠, 𝑢p𝑠q
˘

𝑑𝑠, 𝑠 P r0, 1s, (10)

where

𝐺p𝑡, 𝑠q “

#

𝑠p1´ 𝑡q, 0 ă 𝑠 6 𝑡,

𝑡p1´ 𝑠q, 𝑡 6 𝑠 ă 1.

Let 𝑓
`

𝑠, 𝑢p𝑠q
˘

“
`

𝑠`0.5
2

˘

¨ sin𝑢p𝑠q. Then (10) becomes

𝑇𝑢p𝑡q “

1
ż

0

𝐺p𝑡, 𝑠q
´𝑠` 0.5

2

¯

sin𝑢p𝑠q𝑑𝑠, 𝑢p𝑡q P 𝑋. (11)

Suppose the following condition holds:
ˇ

ˇ𝑓
`

𝑠, 𝑢1p𝑠q
˘

´ 𝑓
`

𝑠, 𝑢2p𝑠q
˘
ˇ

ˇ 6 expp´𝜏q ¨
ˇ

ˇ𝑢1p𝑠q ´ 𝑢2p𝑠q
ˇ

ˇ, 𝜏 P p0.287, 1.386q.

For all 𝑢1p𝑡q, 𝑢2p𝑡q P 𝑋 and 𝜏 P p0.287, 1.386q, we have

𝜏 ` ln p𝐷p𝑇𝑢1p𝑡q, 𝑇𝑢2p𝑡qq

“ 𝜏 ` ln
”

sup
𝑡Pr0,1s

ˇ

ˇ

ˇ
𝑇𝑢1p𝑡q ´ 𝑇𝑢2p𝑡q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
𝑇𝑢1p0q ´ 𝑇𝑢2p0q

ˇ

ˇ

ˇ

ı

“ 𝜏 ` ln
”

sup
𝑡Pr0,1s

ˇ

ˇ

ˇ

1
ż

0

𝐺p𝑡, 𝑠q𝑓p𝑠, 𝑢1p𝑠qq𝑑𝑠´

1
ż

0

𝐺p𝑡, 𝑠q𝑓p𝑠, p𝑢2p𝑡qq𝑑𝑠
ˇ

ˇ

ˇ
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`

ˇ

ˇ

ˇ

1
ż

0

𝐺p0, 𝑡q𝑓p𝑠, 𝑢1p𝑠qq𝑑𝑠´

1
ż

0

𝐺p0, 𝑡q𝑓p𝑠, 𝑢2p𝑠qq𝑑𝑠
ˇ

ˇ

ˇ

ı

6 𝜏 ` ln
”

sup
𝑡Pr0,1s

ˇ

ˇ

ˇ

1
ż

0

𝐺p𝑡, 𝑠q𝑑𝑠
ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ

1
ż

0

´

`

𝑓p𝑠, 𝑢1p𝑠q
˘

´ 𝑓
`

𝑠, 𝑢2p𝑠q
˘

¯

𝑑𝑠
ˇ

ˇ

ˇ

` sup
𝑡Pr0,1s

ˇ

ˇ

ˇ

1
ż

0

𝐺p0, 𝑠q𝑑𝑠
ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ

1
ż

0

´

`

𝑓p𝑠, 𝑢1p𝑠q
˘

´ 𝑓
`

𝑠, 𝑢2p𝑠q
˘

¯

𝑑𝑠
ˇ

ˇ

ˇ

ı

ă 𝜏 ` ln
”1

2
¨

ˇ

ˇ

ˇ

1
ż

0

`

𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qq
˘

𝑑𝑠
ˇ

ˇ

ˇ

`
1

2
¨

ˇ

ˇ

ˇ

1
ż

0

`

𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qq
˘

𝑑𝑠
ˇ

ˇ

ˇ

ı

ă 𝜏 ` ln
”
ˇ

ˇ

ˇ

1
ż

0

`

𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qq
˘

𝑑𝑠
ˇ

ˇ

ˇ

ı

“ 𝜏 ` ln
”

sup
𝑠Pr0,1s

|𝑓p𝑠, 𝑢1p𝑠qq ´ 𝑓p𝑠, 𝑢2p𝑠qq|

1
ż

0

𝑑𝑠
ı

6 𝜏 ` ln
”

expp´𝜏q ¨ sup
𝑠Pr0,1s

ˇ

ˇ

ˇ
𝑢1p𝑠q ´ 𝑢2p𝑠q

ˇ

ˇ

ˇ

ı

“ ln
”

sup
𝑠Pr0,1s

ˇ

ˇ

ˇ
𝑢1p𝑠q ´ 𝑢2p𝑠q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
𝑢1p0q ´ 𝑢2p0q

ˇ

ˇ

ˇ

ı

“ ln
”

𝐷p𝑢1p𝑡q, 𝑢2p𝑡qq
ı

.

As a result, the conclusion is that the condition of Theorem 2 are satisfied.
Consequently, the Integral Equation (11) has a unique solution. It can be
easily checked that 𝑢p𝑡q “ 𝑡 is the exact solution of Equation (11). Since
𝑇 p0q “ 0, the unique fixed point in 𝑋 is precisely the zero function.

6. Another generalized fixed-point theorem. In this section, we
prove another theorem on the fixed point of an operator that includes the
Banach fixed-point theorem of a perturbed metric space [10, Theorem 3.1].

Theorem 4. Let 𝑋 be a complete perturbed metric space and let 𝑇 be



Fixed point theorems on perturbed metric space with an application 13

a mapping of 𝑋 into itself. Suppose that for each positive integer 𝑛,

𝐷p𝑇 𝑛𝑥, 𝑇 𝑛𝑦q 6 𝑎𝑛 ¨𝐷p𝑥, 𝑦q

for all 𝑥, 𝑦 P 𝑋, where 𝑎𝑛 ą 0 is independent of 𝑥, 𝑦. If the series
ř8

𝑛“1 𝑎𝑛 is
convergent and 𝑇 is a perturbed continuous function, then 𝑇 has a unique
fixed point in X.

Proof. Let 𝑥0 be an arbitrary element in 𝑋 and consider the sequence
t𝑥𝑛u of iterations

𝑥𝑛 “ 𝑇 𝑛𝑥0, 𝑛 “ 1, 2, 3, . . . .

We note that 𝑥𝑛`1“𝑇 𝑛`1𝑥0“𝑇 𝑛p𝑇𝑥0q“𝑇 𝑛𝑥1 and 𝑥𝑛`1“𝑇 p𝑇 𝑛𝑥0q“𝑇𝑥𝑛.
Now, we have

𝐷p𝑥𝑛, 𝑥𝑛`1q “ 𝐷p𝑇 𝑛𝑥0, 𝑇
𝑛`1𝑥0q “ 𝐷p𝑇 𝑛𝑥0, 𝑇

𝑛𝑥1q 6 𝑎𝑛 ¨𝐷p𝑥0, 𝑥1q.

Therefore,
𝐷p𝑥𝑛, 𝑥𝑛`1q 6 𝑎𝑛 ¨𝐷p𝑥0, 𝑥1q. (12)

If 𝑥0 “ 𝑥1, then a fixed point is obtained. Let, therefore, 𝑥0 ‰ 𝑥1 and 𝑘
be a positive integer with 𝑘 ą 𝐷p𝑥0, 𝑥1q.
As the series

ř8

𝑛“1 𝑎𝑛 is convergent, lim
𝑛Ñ8

𝑎𝑛 “ 0. From (12), we have

𝐷p𝑥𝑛, 𝑥𝑛`1q 6 𝑎𝑛 ¨𝐷p𝑥0, 𝑥1q

ùñ 𝑑p𝑥𝑛, 𝑥𝑛`1q ` 𝑃 p𝑥𝑛, 𝑥𝑛`1q 6 𝑎𝑛 ¨𝐷p𝑥0, 𝑥1q

ùñ lim
𝑛Ñ8

𝑑p𝑥𝑛, 𝑥𝑛`1q 6 𝐷p𝑥0, 𝑥1q ¨ lim
𝑛Ñ8

𝑎𝑛

ùñ lim
𝑛Ñ8

𝑑p𝑥𝑛, 𝑥𝑛`1q “ 0.

Now we will show that t𝑥𝑛u is a Cauchy sequence.

𝑑p𝑥𝑛, 𝑥𝑛`𝑝q 6 𝑑p𝑥𝑛, 𝑥𝑛`1q ` 𝑑p𝑥𝑛`1, 𝑥𝑛`2q ` . . .` 𝑑p𝑥𝑛`𝑝´1, 𝑥𝑛`𝑝q

ùñ lim
𝑛Ñ8

𝑑p𝑥𝑛, 𝑥𝑛`𝑝q 6 lim
𝑛Ñ8

r𝑑p𝑥𝑛, 𝑥𝑛`1q ` 𝑑p𝑥𝑛`1, 𝑥𝑛`2q ` . . .`

𝑑p𝑥𝑛`𝑝´1, 𝑥𝑛`𝑝qs

ùñ lim
𝑛Ñ8

𝑑p𝑥𝑛, 𝑥𝑛`𝑝q “ 0.

Therefore, t𝑥𝑛u is a Cauchy sequence and the completeness of 𝑋 implies
existence of 𝑥0 P 𝑋, such that

lim
𝑛Ñ8

𝑥𝑛 “ 𝑥0.
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Since 𝑇 is a perturbed continuous mapping, then

lim
𝑛Ñ8

𝑑p𝑇𝑥𝑛, 𝑇𝑥0q “ 0 𝑖.𝑒., lim
𝑛Ñ8

𝑑p𝑥𝑛`1, 𝑥0q “ 0.

For a positive integer 𝑛, we obtain

𝑑p𝑥0, 𝑇𝑥0q 6 𝑑p𝑥0, 𝑥𝑛`1q ` 𝑑p𝑥𝑛`1, 𝑇𝑥0q

“ lim
𝑛Ñ8

r𝑑p𝑥0, 𝑥𝑛`1q ` 𝑑p𝑇𝑥𝑛, 𝑇𝑥0qs 6 0.

Therefore, 𝑑p𝑇𝑥0, 𝑥0q ùñ 𝑇𝑥0 “ 𝑥0.
We now prove the uniqueness. If 𝑦0 is a fixed point of 𝑇 , then for any
positive integer 𝑛:

𝑦0 “ 𝑇 𝑛𝑦0 and 𝑥0 “ 𝑇 𝑛𝑥0.

So,

𝐷p𝑥0, 𝑦0q “ 𝐷p𝑇 𝑛𝑥0, 𝑇
𝑛𝑦0q 6 𝑎𝑛 ¨𝐷p𝑥0, 𝑦0q ùñ p𝑎𝑛 ´ 1q ¨𝐷p𝑥0, 𝑦0q > 0.

If 𝑥0 “ 𝑦0, then the uniqueness is done.
From Lemma 1, if 𝑥0 ‰ 𝑦0, then 𝐷p𝑥0, 𝑦0q ą 0, so p𝑎𝑛 ´ 1q > 0

i.e., 𝑎𝑛 > 1 @𝑛.
Therefore, 𝑎𝑛 cannot tend to zero and this contradiction shows that

𝑥0 “ 𝑦0. Thus, 𝑇 has a unique fixed point in 𝑋. l

We now deduce Banach’s fixed-point theorem using perturbed metric
(see [10]) from fixed-point Theorem 4.

Proof. Since 𝑇 is a Banach fixed-point theorem, using perturbed map-
ping [10], we show that there exists 0 ă 𝛼 ă 1, such that

𝐷p𝑇𝑥, 𝑇𝑦q 6 𝛼 ¨𝐷p𝑥, 𝑦q, @ 𝑥, 𝑦 P 𝑋. (13)

For 𝑥, 𝑦 P 𝑋, we get from (13):

𝐷p𝑇 2𝑥, 𝑇 2𝑦q 6 𝛼 ¨𝐷p𝑇𝑥, 𝑇𝑦q 6 𝛼2
¨𝐷p𝑥, 𝑦q,

𝐷p𝑇 3𝑥, 𝑇 3𝑦q 6 𝛼3
¨𝐷p𝑥, 𝑦q,

and in general 𝐷p𝑇 𝑛𝑥, 𝑇 𝑛𝑦q 6 𝛼𝑛 ¨𝐷p𝑥, 𝑦q.
Since the series

ř8

𝑛“1 𝛼
𝑛 is convergent, by (4), 𝑇 has a unique fixed point

in 𝑋. l

We now present an example, which supports Theorem 4.
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Example 4. Let 𝐷 : r0, 1s ˆ r0, 1s Ñ r0,8q be the mapping defined by

𝐷p𝑥, 𝑦q “ |𝑥´ 𝑦| ` p𝑥´ 𝑦q2, @ 𝑥, 𝑦 P 𝑋.

Then 𝐷 is a perturbed metric on r0, 1s with respect to the perturbed
mapping 𝑃 : r0, 1s ˆ r0, 1s Ñ r0,8q given by 𝑃 p𝑥, 𝑦q “ p𝑥´ 𝑦q2.
Let us define a self-mapping 𝑇 : r0, 1s Ñ r0, 1s by

𝑇𝑥 “
𝑥

3
, 𝑥 P r0, 1s.

For all 𝑥, 𝑦 P r0, 1s, we have

𝐷p𝑇 𝑛𝑥, 𝑇 𝑛𝑦q “
ˇ

ˇ

ˇ

𝑥

3𝑛
´

𝑦

3𝑛

ˇ

ˇ

ˇ
`

´ 𝑥

3𝑛
´

𝑦

3𝑛

¯2

“
1

3𝑛
¨ |𝑥´ 𝑦| `

1

32𝑛
p𝑥´ 𝑦q2 .

We know that 1
3𝑛
, 1
32𝑛
ă 1.

Now,

𝐷p𝑇 𝑛𝑥, 𝑇 𝑛𝑦q “
1

3𝑛
¨ |𝑥´ 𝑦| `

1

32𝑛
p𝑥´ 𝑦q2 ă |𝑥´ 𝑦| ` p𝑥´ 𝑦q2 .

Since 𝑎𝑛 ą 0 for all 𝑛 P N,

𝐷 p𝑇 𝑛𝑥, 𝑇 𝑛𝑦q ă 𝑎𝑛 ¨
`

|𝑥´ 𝑦| ` p𝑥´ 𝑦q2
˘

“ 𝑎𝑛 ¨𝐷 p𝑥, 𝑦q , @ 𝑥, 𝑦 P r0, 1s.

𝑇 is also a perturbed continuous mapping. Therefore, all the conditions
of Theorem 4 are satisfied. Hence 𝑇 has a unique fixed point 𝑥 “ 0.
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