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Abstract. The paper presents a new class of modified multiplica-
tive (h, m)-convex functions and formulates the concept of weighted
multiplicative generalized integral operators. Two new integral
identities are derived, providing a fundamental basis for construct-
ing refined dual Simpson-type inequalities containing fractional
weighted integrals. Several illustrative special cases are given,
demonstrating that some of the obtained inequalities are reduced
to known results described in the literature, which confirms the
validity and generality of the proposed framework.

Key words: multiplicative calculus, modified multiplicative con-
vexity, (h,m)-conver functions, fractional weighted integrals,
Sitmpson-type inequalities, Holder inequality, power mean inequal-
ity, generalized integral operators

2020 Mathematical Subject Classification: 26451, 6A33,
226D10

1. Introduction. In recent years, multiplicative calculus has at-
tracted attention as an alternative approach to traditional methods of
analysis, particularly through the introduction of new definitions of deriva-
tives and integrals based on the multiplicative properties of functions.
This approach leads to rules and results that differ from those of classi-
cal calculus. For example, the concept of multiplicative convexity allows
for alternative formulations of certain inequalities. Following the work of
Ali et al. [2], many researchers have made significant contributions to the
development of integral inequalities within the framework of multiplica-
tive calculus. In particular, Mateen and colleagues [15] have advanced the
field considerably by generalizing various integral inequalities and provid-
ing their computational analysis.
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Several studies have investigated Hermite-Hadamard-type and Milne-
type inequalities in the setting of strongly multiplicative convex func-
tions [8], [9], [31]. These works established new inequalities using frac-
tional operators such as the Atangana-Baleanu integral and validated the
results through illustrative examples and special function applications. Ef-
forts have also been made to generalize the Ostrowski-type inequalities for
multiplicative differentiable convex functions, especially through fractional
operators [20]. These contributions introduced new identities and offered
practical applications in various analytical contexts. In [29], the authors
introduced the concept of multiplicative harmonic s-convex functions and
derived Hermite-Hadamard-type inequalities for both the functions and
their combinations via multiplicative integrals. These results also encom-
pass classical harmonic convexity as a special case. Further developments
include the use of Katugampola and Caputo-hybrid (PCH) operators to
derive midpoint-, trapezoid-, and Bullen-type inequalities within multi-
plicative calculus [28], [10], [16]. Such contributions emphasize the preci-
sion of fractional multiplicative techniques in capturing generalized convex
behavior and improving estimates for nonlinear functions. The flexibility
of generalized convex functions, such as s-convex and harmonic convex
functions, has allowed researchers to extend classical results to broader
settings. In particular, [33], [28] focused on deriving several families of in-
equalities including Hermite-Hadamard, midpoint, trapezoid, and Bullen
types based on newly proposed identities involving second-order multi-
plicative differentiability. These studies also included computational anal-
ysis to validate the accuracy of their results.

A substantial part of the literature is devoted to Simpson-type and
Newton-Cotes-type inequalities, which play a critical role in improving
the accuracy of numerical integration. In [19], [30], [21], [33], [1], [11],
[18], [3], [17], researchers formulated novel multiplicative identities and
employed them to derive fractional and classical Simpson-type inequal-
ities for generalized convex and multiplicatively differentiable functions.
Many of these results offer refinements or generalizations of known in-
equalities, while others demonstrate applications to special means, error
bounds, and numerical methods. Taken together, the existing literature
highlights the strength of multiplicative calculus in advancing the theory
of integral inequalities. Motivated by these developments, the present
work aims to contribute to this growing field by establishing new inequal-
ities for generalized convex functions, with a focus on their computational
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significance and analytical robustness.

Particular attention is due to the work of Bashirov et al. [4], in which
a comprehensive mathematical theory of multiplicative calculus was sys-
tematically developed.

Definition 1. [4] The multiplicative derivative of a positive function 1),
denoted by v*, is defined as follows:

Cf;jf = *(x») = lim (

h—0

(3¢ + h) )i
v(x) /o
Remark 1. [4] Every positive and differentiable function 1) is multi-

plicatively differentiable. Moreover, the relationship between the classical
derivative 1 and the multiplicative derivative ¢* is given by:

Definition 2. [4] The multiplicative integral of a positive function
over the interval [a,b] is defined as:

b

fb 06> = exp ( [ In(w(s0) de).

a

Proposition 1. [4] Let ¢ and ¢ be positive and Riemann-integrable
functions. Then both ¢ and 1) are multiplicative integrable, and the fol-
lowing properties hold:

b

b
) [wean® = ([oea™)', foraiiper,

a

b c b
2) J Y(3) = sz(%)d” : fw(%)d”, for all a < c < b,

a c

b

ud fwuf)d% = ([ eta=)
()"

3) ] (%)

a

*_1 a
b b
0 [weaei)” - fw f b0,
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Theorem 1. [4] (Multiplicative integration by parts)

Let v be a positive and multiplicatively differentiable function on the
interval |a,b]. Also, let v: Z < R — R and ¢: [a,b] — R be two differen-
tiable functions. Then the following identity holds:

v(e) 1

a)e(@) '
Y(a) §(w<%)¢,(%)>d%

J (¢*(%)¢(%))d” -

The generalized lemma of integration by parts from [3] (see Lemma 1):

Lemma 1. Let ¥ be a positive and multiplicatively differentiable func-
tion on the interval [a,b]. Also, let v: Z < R — R and d: [a,b] — R be
two differentiable functions. Then the following identity holds:

b

de @(b) 1
<w*(7(%))7’(%)¢(%)> - wW(s))qﬁ(a) X 7 . (1)
! L O

2. Preliminaries. Previously, several works ([6], [7], [23]) pre-
sented the following generalized definitions of classes of convex functions
(|24] presents quite a few convexity classes known in the literature).

Definition 3. Let ¢: Z < [0,0) — [0,20) and h: [0,1] — (0,1]. If in-
equality
U (€2 + ms(1 = 2)) < Y(E)h*(3) + mip(¢)(1 — h*(5¢))

is fulfilled Vs, & € T and s € [0, 1], where s € [0,1] and m € [0, 1], then we
say that the function v is modified (h, m)-convex of the first type on Z.

Definition 4. Let ¢: Z < [0,0) — [0,00) and h: [0,1] — (0,1]. If in-
equality

(€3¢ 4 me(l = 5)) < P(E)D°(5e) + mip(¢)(1 — h(x))®



Multiplicative Simpson-type inequalities 35

is fulfilled V<, & € T and s € [0, 1], where s € [—1,1] and m € [0, 1], we say
that the function v is modified (h,m)-convex of the second type on Z.

Remark 2. The class of functions defined in Definition 3 and 4 is denoted
by Ny, (Z) and Ny (T).

We introduce a new class of functions, called generalized logarithmic
(or multiplicative) convex functions, which encompasses those satisfying
the condition of logarithmic convexity or, equivalently, multiplicative con-
vexity. This approach allows us to work within an additive structure,
while preserving the essence of multiplicative convexity via logarithmic
transformation.

Definition 5. Let ¢: Z = [0,0) — [0,20) and h: [0,1] — (0,1]. If in-
equality

¥ (vit + m(1 = t)ve) < [ ()] [ma(vy)] @)

is fulfilled Ya,b € T and t € |0, 1], where s € [0,1] and m € [0, 1], then we
say that the function 1 is modified (h, m)-logarithmically (respectively,
multiplicatively) convex of the first type on Z.

Definition 6. Let ¢: Z = [0,0) — [0,00) and h: [0,1] — (0,1]. If in-
equality

o (ont +m(l = tvs) <[] [ma(v2)]

is fulfilled Yvy,v1 € Z and t € [0, 1], where s € [0,1] and m € [0, 1] then
we say that the function 1 is modified (h,m)-logarithmically (respectively,
multiplicatively) convex of the second type on Z.

Remark 3. The class of functions defined in Definition 5 and 6 is denoted
by M, (Z) and M;, (Z).

Note that Definition 6 generalizes several well-known classes of loga-
rithmically convex functions as special cases, depending on the choices of
the parameters h, m, and s:

1) Classical Logarithmic Convexity [5], [12], [13], [25], [27].
If h(t) =t, s =1, and m = 1 are satisfied, the inequality becomes:

d(tor + (1= thvz) < [P(v)]" - [$(v2)]' ™,

which corresponds to the standard log-convex (multiplicative con-
vex) functions.
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2) m-Logarithmic Convexity [26].
If h(t) =t, s =1, and m € (0,1), then:

Y(tvr +m(l = t)s) < [Y(on)]" - [map(ve) ],

which defines the class of m-logarithmically convex functions.
3) s-Logarithmic Convexity [32].
If h(t) =t, m =1, and s € (0,1), then the inequality becomes:

Y(tor+ (1= tyvs) < [(01)]" - [(v2)]"7,

which corresponds to the class of s-logarithmically convex functions.
4) (h, s)-Logarithmic Convexity.
If m=1,and h: [0,1] — (0,1], s € (0, 1], then:

Y(tvy + (1 —t)ug) < [(v)]* @ - [1h(0,)]E-PO)°,

which defines the class of (h, s)-logarithmically convex functions.

Definition 7. Let ¢ € Li[vy,v3]. Then the Riemann-Liouville fractional
integrals of order o« € C and Re(a) > 0 are defined by (right and left
respectively):

IE}Q/J(T) = ﬁ J (r — 20)* p(s¢) dsze, T > vy,
and o
I (r) = ﬁ f (¢ — )01 () die, 1 < vy,

T

Here I'(.)s the Euler gamma function.

Definition 8. Let € Lq[vy,vs]. Then multiplicative Riemann-Liouville
fractional integrals of order v € C and Re(a) > 0 are defined by (right
and left respectively):

S(r) = exp Ly n(r) | 7>

and
A0-(r) = exp ["‘I%— In w(r)] , T < s
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Definition 9. [22|, [14] Let vy,vs € Z, @ € Lfvy,vs], and let
w: [0,1] - R* u{0} be a continuous and differentiable function with
w' > 0 and @' € L[vy,vs]. The weighted fractional integrals, in both
right-hand and left-hand forms, are defined by:

r

o) = [ (F22 ) vt de v

r—uv;

v1

and
va

JZ(r) = Jw/ <‘”_T>¢(%) dse, T <y

Uy — T

Remark 4. Some special cases of Definition 9 are given in [22] (see Re-
mark 3).

Definition 10. The multiplicative weighted fractional integrals of a func-
tion 1), defined in both right-hand and left-hand forms, are given by:

T

* ;ﬂfw(T) = exp { fw'(r - %) In(¢()) d%}, "=

T — U1

v1

and
v2

Izt = e { [ =

T

=T

> In(y()) d%}, r < Us.

Vg — T

Lemma 2. Let b> a > 0 and some p > 1; then

._.
—
3 =

(b7 )7 (b= )F < (B =) < ()P (b-a) . (2)
Proof. Using Lagrange’s theorem, we can write:
W —a? = pcPt (b—a), where c € [a,b].
The following double inequality is obvious:
pa” ' (b—a) < B —a < pb" ' (b—a).

Raising this double inequality to the power Il?, we get (2). []
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3. Main Results. Throughout this paper, we use the following
notation:

(v, == vy + ko, where 6 = =224k =0,1,2,...,2n,
1
Wy (p, k) := § g (30)|P dse, k =1,2,...,2n,
0
! 1 . 3
Al0) = 1100 (1= h(o0)" de )
1
Ao (@) = §\q§(%)| h3(5)dse.
\

Lemma 3. Assume that ¢ > 0 is a multiplicatively differentiable func-
tion on [v1,vs] € Z = [0, 00) and that ¢* > 0 is multiplicatively integrable
on [vy, ve]. Let wy, be weight functions. Then the following identity holds:

2n 2n ! doe 7‘%;‘;’“71

[Tee=TT[ [ (0w om=) | 7

k=1 k=1 L7

where n € N and
@ (1) 1
2 (V - T vi D)
Ly = %W[*Jvfw(v“)] R (5)

2n (Vk,‘—l) k

and vy, are defined in (3) for all k with vy, € [vq, Vo).
Proof. Let

Vi Vk-—1
2n

I = [Jl (W (1= 2)vi—1 + %Vk)wk(%)y%} - (6)

Employing the property 1 of Proposition 1, the multiplicative integration
by parts (1) and Definition 2, for I, where k = 1,2,...,2n, we get

VE~Vk—1

Iy = [f (W‘ (1 =3)vi1 + %Vk)wk(%))d%] B (7)

1

@y (5) \ A%
— J <w* (1= 2)vep_1 + %Vk)(kakal) & )

0
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b5 (v) L
= O ( k ) exp{ — % Jwﬁg(%) ln’l/} ((1 — %)kal + %Vk) d%}
2n (Vi—1 S
5 (vi) 1 t o
o exp { J (2L (o) do}
b (Vi_1) 2n(Vi — V1) Vi — Vi1
Vk—1
@ (1) 1
n A w - Vi5.—V
= wlik(o (( k)) [*ngkw<v 71)] (VE—vi-1)
n V-1

By multiplying all I, the asserted identity is established. This com-
pletes the proof. []

Remark 5. For certain choices of the weight functions, we recover re-
sults already established in the literature. For instance, for a > 0,

n =4, w(x) = %", wy(sx) = —& — (1 - %)0‘, wy(s) = #* + %, and
wy(x) = —(1 — )%, with h(t) =t and s = m = 1 we obtain Lemma 3.1
of [19]. Moreover, if w(») = t, wa(sx) = t— 3, ws(x) = t+ 2, and

wy(s) =t — 1, we recover Lemma 3.1 of [17].

Theorem 2. Let v, 1*, w;, be as in Lemma 3. If * € M,ffn (Z), then
it is true that:

’ﬁﬁk’ < ﬁ [ ( " <Vk 1>>A1(Wk) (0" (Vk))Ag(wk)]sz‘;k_l, (8)

where L), is defined above in Lemma 3 and A, As, and v, are defined
in (3) for all k, with vy, € vy, v3]. Moreover vj,_; < &1

€ (0,1].

Proof. By using the properties of multiplicative integrals and the fact
that ¢* € Mii (Z), for the Iy, where k = 1,2,...,2n from (6), we have

1

L) < exp{"’“—f\wk ) I (1= sepvi + sevi)| doe)

<o {252 e e (22)) ™ oo

Vi — Vi—1 Vk 1
< - - _ s
< exp{ o ( ’1n ( ‘ J]wk (1 —h(sx))*dsx
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1
()] [ (0] (o) )}
0
Vi — Vi1
2n )

= [ (o (V) @ 0]

m

- exp { (A1 (@) [ 10 (" (Vi) + As(m) g (vi)]]}

Taking into account (4), we obtain (8). Thus, the proof is complete. []

Corollary 1. When the conditions of Theorem 2 are satisfied, if we take
for n = 2, wy(s) = 5*, wy(x) = =& — (1 — ), ws(>) = »* + &, and
wa(s) = —(1 — »)® with a > 0 and (*), corresponding to the classical

s-log-convex case (m = 1 and h(s) = ), we get

3 ) 3
wl% <¥> Q/}fﬁ (Ull‘v2>w185 <$> Xf(lp,Ul,UQ)

4
V1 + U9 ) > 2B(a+1,5+1)+ 502y

< [(1/’* (01) * (UQ))B(a+1,s+l) (¢* < ;
2(a+165+16) _ vg—vq

« (¢*(3U12‘ U2>77/)* (Ul 23112)) 15(s+1)(a+s+1)] 16 ’ (9)

where

F (Y,v1,02) = [(*IE“W) lm/J(Ul)) (*IE"W>+ Iny (Ul JQF U2) )

4% Ir(a+1)

(B 0 (P 2)) (o M) )|

B(.,.) and T'(.) are the Euler beta and gamma functions.

Proof. Indeed, Yk, vy — vi_1 = 2% from (5) for L, we obtain

4
YR (v) T
Li=—m 1 [*Jf—k¢<"0)] Himvo)

Y (vo) b
w1 (1)
Yo () e

= 0 *JWS:L v - v

B

31]1 +vo
4 1

S C oo (] a(mits) mvt)] =

1 U1
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3vy+vg
4

— i <w> [exp (ﬁ J (z—v)* 'In w(x)dx)]_ (v2=o1)"

U1

_a%"!r(aty

) gy ]

Similarly, for other L we can write

4%~ Ir(a+1)

7% - + T log—0 V¥
:%[*](M)+lnw<w>] (va—v1) :
1

2

(G
wg (1) 1
’l/} 34 (V3) k JWO v3—Vvy
Ly = — [ ngkw (V2) ] 4(vz—va)
Y (ve)
:w‘% UITUZ)[ I In w(v1+v2>]_m
1 * v1+3vg 3v2 )
o () L (o

-1

Y e () |

49710 (a+1)

4 v +3U « B vg—v1 )%
- 1(%)[*[<01+3%>+m¢(@2)] =

Thus, we get

497r(at1)

U - 1(@)[ I(3U1+U2) In(v )]_ (va—v1)”

497r(at1)

%(3’1)14»1}2) +

o U1 T U2\ |7 (ug—v1)®
%( 1+v2> [t I3U1+v2)+ln¢< 2 )] o
1/}% (%43112)[ 15 o ¢<U1+U2>] %
@b% (UIJQF’UZ) * (U1+3U2)

_4%7'r(aty)

1/v +3U « vy —v1)Y
><¢4< 1 ] 2)[*[(U1+3U2)+lnw(v2)] (vo—v1) :
4

.J;

X

427 10(a+1)
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or
4

. 8 3U1+’Ug _ 1 [U] + Uy 8 ’U1+4U2

’Qﬁk_¢15< 1 )w 15( 1 )¢15( 1 >

y [<*I€‘W>_1n@/}(v1))< S 1m/;(“1 “’2))

42~ 1p(a41)

< I(avﬁ?w?) ) (m + U2> ) (*1?1’123”2)+ I (vs) )]_ (v2—o)™ (10)

For the right-hand side of (8), we have

Vi Vk—1

(1 (590" ]

[( (o) < (3U1+U2>>A2
" < *<3v1+v2>> (¢*<U1+U2>>A2(m)
< (U1—|—U2)> <¢*(U1+3U2>>A2(w3)

v2—v1

(o ()T e L

We calculate A, and A, integrals:

X

Ai(wy) = Bla+ 1,5 + 1), Ay () = #s-&-l’
Ai(@2) = 52515 + s As(w) = Bla + 1,5 + 1) + 15007

Al(w3) = B(Oé + 1,8 + 1) + —2 AQ(Wg) = 2 + !

15(s+1)’ 15(s+1) o+s+17

.Al (?IJ4) =
Thus, the right-hand side of (8) will get the form:

< [0 @0 )Pt (e (P2 ”2)w* (Lt Buayy e

va—vy

" U]. + U2 2B(a+1,s+1)+ﬁ 16
x (Y 5

As(wy) = Bla+ 1,5+ 1).

1
a+s+1°
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V1 + Vg ) ) 23(&+1,S+1)+ﬁ

_ [(w* (v1) ¥* (Ug))B(aH’SH) <¢*<

2
3 3 2(‘Sa+16;+26) vo —vq
v <¢*< Uli‘v2>w*<'i}1‘z U2>>15( +1)(++1)] 6 . (12)

It is obvious that (9) follows from inequalities (10) and (12). The proof
is complete. []

Remark 6. Thisis an analogue of the inequality obtained in Theorem 3.2
from [19)].

Corollary 2. Under the conditions of Theorem 2, if we take for n = 2,

wi () = 3, wy(x) = 32— 2, wy(s) = s+ 3, wy(>) = 2 — 1, and (¢*)
corresponding to the s-log-convex case (m = 1 and h(x) = ), we get

¢§ <3U1ZU2> ¢_% <U1ZU2) ¢§ (U1 J213112) (T(zﬁ(m))dx)_%lvl

et (452) ™
y @ <3v1 + U2>¢* (U1 + 3v2)> ‘TO] GFOETD) ”21_6"1' (13)

N

Proof. Indeed, from (5) for L, we obtain

1

£y SR e )

(v1)™

wlT(l) (3U1 +v2

:w @1(0) : )<* Evi’i)l+v2)¢(v1)>_v2ivl

(e (Ul)
_ I/Ji (M) * J@1 —U2ivl
N Té)( (M)—w(v1)>
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Similarly, for other L we can write

wa(1)

o S
w3 (1) L
Ly = ZW;O) E:i [*J‘ka%b (Vz)] Hvamv)
LI ol o )
A (| v ,
@4(1) ) L
e Rl
() (] )™
Thus, we get
lf[lﬁk _ ¢§<3U12—U2)w_;(v1 Z U2>¢% <U1 —1;141)2)
(] @) ( f ()™
X ( f(w(w»d””)( f (w(x))dw):vzlvl
_ w§<3v12- Uz) _1 <U1 Z U2> ¢%<U1 —12141)2) (jﬁ(iﬁ(z))dx)_%i”

(14)
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For the powers appearing in (11), we have

1 1
Ai@) = e A@) = 5y
. 554+17 _ 2547
Ay (w2) = 12(s+1J)r(s+2)’ Az () = 12(8+1J)F(S+2)’
(15)
A(w): 2547 A(w):55—+7
1{w3 12(s+1)(s+2) 213 12(s+1)(s+2)”
1 1
A(@) = 153 As(@4) = ey

Thus, the right-hand side of (8) will get the form:

< [ (" (o)) e (1/]*(@))@

% 3v1 + Uy 12(s~5+s1§(73+2) « (U1 T U2 12(535&75@)
x|\ ——— v ——
4 2
2547 55+7
« (V11 U2 12(s+1)(s+2) v1 + 39 12(s+1)(s52)
X\ —5— P ——
2 4
1

v2—v1

X <¢* (—Ul —231}2))@ (V¥ (V) IGFDEF) ] 10 ,

or, finally, this form:

4s5+14

!Hﬁk\ < [ ) () (v (2E2)) (16)

« 3U1+U2 « U1+3U2 8S§10 (s+1)1(s+2) U21_6U1
() G)

It is obvious that (13) follows from inequalities (14) and (16). The proof
is complete. []

Remark 7. For s =1 in (13), we obtain the result of Theorem 3.2 [17].

Theorem 3. Let v, ¥*, wy be as in Lemma 3. If ¢ > 1 with 1134_5 =1,
t is increasing and (Iny*)? € szn(I), then it is true that

1
Vi~ Vik— lvvp(

T < [ (o (1)) ot |50

(17)
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Here L}, is defined above in Lemma 3 and Ay, As, W;, and vy, are defined
in (3) for all k, with vj, € [v1,v3]. Moreover, vy < 1 < v < o0,

where m € (0, 1].

Proof. Based on Lemma 3, the Hélder’s inequality, and the modified
(h,m) convexity of (Iny*)? we can write the following for the I}, from (6):

1
Vi —

T | < exp {# J |cog (30)| In o™ ((1 — 2)vi_1 + 3¢vg) d%}

0

1
1 1

< exp {W;_HV'H (J |wk(%)|pd%> ’ (J(ln@b*((l - %)Vk—1+wk))qd%> }

Vi — Vi—1,,,+

<exp{ S WL (@)
[ (o () [0 = nyrae + w0 ) [00600]'}
= exp {W;—FWE (p, @r)

Vi1

X [.Al(l)lnq <m1p* ( -

)) + Ay(1) In? * (vk)]é }

Employing the fact that u? + v? < (u + v)? for u > 0, v > 0 with ¢ > 1,
we get

Il < exp { VW ()
< AT (myr (1)) + A3 O e (v |}
- e { YW )
[ (5 s o)
[ (B2)) Y g T

Taking into account (18), we obtain (17): as we wanted. []
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Remark 8. We recover an analogue Theorem 3.6 of [19] by setting 1),
n =2, wy (), wa(x), ws(s), wy(s) as in Corollary 1, and supposing that
(Inv*) is s-convex.

Corollary 3. Under the conditions of Theorem 3, if we take for n = 4,
w1 (3) = 3, wy(3) = 56— 2, ws(3) = 2+ 2, and wy(5) = 3—1 and (V*),
corresponding to the s-log-convex case (m = 1 and h(s) = »), we obtain

A () [ =T o

< [w* (0n) <¢* <v1 JQrUQ>)1§(p+1)p ()

« (3U1 + U2\ v+ 30y 1+ ()P 2t (1) ()7
<)) | -

Proof. Indeed, for the powers on the right-hand side of (17), we have
1
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Then, for the right-hand side (17), we get

<o (s
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y (W <"U1 ;r U2>> (é)“’l’(f’p“—?"“)’l’w* (Ul 231}2)

X (¢*<v1 ;‘U2>(§)Hé(51p+lQPH)})w*(SUlZ Uz) | |
) A

=

taking into account inequality (bP — ap)% < (pbp_l)% (b— a)% in (2), we
have: ) ) )
(57 =27 r < ((p+1)57)» 3 = 5(p + 1) 37;

< [w* (v1) (w* (W))Hg(”“); (?ﬂ* (%)){f(m—l)é

X <¢* (%?M»Hg(pﬂ) . ] e

Take account (14) to get (19). The proof is finished. []
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Remark 9. In (19), it is sufficient to take s = 1 to obtain an estimate
for the classic log-convex function.

Theorem 4. Let i, ¥*, and w, be as in Lemma 3. If ¢ > 1, ¢ is
increasing and (Iny*)? € N;:?H(I), then it is true that

1 1
2n 2n A§ (w ) % Vk;‘;lk—l Wl_a(l,w )
[T < TT] (moe (2)) 7 e gt |2 07
k=1 k=1 m

(20)
Here L}, is defined above in Lemma 3 and Ay, Ay, W;, and vy, are defined
in (3) for all k, with vj, € [vy,v5]. Moreover, vy < 1 < v < o0,
where m € (0, 1].

Proof. Let us adopt a method similar to the one applied in the Theorem 3
but using the Power-mean integral inequality; consider I, from (6) and get
the following expression:

1

Vi — Vi_
| = exp { f ()] I (1= 3)vics + sevy) doe
0
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<exp {—V’“ — Vil (Jl|wk(%)\ d%)l_(l’

2n
0

1
1

< ([l [1mor (= svics + ) | )}
e {%wﬁ (1) [ (o (V1))

1
1

x J|wk(%)| (1 — h(z))*ds + In? (¢* (vk))f\wk(%ﬂhs(%)d%]q}

V-1

= )) + Ay(w) In? (46 (vk))]é} .
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And finally, by analogy with (18), we have

1 Vi —Vi_ -1
T, < [(mw* (Vkl))Alq (k) <¢* (Vk))Aéll(Wk)] . an LW, q(l,wk).
m

Hence, the proof is finished. []

Corollary 4. Under conditions of Theorem 3, if we take for n = 2,
wi(s) = 5, wa(x) = 3 — 2, ws(3) = >+ 3, and wy(>) = > — 1 and
(¢*) corresponding to the s — log—convex case (m = 1 and h(x) = ), we

obtain

o (P d () o () ([ i)

vy + U2>> g (3s+1)

< [(w* (V1) ™ (v2)) <¢* < 2

Q=

1 T,
X <¢*<3U1 +U2>¢*(U1 +3U2>>(8+1)q+§<$s+1)q] 2t (GriieTs) . (21)

4 4

Proof. The left-hand side of (21) was obtained in (14). In the right-hand
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side of (20), the exponents of the expressions are given by

1
Wi (1,w1) = § sedse =
0

DO =

1
) W?(l,%)zg(g—%)d%:g_%:%

1 1
Ws (1, w3) = §( Dde =%, Wi(l,my) = §%+1

N[

Moreover, the quantities A;(w;) and Ay(w;), for i = 1,2,3,4, are given
n (15). Then for the right-hand side of (20) we get
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Or, after some transformations,

Qi

S [(W (v1) Y* (v2)) (W‘ <¥)>;( 2411)
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Thus, the proof is complete. []

1
q

Q=

Remark 10. For s = 1 and ¢ = 1, from (21) we obtain an estimate for
the classical log-convex function:

v2

A ()8 (252 )

v1

v2—vi1

vy + v vy + v vy + 3U2\\ 6
<o () (G5 (B v |
4 2 4
4. Conclusions. In this paper, we have introduced a new framework
for Simpson-type inequalities within the setting of multiplicative calcu-

lus by employing modified (h,m)-logarithmically convex functions and
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weighted multiplicative fractional integral operators. By deriving novel
integral identities, we have established several refined inequalities that
extend and generalize classical Simpson-type results. The proposed ap-
proach unifies and broadens existing inequalities but also highlights the
analytical strength of multiplicative methods.

Furthermore, we have shown that some of the obtained results reduce
to previously known inequalities for particular choices of parameters and
weight functions, thereby confirming the validity and generality of the
presented framework. These findings emphasize the flexibility of the mul-
tiplicative setting in capturing various generalized convexity structures
and improving integral estimates.

We believe that the methods and results developed here can stimulate
further research on multiplicative convexity and its applications. Future
directions may include exploring extensions Newton-Cotes formulas, ap-
plications to special means, and connections with computational methods.
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