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MULTIVARIATE CASE OF COMPOSITION
OF ACTIVATION FUNCTIONS AND THE REDUCTION
TO FINITE DOMAIN

Abstract. This work deals with the determination of the rate
of pointwise, uniform and L, convergences to the unit operator
of the "multivariate normalized cusp neural network operators".
The multivariate cusp is a compact support activation function,
which derives by the composition of two general activation func-
tions having as domain the whole real line. These convergences
are given via the multivariate modulus of continuity of the engaged
function or its partial derivatives in the form of Jackson type mul-
tivariate inequalities.

The composition of activation functions aims to more flexible
and powerful neural networks, introducing for the first time the
reduction of infinite domains to the one multivariate domain of
compact support.
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1. Introduction. From Al and computer science we have the follow-
ing: In essence, composing activation functions in neural networks offers
the advantage of potentially tailoring the network’s ability to learn and
model complex, non-linear relationships in data. Here’s a breakdown of
the potential benefits:

1. Enhanced Capacity for Complex Modeling:

- Diversification of Non-linearity: Different activation functions have
different characteristics. For example, ReLU introduces sparsity,
while Sigmoid squashes values into a range. By composing them,
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the network potentially can learn a wider variety of non-linear trans-
formations and capture more intricate patterns in the data.

. Improved Training Dynamics:

Mitigating Gradient Problems: Activation functions influence gra-
dient flow during training. Using different activation functions can
potentially help address issues like vanishing or exploding gradients,
which hinder learning in deep networks.

Faster Convergence: Certain activation functions, like ReLLU, can
accelerate the convergence of the training process compared to others
like Sigmoid or Tanh. Combining different functions can potentially
lead to faster training and competitive performance.

. Enhanced Generalization and Robustness:

Better Generalization: By learning richer representations of the data
through diverse activation functions, the network’s ability to gener-
alize well to unseen data improves, reducing the risk of overfitting.

Increased Robustness: Networks with carefully chosen activation
functions can handle variations in input data more effectively, adapt-
ing to noise , missing data, or unexpected perturbations.

. Adaptation to Input Characteristics:

Handling Diverse Data: Different activation functions can be suited
to different data characteristics. For instance, tanh can be useful
when dealing with data containing both positive and negative values.

. Potential for Architectural Interpretability:

Insight into Learning: By using distinct activation functions, dif-
ferent parts of the network might become responsible for capturing
specific features, which can potentially offer insights into how the
model learns.

In summary, composing activation functions potentially allows for a
more flexible and powerful neural network capable of:

Learning more complex patterns.
Faster and more stable training.
Better generalization to new data.

Greater adaptability to diverse data.
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Attention: While composing activation functions can offer benefits,
it’s important to choose them judiciously and with consideration for the
specific problem at hand, as some combinations might not be beneficial or
could even lead to unwanted behaviors like exploding gradients. Empiri-
cal testing and validation are crucial when exploring different activation
function compositions.

The author was greatly inspired and motivated by [3] and was the
pioneer of quantitative neural network approximation, see [1]|, and since
then he has published numerous of papers and books, e.g. see [2].

In this article we continue this trend.

In mathematical neural network approximation AMS Mathscinet lists
no articles related to composition of activation functions. So this is seminal
work.

By using composition of activation functions we achieve the first exten-
sive part of this introduction and most notably this composition leads to
a multivariate activation function of compact support, though the initial
activation functions had an infinite domain, the whole real line.

Now the resulting activation function is a multivariate open cusp of
compact support [—1, 1]d, d € N. Our involved activation functions are
very general, and the constructed multivariate neural network operators
resemble the squashing operators in [1], [2], and so do the produced quan-
titative results.

As a result our produced convergence multivariate inequalities look
much simpler and nicer.

Of great inspiration are the articles [4], [5], [6]. References [7], [8], [9]
are foundational.

2. Foundamentals. Let i = 1,2, and h;: R — [—1,1] be gen-
eral sigmoid activation functions, such that they are strictly increasing,
hi (0) =0, h; (—z) = —h; (z), x € R, h; (+0) = 1, h; (—o0) = —1. Also,
h; is strictly convex over (—oo,0] and strictly concave over [0, +0), with
e C(R).

Clearly, hiohy = h1|(_171)oh2 is strictly increasing and (hy o hs) (0) = 0,
and

hiohy (—x) = hy (ha (—=2)) = by (=ha (z)) = —hy (ha (2)) = — (h1 0 o) (),

that is
(hyohg) (—x) =—(hiohy)(x), VzekR
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Furthermore

(hl o hg) (+OO) = hl (hg (+OO)) = hl (1) ,

(hi o hy) (=) = hy (hg (—0)) = hy (—1).
Next acting over (—o0,0]: let A, u = 0: A+p = 1. Then, by the convexity
of hy, we have

ho (Ax + py) < Ao () + phe (y), 2,y € R
hi (ho (Az + py)) < ha (Ao () + pha (y)) < A (he (2)) + pha (ha (y)
ie.
(h1 0 ha) (Az + py) < A(h1 o ho) (x) + 1 (ha o ha) (y)

r,yeR_.

So that hy o hy is convex over (—0,0].

Similarly, over [0,+0) we get: let A\,u > 0: A+ p = 1. Then, by
concavity of hy, we have

ha (Az + py) 2 Aha (@) + phe (y), @,y € Ry
hi (he (A + py)) 2 ha (Ahe () + phe (y)) = Ay (he (2)) + phy (ha (y)) -

Therefore hy o hy is concave over [0, + o).
Also, it is
(ha (ha (2)))" = B (B () (Hy (x))* + B (B (2)) B (z) € C (R), z e R,
So hy o hy is, generally speaking, a sigmoid activation function.

Next, we consider the function

1
wl,g(l’) I:Z(thhQ(SU—Fl)—thhQ(I‘—l))>0, YV xeR.

We observe that
ra (=) = 5 (n (h (=4 1) = b (ha (= = 1)) =

1

r

(ha (he (= (z = 1)) = ha (he (= (z + 1)) =
1

1 (h1 (=ha(z —1)) = hi (=ha (z + 1)) =

(—hy (h2 (x — 1)) + hy (h2 (z 4+ 1))) =

| =



Multivariate case of composition of activation functions 21

% (hihy (2 + 1) — hahy (2 — 1)) = th1s (2),

that is
V1o (—x) =12(x), VoeR

So 1)1 9 can serve as a density function in general

So we have hy: R — (=1,1), hy|(—11): (=1,1) — (=1,1), and the
strictly increasing function H := hq|_1,1 th R — (—-1,1), Wlth the graph
of H containing an arc of finite length, such that H (0) = 0, starting at

(—1,hi(ha(—1))) and terminating at (1, hy(h2(1))). We call this arc also
H. In particular, H is negative and convex over (—1,0], and it is positive
and concave over [0,1).

So it has compact support [—1, 1] and it is like a squashing function,
see [2, Ch. 1, p. §].

We will work from now on with |H |, which has as a graph a cusp joining
the points (—1, |h1(ha (—=1))]), (0,0), (1, hi(hse (1))) and with compact sup-
port, again, [—1,1]. The points (—1, |hy (ha (—1))]), (1, h1(he (1))) belong
to the graph of |H| and (0,0) as well.

Typically H has a steeper slope than of hy, but it is flatter and closer
to the z-axis than hy is, e.g. tanh (tanhz) has asymptotes +0.76, while
tanh x has asymptotes +1, notice that tanh (1) ~ 0.76. Clearly H has
applications in spiking neural networks.

Our multivariate activation function here will be F: R? — R,

d
d e N: F(x) := [[|H (x;)], where x := (x1,...,24) € R? which has
=1

compact support [—1,1]%.
Clearly, here F'is a multivariate d-dimensional open cusp function. In
particular, for all i = 1,...,d,

t = [H (z1)]... [H (zia) [ |[H ()] [H (zi42)] .. [H (24)]

is an open cusp function going through (0, 0), etc.
Let f: R? — R be either a uniformly continuous function or a contin-
uous and bounded function.

We call

wi (f,h) = sup |f (z) = F (W)l (1)
all 7,y e R?:

|z —yl, <h
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where h > 0, the multivariate first modulus of continuity of f, where |-|,
denotes the maximum norm in R?, d € N.

In this article, we study the pointwise, uniform, and L,, p > 1, con-
vergences with rates over R?, to the unit operator of the "multivariate
normalized cusp neural network operators"

By (f) (z) ==
kaZf(’“—k—)F(n(x_k_)n(xd_k_)>
O (x) )
(2)
where
S S 1-a ki 1—a kq
@(x):zk;nz...k;n2F<n (2= ) (wa =), )

O<a<landneN, zeR%
One can rewrite

n2

S ) (1T - )
Ba(f) (@) = ot b .
Yoo X (I (e (- %))

k1=-—n2 kg=-—n?

Clearly B, is a positive linear operator.
The terms in the ratio of sums (2) can be nonnegative and the expres-
sion is well-defined if and only if
ki

0< ‘n“a (x - —)‘ <1, (5)
n

ie. 0<|z; — &

< i, alli=1,...,d, if and only if

nl—oa)

nr; —n® < k; <nx; +n%, v # —,
n

alli=1,....d.
To have the order

—n? < nx; —n® <k <nz+n®<n? (6)
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we need L
n>1+ o, v;#—, alli=1,...,d
n

Thus, (6) holds when we take
ki .
n> max (1+x]), @ # —, alli=1,....d. (7)
' n

When z; € [-1,1], z; # %, it is enough to assume n > 2, which
implies (6), and z; # %, alli=1,...,d.

But the isolated case of x; = %, for some 7 = 1,...,d, contributes
nothing and can be ignored.

Thus, without loss of generality, we may always assume that z; # %,
alli=1,...,d.

Hence, for x; € [—1,1] and n > 2, the estimate (6) holds for all
i=1,...d

Consider the closed interval J; := [nz; —n® nz; + n®], i = 1,...,d,
n e N.

The length of J; is 2n®*. By Proposition 1 of [1|, we get that the
[cardinality of k; € Z that belong to J|:= card (k;) > max (2n® —1,0),
any i€ {1,...,d}.

In order to have card (k;) > 1, we need 2n® — 1 > 1 if and only if
n>1,anyie{l,...,d}.

Therefore, a sufficient condition in order to get the order (6) along

with the interval J; to contain at least one integer for all i = 1,...,d is
that

n > max {1+ |z;l}. 8

> max d}{ |3} (8)

Clealry, as n — 40 we get that card (k;) — +o0, alli =1,...,d. Also
notice that card(k;) equals to the cardinality of integers in
[[nx; — n®], [nz; + n®t]], for all ¢ = 1,...,d. Here, [-] denotes the in-
tegral part of the number, while [-] denotes its ceiling.

Henceforth, we assume (8). Consequently, it holds

By (f) (x) =
[nz1+n*] [nzg+n®]

> > f(%l,...,%)F(nl_a (.731 — %),...,nl_a (J;d— %))

ki=[nz1—n®]  kg=[nzq—n|
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where
[nx1+n] [nxg+n®] L L
O(x) = Z Z F(nlfo‘(xl——1>,...,n1*a<xd——d>>,
ki=[nx1—n]| kg=[nzqg—n| n n
(10)
where x = (11,...,74) e R, 0 <a<1,neN.
So, [n'=* (z; — )| < 1,i=1,...,d, if and only if
k 1
— = < , 11
o2l < 7= (1

where k := (ki,..., kq).
Notice that B, (1) =1, ne N.

3. Main results. We now present our first main result.

Theorem 1. Let z € R, de N, z = (x1,...,74), and n € N such that

.....

function or a bounded function. Then
B — f <w —1 12
’ n(f)(l') (l’)’\ 1<f’n17a>' ( )

Inequality (12) is attained by constant functions, and when f is uniformly
continuous, it gives the pointwise convergence with rates, as n — +o0, of

By (f) (x) = [ (x).

When n > 2, we obtain

1
1Ba () = g <o (fr ) (13)

nlfa
If f is uniformly continuous, we get that hrf B, (f) = f, uniformly over
n—+0o0
[—1,1]%

Proof. We observe that

Bo (f) (z) = f (x)| &
[nor+n®]  [negtn®]

> > l%l,l%d nl=(x 71%1 ..... nt=%(z 7}%‘1
1=l —n] kd:[nw—nﬂf( @(z)F S - —f(2)|=
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[nz1+n®] [nzg+n™] . -
SRS ORO L))

<

ki—[ne1—no]  ka=[nog—ne

O (z)

U5 8 s (e (- )

- o (2) S

IS (e E) (e (o - B))

F=[nz—ne] <
O (x) h

w1 (f’ nl 0‘)

[

Our second main result follows:
Theorem 2. Let z € RY, f e CV (RY), N € N, such that all of its
partial derivatives fy of order N, &: |&| = N, are uniformly continuous
or continuous and bounded. Here n € N: n > 1;11ax {1+ |z;|}. Then

.....

(B (1) () - <>r<{2].n+<(2\axz

1

o max (o)

NlnN(l a) I | N nl 67
Inequality (15) is attained by constant functions and gives us the pointwise

convergence of B, (f) — f over R%, as n — +c0.
Ifn > 2 and f € CN (R?) has all of its partial derivatives bounded, we

derive
N d .
1B () = fHoov[*Ll]d S {Z il <<Z H 0x; loo,[-1,1)¢ ) / (x))}
j=1 = (16)

dN
—N'nN(]- Oé)a |ET.J2( (Ul(fom _a>.

_l’_

Asn — +w, we get B, (f) — f uniformly over [—1,1]".
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Proof. Here z = & = (x4, .. ., xq). Set
5= f(ere(E-0)) 0i<n )
Then
0= [(5 (5 -0) ) i(orsi(t-n).nia(B-))
(
and gz (0) = f(z). )
B}; Taylor’s formula, we get
Y (0) ”
f(% ..... %) — gz (1) = :0 g"ﬂ +RN(E 0) (19)
where
1 t IN-1
RN<k o) - f (J . ( f (g%N) (tx) — g (0))dtN) ...>dt1 (20)
0 N0 0
Here we denote by
fa = gié, a = (aq,..., aq), €L
1=1,..., d, such that |&| := i a; = N. Thus,
i=1
r(E)F (e (7-1))
) (@ i (21)
NQ;J (0) f (nt-= f—é F (nl—@ f;—é i
;0 Ej! < @(<f) ) * < @(<f) ) 'RN<E’O)'
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Therefore
(Ba () (@) — 1 () =
ma+ne] £k -
HZ B g(&)) Pt (- g)) ~ /(@) = )
nE+ne l—a(z_ k
Z %<;[§;Q9(O)F(n @((; n>>) .
where
nE+ne l—a (7 _k
D g
Consequently, we obtain
(B () (7) = £ (7)) <
N masne] |g¥) (0)|F (nt—o (7 - E
Z%<k[21 il é(f) ( )>> vz Y
Notice that
2 ol< (L) ((SE) @)
and
S (S
That is, by (25), we get
(B () (@) — £ (D) <
{]Z]-Vlﬂnjt“") <(Z . )jf(az‘)> } el 20
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Next, we need to estimate |R*|. For that, we observe (0 <ty < 1)

g™ (tw) - " (0)| =
d " d
k; 0 \N k k; 0 \N
)2 s (S ) ) e
‘<;<n m)&xl) f(x+Nn v ; n o ox; 1)
o N 1
< e (fonis )
(27)
Thus,
k
n(Eo)
n
1 & tnN—1
f( J - f o2 (1) — o (O |ay ) .. )t (28)
0 0 0 n n
dN 1
NN aiaion ! (for72):
Therefore,
[nZ+n®] F (nl—a (j;’_ E)) /Z
i< D, (L)
i . Z O () M
k=[nZ—n| (29)
dN 1
v s (forr )
By (26) and (29) we get (15). []
It follows:
Corollary 1. (to Theorem 1) Let
d
A = H (S“ (5 C Rd, (51 > 0,
=1
and taken > max (1+46;).
i€{l,...,d}
Take p > 1. Then
1 4 1
1Buf = flps <eor (£ )2 T o7 (30)
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attained by constant functions. If f is uniformly continuous, by (30), we
get the L, convergence of B, f to f with rates over A.

Proof. By (12).
We finish with
Corollary 2. (to Theorem 2) Let

d
A=]]l-6,0] <R 6 >0,

1=1
and taken > max (1+46;);p> 1.
ie{l,...,d}
Then

N

p,A S {Z |n](1 a)
]_

av 1 ot
+N!nN(1 ) &ja |XNw1<fa’n1a) !

"

<Zd: ox;

i=1

p,A}

(31)

—=
>
e

Il
—_

7

attained by constant. By (31) we derive the L, convergence with rates of
B, (f) to f over A.

Proof. By (15). ]
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