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ACCELERATION CONVERGENCE OF SEQUENCE OF
BICOMPLEX NUMBERS

Abstract. In this article, we explore three fundamental concepts:
acceleration convergence, logarithmic convergence, and subsequence
transformation in the context of bicomplex number sequences. Ac-
celeration convergence is a technique for speeding up the conver-
gence of slowly convergent sequences, particularly in iterative meth-
ods. We examine how this method can be adapted for sequences
of bicomplex numbers by leveraging their unique algebraic struc-
ture. Logarithmic convergence, in which a sequence converges loga-
rithmically, is analyzed in the bicomplex framework. Additionally,
subsequence transformations are introduced as tools for manipu-
lating and extracting useful convergent subsequences from a given
bicomplex sequence.
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1. Introduction and Preliminaries. In the study of bicomplex
numbers, sequences and their convergence properties are of significant
interest due to their applications in complex analysis, quantum mechanics,
and other fields. Dawson [7] has described the summability field of a
matrix A as being convergence-preserving over the set of all sequences that
converge more quickly than a fixed sequence (p,). We look for an analogy
of this conclusion that deals with the acceleration field of a subsequence
transformation.

Let p = (p,) be a sequence that converges to A more quickly than the
sequence q = (g,) converges to o (p < q) if

Pn — )\

lim = 0.
n 4np —O0
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In this instance, we also say that the sequence ¢ = (g,,) converges to 0 more
slowly than the sequence p = (p,) converges to A. The sequence p = (p,)
converges to A at the same rate as the sequence ¢ = (g,,) converges to o
(p~q)if R R
0 < lim P =AM gl A

n g — o g, — o

Let A = (am,) be an infinite matrix. The A transform of the sequence

(pn) is Ap = (A,p), where

0

(Anp) = Z AmnPm

m=1

for each n € N, provided the summation converges for each fixed n €
N. The matrix A = (a,,,) accelerates the convergence of p if Ap < p.
The acceleration field of A is {p : Ap < p}. For details of acceleration
convergence, refer to Keagy and Ford [9].

The concept of a bicomplex number is not new; however, investigation
of bicomplex numbers has continued in recent years, and much remains to
be explored. Segre [11] investigates these numbers by identifying them as
bicomplex numbers. Subsequently, Price [14] conducted a thorough analy-
sis of derivatives, integrals, holomorphic functions of bicomplex numbers,
and their generalizations to higher dimensions. A bicomplex number is
defined as follows:

z2=21+Jz =x+1y+ Ju+1jv,

where z; = x + iy and 25 = u + v, 21,22 € C; x,y,u,v € R, R and C are

the sets of real and complex numbers. Independent units ¢, 7 are such that

i? =52 = —1 and ij = ji.

We denote the set of bicomplex numbers as BC. The set of bicomplex num-
e . 1+4+1j 1—1j

bers BC has two distinguished zero divisors e; = 5 J and ey = 5 J

All bicomplex numbers z = 2; + jz3 can be expressed as

z = pre1 + Baes,

where 31 = 21 — 129 and (85 = z; + jz». For any two bicomplex numbers
z = f1eq + faes and w = Y€1 + Y2e5, we have the following:

ztw= (B +m)er + (B2 £ 12)ea,
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and
2w = (Bim)er + (Bay)ea.

The Euclidean norm ||z|| on BC is defined as

[zl = Vi1zf? + [2f

B+ B
_4/—2 _

A sequence (p,) in BC is considered convergent to a limit p if and only if
for each € > 0 there corresponds an n(e), such that

|pn, — pl| < € for all n > n(e).

Remark 1. A sequence (p,) in BC, defined as p,, = x,, + iy + ju, +ijv,,
converges to p = x +1iy + ju + ijv in BC, if and only if the sequences (x,,),
(Yn), (un), and (v,) converge to z, y, u, and v, respectively. That is,

lim p, =p
n—0o0
if and only if

lim z, =2, limy,=vy, limu, =u, and lim v, = v.

n—ao0 n—00 n—00 n—0o0
For details on bicomplex numbers, one may refer to Price [14]. Bicomplex
numbers have been studied and successfully applied by Beg et al. [1],
Sager, and Sagir [10]. Different classes of sequences of bicomplex numbers
have been introduced and investigated by Srivastava and Srivastava [12],
Wagh [13], Bera and Tripathy [2] - [5], Degirmen and Sagur [8], and others.

Definition 1. [9] The subsequence (p,;)) of the sequence p = (p,) can be
represented as a regular transformation A applied to p by letting a; ;) = 1
and a,,, = 0, otherwise. A subsequence can never converge more slowly
than the original sequence. Some subsequences converge at the same rate,
and some converge faster than the sequence p, but in every case

i |Pz|

< L

Lemma 1. |9] Suppose that A is a subsequence transformation that ac-
celerates p € Sy, and q is a sequence in Sy, such that p ~ q. Then A
accelerates q.
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Lemma 2. |9] Suppose that A is a subsequence transformation and p €
So. Then there exist q,z € Sy, such that ¢ < p < z and A does not
accelerate neither q nor z.

Lemma 3. |9] Suppose that A is a subsequence transformation and p €
So. Then there exists q € Sy, such that ¢ < p and A accelerates q.

Definition 2. [9] Let p € Sy, such that

im ——— = p.

n Pn—D
The sequence p = (p,,) is said to converge linearly if p # 0 and p # 1 and
to converge logarithmically if p = 1.

The collection of logarithmically convergent sequences is difficult to ac-
celerate. Brezinski et al. [6] discovered the following result, which leads to
an acceleration algorithm for a proper subset of logarithmically convergent
sequences.

Lemma 4. |9] Let p be a monotone logarithmically convergent element
of Sy and

[(p) = {q € Sp: there exist A # 0 such that lim & — )\}.
n Pn

For every q € T'(p), there is an increasing sequence of positive integers
(n(i)), such that (qn) is linearly convergent.

Throughout this article, ¢y denotes the set of all null sequences, and
Sp denotes the set of all sequences in ¢y that have at most a finite number
of zero terms.

2. Main Results. In this section, we introduce some concepts of
acceleration convergence and acceleration convergence of sub-sequential
transformation in the setting of bicomplex numbers. Also, we generalize
the definition of logarithmic convergence and introduce related theorems
in the setting of bicomplex numbers.
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Definition 3. Let ¢q(BC) denote the set of all bicomplex null sequences,
and let S|, denote the set of all sequences in ¢o(BC) that have at most
a finite number of zero terms. Let (p,) and (q,) be sequences in BC.
The sequence p = (p,) converges to \ faster than the sequence q¢ = (g,)
converges to o (p < q) in BC if

lpn — A

= 0.
lgn — ol

liin
Remark 2. In this instance, we can also say that the sequence q¢ = (¢,)
converges to o more slowly than the sequence p = (p,) converges to \ in
BC.
The sequence p = (p,) converges to \ at the same rate as the sequence
q = (qn) converges to o (p ~ q) if

O<hmm%_ Al TEMM Al oo

lgn =l =" gn — ol

The matrix A = (any,) is said to accelerate the convergence of p in BC if
Ap < p. The acceleration field of A is defined as {p: Ap < p}.

Definition 4. A subsequence (p,;) of the bicomplex sequence (p,) can
be represented as a regular matrix transformation A applied to p by defin-
ing a; i) = 1 and a,, = 0, otherwise. A subsequence never converges
more slowly than the original sequence. Some subsequences converge at
the same rate, while others converge faster than the sequence (py,), but in
all cases

[Pnci |

i

Definition 5. An operator A is said to preserve the order of convergence,

if for a sequence (p,) € BC that converges to A € BC, the sequence
(A(pn)) € BC converges to A € BC. Formally,

lim < 1.

lim p, = A = lim Ap, = \.

n—0oo n—aoo
This property is called the preservation of the limit under a regular trans-
formation.

Theorem 1. Let p = (p,), where p, = x, + iy, + ju, + ijv,, and
q = (qn), where q, = o, + i, + Jyn + 1jon, be two sequence of bicomplex
numbers. Thenp < g ifandonly ifz < o,y < 3, u <, and v < 9, where
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T = (xn)a Y= (yn)7 U= (UN)’ v = (Un)7 = (an)’ B = (Bn): Y= (7n>7 and
d = (0,,) are sequences of real numbers.
Proof. Suppose that © < a, y < f, u < 7, and v < §, and that the

sequences (), (Yn), (tun), (vn), (an), (Bn), (7m), and (J,) converge to Aq,
A2, A3, \g, 01, 02, 03, and o4, respectively. Then

. xn_)\l
r < a= lim =0,
n oy — 01
n— A
y< = lim 22" 22 _q
n n — 02
n—A
u<fy=hmu 3=O,
n Yn — 03
n— A
v<5=>1imv -0
n Op — 04

Now,

i ot Wn + JUn + 150, — (A1 +1A0 + A3 + 15 \g)
n Q + Zﬁn + ]771 + ’lj(sn — (0'1 + iO’Q + jO’g + ZjO’4>
(ZEn — )\1) + Z(yn - )\2) + j(un — /\3) + Zj(l)n — )\4)

= lim ; - =
n (ap —0o1) +i(Bn — 02) + J(9n — 03) +i5(6 — 04)
Tn—A1
= lim Lo T
'/37170'2 s Yn—03 s Op—04
" 1 + Zanfa'l + ]an*(fl + Zj Qn—01
Yn—A2
+ilim bn—02
n Z+ an—01 + s Yn—03 _’_,[:'671_0'4
IBTL*UQ ‘]Bn*U2 jIBTL*U2
Un—A3
1 Yn—03
+ 7 lim
y 'ﬂn_o'Q an—01 - O0p—04
n
+ Z'Yn*US + Tn—03 + Z']’Yn*US
Un—M4
. On—04
+ 47 lim
.. Br—02 An—03 an—o
" Z] + /L(Sn*0'4 + j(sn*0'4 + 61170';

This shows, that

i ©n + 1Y + JUy + 1J0, — (A1 +0Xa + JA3 +0J )

— 0.
0 Q4+ 1By + Y + 1§, — (01 +i0y + jos +ijoy)

Therefore, p < g.
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Conversely, suppose that p = (p,) converges faster than ¢ = (g,).
Then
i &t WY + JUn + 00, — (M + A + JA3 + A1) 0
n QA+ 10, + JYn +1J0n — (01 + Q0 + Jo3 + ijoy)
(Tn = M) +i(yn — A2) + ji(un — A3) +05(v — M)

= lim - - — =0
n (ap —0o1) +i(By — 02) + j(9n — 03) +i5(0, — 04)
Tn—A1
= lim on 91
n 1 _|_/L'B'n_0'2 + s Yn—03 + Z O —0yg
Qnp—01 -7 Qanp—01 ]Oén—Ul
Yn—A2
<12 571*0'2
+ 1171}1 /l + Qn—01 + yIn—03 + 7/ - dp—04
ﬁn_Uz j ﬁn_O'Q ] Bn_o'2
un_)\3
+7j lim 75
. - Bn—0o an—0 : - Op—0.
" '] T Z'\/n_o'i + ’Yn_o'; + Z]'Yn_o'?’)
Vn—A4
. 67170'4 o
i 1171;.[1 ii 4 iln=o2 4 jm=—0s | aw—oy 0
] On—04 '] On—04 On—04
This shows, that
Tp— A
lim == L 0,
n Oy — 01
A
lim 222 _ g,
n n — 02
Up — A
lim — 20
n Yn — 03
Up — A
lim ——=2 = 0.
n (5n — 01

Therefore, the sequences z, y, u, and v converge faster than «, 3, v, and
0, respectively. This completes the proof. []

Theorem 2. If (p,) and (g,) converge to the same limit in BC and
(gn) ~ (pn), then convergence preservation of A for (p,) implies con-
vergence preservation for (q,).

Proof. Let (p,) and (g,) converge to the same limit A\, and suppose that
they converge at the same rate. Let A be a convergence preserving matrix
for (p,); that is,

1 =k 1
im =k (1)
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where k is a non-zero positive constant.
Since A preserves convergence for (p,), we have

lim {A(p,) = A} = 0, 2)

Then, by the above relations, it follows that

dim {Aln) = A= S Ty

So, Ag, — A asn — . Therefore, A is convergence preserving for (g, ). []

. 1
X h_r)rolo{A(pn)—)\}—ExO—O.

Theorem 3. If (p,), (¢.), and (r,) converge to the same limit, A is
convergence preserving for all (g,) ~ (p,), and (p,) < (r,) in BC, then A
is convergence preserving for all (¢,) ~ (ry).

Proof. Suppose (p,), (¢n), and (r,,) converge to the same limit . Since
A preserves the convergence for all ¢ ~ p, it follows that

Ap, — A and Agq, > A asn — 0.

So, (p,) converges to A faster than (r,). By the hypothesis, (p,) preserves
the convergence to the limit A, hence, (r,) also preserves the convergence
to the limit X\. That is Ar,, — X as n — 0.

Therefore, A is convergence preserving for all (¢,,) ~ (75,).

Theorem 4. Suppose that A is a subsequence transformation that ac-
celerates p € S|, and let q € S|, be such that p ~ q. Then A accelerates q
in BC.

Proof. Let p = (p,) and ¢ = (¢,) be the sequences in S|, defined as
Pn = Tp + Zyn +jun + ijvna
Gn = O + 1Bn + JYn + 1J0n.

Let (pn(:)) and (g,(;)) be subsequences of (p,) and (gy), respectively. Since
A is a subsequence transformation that accelerates p € S, and ¢ € S|, is
such that p ~ ¢, we have

i el

Moreover, since p and ¢ converge at the same rate, it follows that

< L

- lgngo]
i oo

<1
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and

lirnM < 1.
il

Therefore,
lan@ | _ lan| 2]l |2nci |
lail Ipaoll @l ol
This shows that A accelerates ¢. []

< L

Theorem 5. Suppose that A is a subsequence transformation and p € S.
Then there exist q, r € S|, such that ¢ < p <r and A does not accelerate
q or r in BC.

Proof. Let p = (p,), where p, = z, + iy, + ju, + ijv, for n € N, be a
sequence of bicomplex numbers. First, consider the sequence of real parts
(x,,) of the sequence (p,). Let A represent the subsequence transformation
as defined by

(AZE)Z = $n(i).

Case 1. Construct a sequence o = (a,) of real numbers as follows:

Q1 = Q1) = min{|$1|27 |$n(1)|2}7

and
a; = |z;* for 1 < i < n(1).
Next, define
(1) 41 = An(n)+1) = M| Zn0) 1] [Znmy ]},
and

a; = |z;|* for n(1) + 1 <i < n(n(l) +1).
Similarly, define
Ap(n(1)+1)+1 = An(n(n(1)+1)+1),

and continue this process inductively.
Then o < x, and

lim

! > 1.
¢ |04z"

Hence, A does not accelerate «.

Similarly, we can construct sequences 5 = (8,), ¥ = (a), and § = (J,,)
of real numbers, such that § < y, v < u, and § < v. Hence, A does not
accelerate 3, v, or 4, respectively.
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Let

By Theorem 1, we can conclude that A does not accelerate q.
Case 2. Construct a sequence g = (g,) of real numbers as follows:

g1 = Gn(1) = maX{‘x1‘1/27 ‘xn(l)‘2}7

and

gi = |@| M2, for 1 < i < n(1).

Similarly, define

Gn(1)+1 = Gnn)+1) = x| Tn(1)11]"2 [Tamay V2,
and continue this process inductively.
Then x < g, and
m |9n ()]
i gl
Hence, A does not accelerate g.
Similarly, we can construct sequences h = (h,), t = (t,), and s = (s,)
of real numbers, such that y < h, u < t, and v < s. Hence, A does not
accelerate h, t, or s, respectively.
Let

> 1.

r = () = gn + thy, + jt, + ijS,.

Hence, by Theorem 1, we conclude that A does not accelerate r. Hence,
A does not accelerate ¢ or r. This completes the proof. []

Theorem 6. Suppose that A is a subsequence transformation and p € S,.
Then there exists q € S}, such that ¢ < p and A accelerates q.

Proof. Let p = (p,), where p, = x,, + iy, + ju, + ijv,, for n € N, be a
sequence of bicomplex numbers. First, consider the sequence of real parts

(x,,) of the sequence (p,). Let A represent the subsequence transformation
as defined by

Construct a sequence o = () as follows: define
|2

a; = |z;|* for 1 <i < n(l),
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and

Q1 = Qpu1) = min{ah ‘xn(1)|2}'
Next, define

a; = |z]* for n(1) <i < n(2),
and

On(2) = min{aQ, |mn(2)|2}
n(2) — :
2
Continuing this process, and defining at each stage, we obtain

min{o, |2}

k

Qn(k) =

It follows that o« < x and

(6790
h_m\ (0]

< 1.
i gl

Hence, A accelerates a.

Similarly, we can construct sequences 5 = (3,), v = (7a), and 6 = (d,)
of real numbers, such that g <y, v < u, and § < v. Hence, A accelerates
B, v, and ¢, respectively.

Let

Hence, by Theorem 1, we conclude that ¢ < p. Therefore, A accelerates q.
This completes the proof. []

Definition 6. Let p = (p,) be any sequence of bicomplex numbers, such

that

im——— = p.

n Pn—D
The sequence p = (p,) is said to converge logarithmically if p = 1, and
converge linearly if 0 < ||p| < 1.

Accelerating the set of logarithmically convergent sequences is chal-
lenging. We develop a bicomplex version of Lemma 4, which yields an
acceleration method for a proper subset of logarithmically convergent se-
quences in BC.
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Theorem 7. Let p = (p,) and q = (g,) be sequences of bicomplex num-
bers, such that ||p,|| is a monotone logarithmically convergent element of
Sy, and

C(p) = {q € S;: there exist A # 0 such that lim |||qn|| = )\}.
" |[Pn

Then there exists an increasing sequence of positive integers (n(i)), such
that, for each q € I'(p), the subsequence (¢y(;)) is linearly convergent.

Proof. Let (p,)) be a subsequence of the sequence (p,). Then, by the
subsequence transformation of (p,), we have:

[pill
Moreover,
[Pni |

Let (gn@;)) be a subsequence of the sequence (¢,). For each ¢ € I'(p), we
have

tim 10 3 g i 1%y (5)
i |png | i |pil
Also,
lin 1901l (6)
i gngl

Using the inequalities (3), (4), (5), we obtain

<1. (7)
i gnel

Combining(6) and (7), we conclude that

[ < 1.
i gneo

This shows that (¢,;) is linearly convergent. []
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Theorem 8. Let (p,) be a sequence of bicomplex numbers, and suppose
that |p,| is a monotone logarithmic sequence. For every p € (0,1), there
exists a: N — N strictly increasing sequence, such that

I H(pa(i+1) —p)| .
lim —————— =
=0 ||(paiy — p)||

Proof. Let

a(i) = min{j > a(i —1): |p; — p| < p'|po — [}
with a(0) = 0.
Let

e o —p) — (pay =) w0 — p|
= = p —_—
”(pa(i) - )| Hpa(i) — 7|

Since (p,) is logarithmic and p < 1, for i sufficiently large,

—1>0.

1

IPagiy—1 — pll = p'po — pl.

Thus,
£, < | (Pay-1 = P) = (Paii) — P)| _ | (Paiy—1 — D)l 1 —>0asi— o
|(Paiiy — D) |[(Paiiy — D)
And

a.+]-_ i+l - ].+Z
i+ D) =) _ p o =p) Lt

| (Pa(iy—p) L+ei1 p(po—p)l

Remark 3. The assumption on the monotonicity of |(p,)| can be re-
moved because it can be easily shown that if (p,,) is a logarithmic sequence,
then there exists a: N — N strictly increasing sequence, such that ||(pa))|
is monotone and logarithmic.
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