Probl. Anal. Issues Anal. Vol...., No..., 2026 1
DOL: 10.15393/j3.art.2026.19970

UDC 517.98
SH. SHAH, B. HAZARIKA

TOPOLOGICAL PROPERTY AND OPERATOR IDEAL IN
BRONZE LEONARDO SEQUENCE SPACES

Abstract. In this study, we introduce new Banach sequence spaces
Cp(0), Lo (), co(¥), and ¢(V), defined via a regular infinite matrix
U = (U,x), where

30,
V=124V, +¥, 1 —n—1’
0, k>n,

1<k <n,

and {¥j} denotes the Bronze Leonardo number sequence. We ex-
amine the fundamental properties of these spaces, particularly their
topological structure. In addition, we construct Schauder bases for
these new sequence spaces and present several results concerning
their operator ideals.
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1. Introduction. Matrix operators play a fundamental role in the
analysis of linear mappings on sequence spaces, particularly in understand-
ing how infinite-dimensional structures can be studied through discrete
representations. Among their many properties, compactness has proven
especially significant in functional analysis and spectral theory. A com-
pact matrix operator, typically represented by an infinite matrix acting on
spaces such as ¢, or ¢y, exhibits behavior analogous to finite-dimensional
operators in that it can be approximated by operators of finite rank. This
property is central to the study of eigenvalue distributions, as compact
operators possess a discrete spectrum with zero as the only possible accu-
mulation point. Furthermore, compactness conditions are closely tied to
summability theory, where infinite matrices define transformations that
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preserve or improve convergence of sequences. These connections make
compact matrix operators indispensable in approximation methods and
in the analysis of operator equations, particularly within the framework
of Fredholm theory.

Let N be the set of natural numbers, and let w denote the space of all
real-valued sequences. The spaces {4, ¢o, and ¢ are, respectively, the sets
of bounded sequences, sequences that converge to zero, and sequences that
converge. Their norm is given by |z| s = supy, |zx|. The space £, is the set
of sequences whose p-th powers are summable, for 1 < p < oo, with norm

1/p
|zle, = (Z \a:k|p> . We will also use the notation e = (1,1,1,...), and
k

denote by e® the sequence whose only nonzero term is 1 in k-th position.

A Banach space X is called a BK-space if the map that takes a sequence
to its n-th term, x — x,, is continuous for every n. Examples include ¢,
and /. Given two sequence spaces X and 2), and an infinite real matrix
A = (any), we denote the n-th row as A,,. The matrix A maps X to 9 if
for every sequence = = (xy), the sequence

Az = {A,z}_, with A,z = Zankxk (1)
k

belongs to ). The domain of A is the set X4 = {x € w: Az € Y}. The no-
tation (X,9)) designates the family of all matrices A mapping from X into
). Thus, A € (X,9) precisely when the series in equation (1) converges
for every n € N and each x € X, which guarantees that Ax € ) for all
x € X. Yaying and Hazarika [15] defined the Tribonacci sequence spaces
(,(T) (1 < p < ) as the domain corresponding to a newly introduced
regular Tribonacci matrix.

Recent work by Demiriz et al. [5] introduced new BK-spaces named
(,(G) and /l,(G) using generalized Motzkin matrices, uncovering their
basis properties in the process. Later on, Erdem et al. [6] developed the
Motzkin matrix spaces ¢(M) and c¢o(M), revealing their inner structure
and introducing the fresh idea of the Motzkin core. Building upon these
findings, Erdem [7] explored ¢,(M) spaces along with compact operators,
while in [8] Erdem extended the theory to Schroder—Catalan matrix spaces
with similar results.

2. Bronze Leonardo matrix Operator and Bronze Leonardo
Sequence Spaces. The Bronze Leonardo sequence {¥,},>o is a non-
homogeneous Leonardo-type integer sequence associated with the bronze



Topological property and operator ideal. . . 3

ratio (see [9]). It is defined by the recurrence relation
Upio =30, + 0, +1, 1320,

with the initial conditions; Wy = 1, ¥; = 1. This recurrence produces the
sequence

1,1,5,17,57,189, 625, 2065, 6821, 22529, . . .

Equivalently, the sequence {V,} satisfies the third-order homogeneous re-
currence relation

\Ijn+3 = 4\Dn+2 - 2\Ijn-&-l - \Ijna

with initial values Wg = 1, ¥y = 1, and ¥, = 5. The associated charac-
teristic equation is

23— 4z + 224+ 1 =0,

whose three roots are

_3+4/13 w_3—¢ﬁ

A 2 2

0=1.

Thus, A, ¥, and ¢ denote the three roots of the above characteristic equa-
tion. In particular, § = 1 is the third root, whereas A, commonly known as
the bronze ratio, is the dominant positive root. The generating function
of the Bronze Leonardo sequence is

= . 1+ x — 32?
Z\I’"I - 2 3"
o) 1—4x+22°+x

We can easily derive the relation

k

4 U, 1 —n—1
Z‘Psz FtWYe1—n '
s=1 3

For a nonnegative integer k, let W, represent the k-th Bronze Leonardo
number. Consider the matrix ¥ = (V,,;,), defined by

33U,
V=<4V, +V, —n—1’
0, k> n,

1<k <n,
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where n, k =1,2,....

1 0 0 0 0 0
3 15
S L0 0 0 0
3 15 51
69 69 69 0 0 0
=13 15 5 111 5
240 240 240 240
3 15 5L 567 1182
807 807 807 807 807

It is obvious that W is triangular. Therefore, the U-transform of a sequence
b = (b)) is expressed as

33 Wb,

QO = (), = k=1 2
n = (TV) AU, +0, ,—n—1 2)

Lemma 1. [14] An infinite matrix B = (b, i) qualifies as regular if, and
only if, each of the conditions listed below is satisfied.

(i) sup > |bng| < o0

neN k
(i) lim > b, =1
n—ao0 k
(iii) 7}1_1)1010 bk = 0.
Corollary. Bronze Leonardo matrix ¥ = W,, . is regular.

3. Bronze Leonardo sequence spaces. We now introduce the
Bronze Leonardo sequence spaces (,(¥) (1 < p < ), {o(¥), ¢(V),
and co(¥). A sequence belongs to one of these spaces if and only if its
U-transform lies in the respective classical sequence space ¢, {+, ¢y, or c.

0 p
0,(¥) = {h:(hk)ew: Z_:l 4‘1/n+k\;i p— <oo}(1<p<oo).
33 Uyhy,
k=1

lo (W) = {h = (hg) Ew: sup

neN

<},

W, +V¥, ;—n—-1
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0 SZ\thk
_ )y D1 k=1 _
co(\P)—{h (hi) € w: 3%7;4%1_1_\1}”1_”_1 O}.
w 32 Wihy

o(¥) = {h = (hy) € w: 7}1_1){)107; . +k‘;;1 1 exists}.

We can express G(V) as Gv), where G denotes any of the spaces £, (o,
co, or ¢, where p € [1,00).
4. Topological Property.

Theorem 1. The sequence spaces {,(V) and (4 (V) are BK-spaces
normed, respectively, by

o0 - z
3 AN
1P le,(w) (; 4\11n+\11n1—n—1]; kI > (3)
and
3 n
, _ W) hyl. 4
[ Allese(w) igg 4\11n+\11n_1—n—1;;1 o .

Moreover, both spaces are of non-absolute type.

Proof. Clearly, the matrix ¥ is triangular. By the definition of matrix
domains, we have

(lp)w = 0,(V) and (loy)w = lon(V).

Since the classical spaces ¢, (1 < p < o) and {, are BK-spaces, and since
U is triangular, it follows from Theorem 4.3.12 in [14] that the matrix
domains £,(¥) and (. (¥) are also BK-spaces endowed with the norms
defined above.

To show that £,(\V) is of non-absolute type, consider the sequence

a=(1,-1,0,0,...).

12 12
Using (2), we obtain U, (a) = (1, 13 59’ ) . On the other hand, for

la| = (1,1,0,0,...), we have ¥,(la]) = (1,1,1,...). Hence,
W, (a)] # ¥, (]a|), which implies that

lalle,cwy # llalle,cw)-
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Therefore, ¢,(¥) is not of absolute type. The same argument applies to
o (W). O
Theorem 2. The spaces co(V) and ¢(V) are BK-spaces, where the norm
is given by
[7lleocwy = Ihlleqwy = sup [(Ph)].
keN

Proof. According to Theorem 4.3.12 in Wilansky (1984, p. 63) [14], it is
clear that ¢o(V) and ¢(¥) are BK-spaces, equipped with the given norm. []

Theorem 3. The spaces (,(V) and {,,(V) are linearly isomorphic to the
classical sequence spaces ¢, and {,, respectively.

Proof. In this section, we establish the result for the space ¢,(¥V) = /,;
the proof for £, (V) = ¢, follows analogously.
Consider a mapping

M 0,(0) — 0, s.t. HY) = Y.

From the result H(V') = 0 = b’ = 0, the injection property of H follows.
Suppose ' = (€2} lies in the sequence space ¢, where 1 < p < c0. Then
we define another sequence b’ = (b)) given by

k
_ 4\I’l+\1’l_ —n—1
b= >, (1) 3\;}{3 Q, (keN). (5)
I=k—1

Then, for 1 < p < o0, we have

0 2 o0 k 7
3V, "\
b/ — b’p b
H ”ép(\p) <k | | > (];<;4\11k—|—\11k 1—n—1 ) )

(

=( w) 1, < 0.
k=1

For p = oo, we have

—

l

j 4V 4+ n
R e I
1;1 Z AU, + V¥ 1 —n—1

oe]

=1

3=

[6']le.cwy = sup [Wxd'| = sup [] = [|¥]o < 0.
keN keN
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This indicates that 0’ € £,(¥) (for 1 < p < o0). Thus, H is both surjective
and norm-preserving. As a result, £,(V) = ¢, for 1 < p < oo. [

Theorem 4. The sequence spaces co(¥) and ¢(V) are linearly isomor-
phic to the classical spaces ¢y and c, respectively.

Proof. We define the mapping
T: co(¥) = cpst. T(V)=Ub.

From the result 7(b') = 0 = ¥ = 0, the injection property of 7 follows.
Furthermore, let €' € ¢y and define the sequence O = (b)) by

k
LAV + U, —n—1
b= Y (-1 L, (ke ) (6)
I=k—1

Then

i 3,
. / I K /
dim (WH)y = Jim (Z 10, 1 Uy —n 1@)

=1

k l
. 3\111 1744\115 + \Ill—l —n—1 ,
~1 —1) 0
kEI;o<;4\I/k+\I/k_1—n—1 2 (1) 3V, :

j=l—-1

= lim ), = 0.

k—o0

Therefore, O € ¢y(V). Thus, 7 is surjective and preserves the norm.
Consequently, ¢o(¥) = ¢o. The other can be done in a similar way. []

Theorem 5. Inclusion ¢,  {,(¥) holds.

Proof. Let b = (b)) € ¢, with 1 < p < o. Then, applying Holder’s
inequality for each n € N, we get

- = 3W,|bL| b
MNwpp <y <Z P — 1)

n=1 n k=1

o0 n n —1
3Wy |, [P 30, P
<
\Z(Z4Wn+\lfn1—n—1 Z4\Ifn+\lfn,1—n—1

k=1 k=1

0 3Z\Pk|b;¢|p 0 0 3
k=1 /
_ — N o .
Zwﬁ\pn_ﬁnq ;'” k;4wn+wn_ln1
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Therefore,
- 3
/P /P —
10117,y < D[]y, < o0, where D = s%p (@k;c PT — 1).

This ensures that 8" € ¢,(V), and hence we conclude that ¢, < ¢,(¥). By
the same reasoning, one also obtains ¢; < ¢1(¥); the proof is analogous
and is therefore omitted. []

Theorem 6. The inclusion {y, < {y (V) holds.

Proof. Let v/ = (b)) € {y. Then there exists a constant S > 0 with
b,.] < S for all k € N. Hence, for each n € N, we obtain

3> Wy |bl] 25 > Uy

/ < k=1 < k=1 -9
|\Ilnb| 4\I/n+\11n_1—n—1 4\I/n+\I/n_1—7’L—1 S

Thus, ¥,b" € ¢y, for n € N, which means b’ € (,,(¥). Consequently, we
have (o, < (o (V). [

Theorem 7. The inclusions ¢y < ¢o(V) and ¢ < ¢(V) are strict.

Proof. Since the matrix ¥ is regular, the inclusions follow naturally. To
demonstrate strictness, consider the sequence ¢’ = (1,0,1,0,...). We can
compute the following for this sequence:

3V, , 3(Uy+---+¥,)

), = _ h N.
() ’;4\Ifn+\lln_1—n—1k AU, 40, [ —p_1 nerens

This expression converges, which implies that o’ € ¢(¥)\c. A similar ap-
proach can be used to prove the other case. []

Theorem 8. The inclusion ¢o(V) < ¢(V) holds strictly.
Proof. To illustrate that the inclusion ¢y(¥) < ¢(V) holds, consider the

sequence b’ = (b)) defined by b, = 1 for every k. In this case, we obtain

< 3y
v, = = 1.
(vt ];4\Ifn+\lfn_1—n—1

Since Wl € ¢ and Wb ¢ ¢, so, b’ € ¢(V)\co(V), which proves the result. []



Topological property and operator ideal. . . 9

Theorem 9. For 1 < p < oo, the space {,(V) is not a Hilbert space
unless p = 2.

4
Proof. Let us define the sequences b’ = (b)) = (1, 1, ——8,0, .. ) and

111
60 48
=) = (1, ~ 35 E,O, . ) Applying the operator ¥, we get

Wb = (1,1,0,0,...) and W,Q =(1,-1,0,0,...).
Next, we calculate
I+ Yy + 10— 2y = 82 2 (1613 0y + 12 0)) forp 2
This result indicates that the parallelogram law is not fulfilled for £,(¥)
when p # 2. Consequently, £,(V) is not a Hilbert space unless p = 2. []

Theorem 10. For 1 < p < r, the inclusion (,(V) < ¢,(V) holds.

Proof. Let 1 < p < r. Since ¢, < ¢,, it follows that ¢,(¥) < £,(V). To
show this inclusion is strict, consider b = (b)) € £,.(V)\(,(V) and define
Q= (%) by

= bp(AVy + Wy —n—1) = b (4¥ + Uy —n — 1)

keN.
30, ) K€

Qg

Now, for ¥,(2, we compute

3 n
U,0 = T,.0,.
4\1/n+\11n1—n—1,; Rk

Substituting 2, into the sum gives

3[04V, + W,y —n— 1) = b}, (4¥, + U,y —n — 1)]
7,0 = 2=

4\Ifn~|—\I!n_1—n—1

Simplifying, we find ¥,,Q2 = b,, Vn € N. Thus, ¥,,Q =¥, so UQ € (,\(,,.
Hence, Q € £, (V)\(,(¥), proving £,(V) < ¢,.(¥).
Definition 1. Let (Z,| - ||z) be a normed space. A sequence z = (z;)

constitutes a Schauder basis provided that, for each w € Z, there is a
unique sequence of coefficients (c;) with the property that

fim o = 2] =0
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The mapping H: G(¥) — G, introduced in the proof of the preceding
Theorem 3 and Theorem 4 is an isomorphism between the two spaces.
Consequently, the inverse image under H of the canonical basis {e(k)}keN
of the space G forms a Schauder basis for the newly defined function space
G(V). Therefore, we obtain the following result:

Theorem 11. Consider the sequence b'¥) = (b;’“)) defined for each fixed
k € N as follows:

(1) =k (4, + T, —n—1)

bk = 30, ’
0, if k > n.

if1<k<n),

Then we have the following results:

(i) The family of sequences {b(k)}keN constitutes a basis for the space
(,(V). Furthermore, each element V' € (,(V) admits a unique expan-

sion of the form
V=> apb®,
k

where oy, = (W), for each k € N.

(ii) The family of sequences {b®)}ien constitutes a basis of the space
co(¥). Furthermore, any sequence b/ € c¢o(¥) admits a unique ex-
pansion in terms of this basis.

b= onb(k),

where oy, = (V') for each k € N.

(iii) The set of sequences {e,b® b1, ...} serves as a basis for the space
c(¥). Moreover, every element b’ € ¢(V) can be written uniquely as
a linear combination of these basis sequences

W = fe+ ) (ar— f)b(k),

where oy = (W), for all k € N, and [ = khm (Tb)y.
—00

Corollary. For 1 < p < o, the space £,(V) is separable.
Proof. This follows directly from Theorems 1 and 11. []

Corollary. The sequence spaces co(V) and c(V) are separable.
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Proof. The claim is an immediate consequence of Theorems 2 and 11. []

5. Operator ideal 61(98)(\11). In this section, we analyze the character-
istics of s-type £,(¥) operators concerning the Bronze Leonardo sequence

space. The symbol E(ﬁ ‘B) or simply £ refers to the collection of all
bounded linear maps from 2 to %B. The dual space A’ consists of con-
tinuous linear functionals on 2. Given ¢ € U and ¢ € B, the mapping

€QRC: A — B is defined by (& ® €)(€) = &(€)¢ for each & in 2.

Definition 2. |1, 2| If a mapping s: L — w™, where w" is a class of
positive real numbers, satisfies the following criteria, it is said to be an
s-number sequence.

1) Monotonicity: |s| = s,(8) > s2(&) > ... >0, for R € L(A,B).
<

2) Additivity: s,,p1(8 + R) < s0(R) + sp(R) for &R € L(A,B)
and n, k € N.

3) Ideal Property: s,(RHR) < |8]]s.(9)[|R] for & € L£(2o,N),
He LA, W), Re LW, W), and n € N.

4) Rank Property: If rank (R) < n, then s,(R) = 0.

5) Norming Property: s,(I: TR Eé”)) = 1, where I, denotes the

identity operator on the i—dimensional Hilbert space.

Definition 3. [11] Suppose 91 and B are Banach spaces. For a subset P
of L, set P(A,B) = P L(A,B). Then P is called an operator ideal if
the following properties are fulfilled:

(i) If € e W, C € B, then £ © ¢ € P, B).
(i) R+ R e P(AU, B) for &R e P, B).
(iii) If § e p,B), R e L(A,A), and & € P(B,By), then
RHNR € P(Uo, Bo).

For a chosen pair of Banach spaces 2 and 9B, the set P (91,‘3) is called
a component of P.

Definition 4. [11, 12| The term ideal quasi-norm implies a real-valued
function X: 2 — R, that satisfies the following requirements:

(i) g e A, Ce B, then X(' O C) = [¢][<]-
(ii) There exists a constant M > 1, such that

X(R+ M) < M[X(R) + X(R)] for R, R e P(A,B).
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(iii) If € P(Ql %) R e L(UAA), and & € L(B,By), then
RHR € P(Ag, Bo).

Lemma 2. [10] Let &, % € £(2,B). Then
|50 (R) — sp(R)| < |R—MR| forieN.

We define an operator & € L(,B) as an s-type (,(¥) operator whenever

0 3Z\Ifk8k(ﬁ) P
k=1
1
;_0 2, U, 1| TP

We denote by &(78)(\1/) the collection of all s-type (,(\V) operators.

Theorem 12. For 1 < p < o0, the class Eg,s)(\lf) is an operator ideal.

Proof. Consider Banach spaces 2l and B. If ¢ € %' and ¢ € B, then £ OC
defines a rank-one operator. It follows that s,({’ ©® () = 0 for all n > 2
Hence,

3 " p
\I/ !
AT, +\11n1—n—1,;1 esk(E O C)

)

R 351 OC) 8
_Z 4V, + U,y —n—1

/ R 3 ?
= [0 2} W, + 0, —n—1

p
< 0.

3
4\11 +\I/n 1—71—1

= ¢’ @CH”

Thus & O ¢ € 65 (D).

Let 8 and R be elements of E,(f)(\lf). Considering the non-negativity
and non-increasing characteristics of s-numbers, we can utilize Minkowski’s
inequality to obtain

0 32‘1114816(.@4-%) 1/p
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0 32\112k Sok— 1(.@-{—9{) 0 3Z\I/2k+1 s%(ﬁ+9{) p 1/17
= 2
3V, +¥,_;1—n—1 4\1’ +¥, 1 —n-—1

k=1
W, +V¥, 1 —n—-1

(3 i (‘I’Zk + ‘1’2k+1)82k—1(ﬁ + 9@)1@) 1/p

0 3 Z \Ilksk(ﬁ) 3 Z \Pksk(ﬂ%) p\ 1/p
< M k=1 k=1

0 3 Z \Ifksk(ﬁ) p % 0 3 Z \Ifksk(i}i) p %
g]\4 k=1 k=1 )
<;<mn+mnl—n—1) >+<nz_:1(4\11n+\11nl—n—1 =%
Thus, & + R € £(W).

Let R € E(Q’[(],Q,l), R e E(‘B,SBO) and $ € E,gs)(\lf). Using the property
(3) in Definition 2, we get

© 3 Z \Ifksk(%ﬁﬁ) p %
(E(m5m=) )

© 3Z\I’k5k(f)) NS
< |R)18 i < .
IR (nz—ll <4\Ifn+\11n1—n—1> )

Therefore, RHA lies in £ (¥). This shows that Kés)(\lf) forms an operator
ideal. []

Theorem 13. For 1 < p < r < o, it holds that &(,8)(\1/) is contained in
(9 (0).

Proof. This result is a direct consequence of the inclusion £,(V) < ¢, (V)
forl<p<r<ow.[]

Assume that €5 (0) is an operator ideal. For 1 < p < oo, define the
mapping Q®: (57 (¥) — w*,

. 321 Upsp(R) oy b
QU(R) = (; (4% N 1) ) ’
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where & € ({7 (D).

Theorem 14. For values of p with 1 < p < o0, the operator ideal @,(f)(\lf)
becomes a quasi-normed space under the functional Q'®), where

Q¥ (8)

0 3 p %'
2 o
n=1 4‘I]n + \I]nfl n 1

Proof. Consider Banach spaces 2 and B. The operator &' ® (: A — B
is rank one, and therefore s, (¢’ ® ¢) = 0 holds for all n > 2. Thus, it can
be represented as

e 3D Usi(EO0) A, L
Q¥W(E OC) = (Z (Mquj _1_n_1> )

QU(R) =

n=1

_<°‘°< 351600 ))
A\ \4Y, T, -

, : 3 P\
e (X (=) )

Since €O ¢l = [€']ll<]l, we have
QUE O =1¢1<].

g

Let &, R € ((V). Then
0 3 Z \Ikak(.ﬁ-Fm) p %
(s) _ k=1
- (5 (wE) )

0 3 Z \Ilksk(ﬁ) p % 0 3k§1 \Ifksk(%) p
(S i) ) (Sl )

<M (QW(#R) + Q¥ ().

Thus,

OB+ R) <M <@(S)(ﬁ) - @(s)(fﬁ)) -
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Finally, let $ € {7 (0)(2 — B), & € L(B,By), and R € L(Yo, ). Then

o 3 Uesk(RHM) | oy L
QU (RH%) = (2 <4xpk:+1\11 . —n—l) )

. 3 Z W51 (9) N
< IlﬁHm(Z (4\1/ +V, 1 —n— 1) )

n=1

< |RIQ ()[R

Thus, N N
QW (RHN) < [KIQW (9)|R].

Hence, Q(S) indeed defines a quasi-norm on the operator ideal Eés)(\lf). O

Theorem 15. For 1 < p < o, the operator ideal EI(DS)(\II) becomes a
complete space when equipped with the quasi-norm Q®.

Proof. Let us consider the case when 1 < p < oo. Then we have

1

G (R) <i( 3§1\11k3k(ﬁ) >p>
n=1 AU, +U, 1 —n—1

= (<§:4\I’n+?\);;f?)nl)p>

(S arai=er))

From this, we can conclude that

S =

|8] < QW(R) for all Re £9)(T)(A — B). (7)

Now, let (8,) denote a Cauchy sequence in &(f)(\lf)(ﬁl — B). For every
e > 0, there exists some x € N satisfying

QW (R — &) <e forall n, k> e (8)
From (7), we deduce that

|18, — Rl < QW (R, — &)
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Applying (8), we obtain
1R, — Rl < QW (R, — &) for all n,m > e.

Therefore, the sequence (£,) is Cauchy in the space L(2A,B). Since
E(Ql,‘,B) is a Banach space, we can conclude that K, — K as n — @
in L(2A,*B).

Utilizing Lemma 2, we have
|50 (8 — Rin) — 50 (R = Rn)| < [ R0 — K.
Taking the limit as n — oo gives us
Sn(Rn — Rim) = 5n(R — R (9)

Now, from (8), we get

0 3kil\pk8k<ﬁﬂ—.ﬁm) p % 0 5 » %
(7;1 <4an+\pn_1_n_1) > <€<nz_:1(4\1]n+an—1—n—1> )

For all m,n > ¢, by fixing m and letting n — o0, we can apply (9) to
derive the following inequality:

3 =

p

o 33 Ups(R— R

. ; N
k=1
2 A, + Uy g —n—1 <€(;(4\Dn+ﬁfn1—n—1)) ’

n=1

which leads to Q¥ (8 — &,,) < ¢ for all m > e. It follows that &,, — &
with respect to the quasi-norm Q)

The final verification is that K 1ndeed belongs to the operator ideal
o ()2 — B). To see this,

2 sp(R Z ok—152k—1(R) + Z Wop sk (R Z W1 + Wor)sop—1(R).
=1 — k=1

=1
(Z pSk(R — Rm) +Z‘I’k3k fim)

v
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Consequently,

0 Bkil \IJksk(ﬁ) p % 0 4 Z \Ifksk(ﬁ ﬁm)
(&(m5m)) - n($ ()

n=1

0 4Z\Pk5k<ﬁm) p %
+M<Z<4xp T, 1—n—1>) =

which is finite. Since Q®)(R—&,,) — 0 as m — o0 and ﬁneﬁés)(\ll)(ﬁ[ — B).
Hence, we conclude that & € £ (0)(2 — B). [
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