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TOPOLOGICAL PROPERTY AND OPERATOR IDEAL IN
BRONZE LEONARDO SEQUENCE SPACES

Abstract. In this study, we introduce new Banach sequence spaces
ℓ𝑝pΨq, ℓ8pΨq, 𝑐0pΨq, and 𝑐pΨq, defined via a regular infinite matrix
Ψ “ pΨ𝑛𝑘q, where

Ψ “

$

&

%

3Ψ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
, 1 6 𝑘 6 𝑛,

0, 𝑘 ą 𝑛,

and tΨ𝑘u denotes the Bronze Leonardo number sequence. We ex-
amine the fundamental properties of these spaces, particularly their
topological structure. In addition, we construct Schauder bases for
these new sequence spaces and present several results concerning
their operator ideals.
Key words: Bronze Leonardo numbers, sequence space, Schauder
basis, operator ideals
2020 Mathematical Subject Classification: 11B83, 05A15,
47L20, 46B50.

1. Introduction. Matrix operators play a fundamental role in the
analysis of linear mappings on sequence spaces, particularly in understand-
ing how infinite-dimensional structures can be studied through discrete
representations. Among their many properties, compactness has proven
especially significant in functional analysis and spectral theory. A com-
pact matrix operator, typically represented by an infinite matrix acting on
spaces such as ℓ𝑝 or 𝑐0, exhibits behavior analogous to finite-dimensional
operators in that it can be approximated by operators of finite rank. This
property is central to the study of eigenvalue distributions, as compact
operators possess a discrete spectrum with zero as the only possible accu-
mulation point. Furthermore, compactness conditions are closely tied to
summability theory, where infinite matrices define transformations that
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preserve or improve convergence of sequences. These connections make
compact matrix operators indispensable in approximation methods and
in the analysis of operator equations, particularly within the framework
of Fredholm theory.

Let N be the set of natural numbers, and let 𝜔 denote the space of all
real-valued sequences. The spaces ℓ8, 𝑐0, and 𝑐 are, respectively, the sets
of bounded sequences, sequences that converge to zero, and sequences that
converge. Their norm is given by }𝑥}8 “ sup𝑘 |𝑥𝑘|. The space ℓ𝑝 is the set
of sequences whose 𝑝-th powers are summable, for 1 6 𝑝 ă 8, with norm

}𝑥}ℓ𝑝 “
´

ř

𝑘

|𝑥𝑘|
𝑝
¯1{𝑝

. We will also use the notation 𝑒 “ p1, 1, 1, . . .q, and

denote by 𝑒p𝑘q the sequence whose only nonzero term is 1 in 𝑘-th position.
A Banach space X is called a BK-space if the map that takes a sequence

to its 𝑛-th term, 𝑥 ÞÑ 𝑥𝑛, is continuous for every 𝑛. Examples include ℓ𝑝
and ℓ8. Given two sequence spaces X and Y, and an infinite real matrix
𝐴 “ p𝑎𝑛𝑘q, we denote the 𝑛-th row as 𝐴𝑛. The matrix 𝐴 maps X to Y if
for every sequence 𝑥 “ p𝑥𝑘q, the sequence

𝐴𝑥 “ t𝐴𝑛𝑥u
8
𝑛“0 with 𝐴𝑛𝑥 “

ÿ

𝑘

𝑎𝑛𝑘𝑥𝑘 (1)

belongs to Y. The domain of 𝐴 is the set X𝐴 “ t𝑥 P 𝜔 : 𝐴𝑥 P Yu. The no-
tation pX,Yq designates the family of all matrices 𝐴 mapping from X into
Y. Thus, 𝐴 P pX,Yq precisely when the series in equation (1) converges
for every 𝑛 P N and each 𝑥 P X, which guarantees that 𝐴𝑥 P Y for all
𝑥 P X. Yaying and Hazarika [15] defined the Tribonacci sequence spaces
ℓ𝑝p𝑇 q (1 6 𝑝 6 8) as the domain corresponding to a newly introduced
regular Tribonacci matrix.

Recent work by Demiriz et al. [5] introduced new BK-spaces named
ℓ𝑝p𝐺q and ℓ8p𝐺q using generalized Motzkin matrices, uncovering their
basis properties in the process. Later on, Erdem et al. [6] developed the
Motzkin matrix spaces 𝑐pℳq and 𝑐0pℳq, revealing their inner structure
and introducing the fresh idea of the Motzkin core. Building upon these
findings, Erdem [7] explored ℓ𝑝pℳq spaces along with compact operators,
while in [8] Erdem extended the theory to Schröder–Catalan matrix spaces
with similar results.

2. Bronze Leonardo matrix Operator and Bronze Leonardo
Sequence Spaces. The Bronze Leonardo sequence tΨ𝑛u𝑛>0 is a non-
homogeneous Leonardo-type integer sequence associated with the bronze
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ratio (see [9]). It is defined by the recurrence relation

Ψ𝑛`2 “ 3Ψ𝑛`1 `Ψ𝑛 ` 1, 𝑛 > 0,

with the initial conditions; Ψ0 “ 1, Ψ1 “ 1. This recurrence produces the
sequence

1, 1, 5, 17, 57, 189, 625, 2065, 6821, 22529, . . .

Equivalently, the sequence tΨ𝑛u satisfies the third-order homogeneous re-
currence relation

Ψ𝑛`3 “ 4Ψ𝑛`2 ´ 2Ψ𝑛`1 ´Ψ𝑛,

with initial values Ψ0 “ 1, Ψ1 “ 1, and Ψ2 “ 5. The associated charac-
teristic equation is

𝑥3 ´ 4𝑥2 ` 2𝑥` 1 “ 0,

whose three roots are

𝜆 “
3`

?
13

2
, 𝜓 “

3´
?

13

2
, 𝛿 “ 1.

Thus, 𝜆, 𝜓, and 𝛿 denote the three roots of the above characteristic equa-
tion. In particular, 𝛿 “ 1 is the third root, whereas 𝜆, commonly known as
the bronze ratio, is the dominant positive root. The generating function
of the Bronze Leonardo sequence is

8
ÿ

𝑛“0

Ψ𝑛𝑥
𝑛
“

1` 𝑥´ 3𝑥2

1´ 4𝑥` 2𝑥2 ` 𝑥3
.

We can easily derive the relation

𝑘
ÿ

𝑠“1

Ψ𝑠 “
4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1

3
.

For a nonnegative integer 𝑘, let Ψ𝑘 represent the 𝑘-th Bronze Leonardo
number. Consider the matrix Ψ “ pΨ𝑛𝑘q, defined by

Ψ “

$

&

%

3Ψ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
, 1 6 𝑘 6 𝑛,

0, 𝑘 ą 𝑛,
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where 𝑛, 𝑘 “ 1, 2, . . ..

Ψ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 0 0 0 0 0 . . .

3
18

15
18

0 0 0 0 . . .

3
69

15
69

51
69

0 0 0 . . .

3
240

15
240

51
240

171
240

0 0 . . .

3
807

15
807

51
807

567
807

1182
807

0 . . .

...
...

...
...

...
... . . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

It is obvious that Ψ is triangular. Therefore, the Ψ-transform of a sequence
𝑏1 “ p𝑏1𝑘q is expressed as

Ω1𝑛 “ pΨ𝑏
1
q𝑛 “

3
𝑛
ř

𝑘“1

Ψ𝑘𝑏
1
𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
(2)

Lemma 1. [14] An infinite matrix ℬ “ p𝑏𝑛, 𝑘q qualifies as regular if, and
only if, each of the conditions listed below is satisfied.

(i) sup
𝑛PN

ř

𝑘

|𝑏𝑛𝑘| ă 8

(ii) lim
𝑛Ñ8

ř

𝑘

𝑏𝑛𝑘 “ 1

(iii) lim
𝑛Ñ8

𝑏𝑛𝑘 “ 0.

Corollary. Bronze Leonardo matrix Ψ “ Ψ𝑛, 𝑘 is regular.

3. Bronze Leonardo sequence spaces. We now introduce the
Bronze Leonardo sequence spaces ℓ𝑝pΨq (1 6 𝑝 ă 8), ℓ8pΨq, 𝑐pΨq,
and 𝑐0pΨq. A sequence belongs to one of these spaces if and only if its
Ψ-transform lies in the respective classical sequence space ℓ𝑝, ℓ8, 𝑐0, or 𝑐.

ℓ𝑝pΨq “

"

ℎ “ pℎ𝑘q P 𝜔 :
8
ÿ

𝑛“1

ˇ

ˇ

ˇ

ˇ

3
𝑛
ř

𝑘“1

Ψ𝑘ℎ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

ˇ

ˇ

ˇ

ˇ

𝑝

ă 8

*

p1 6 𝑝 ă 8q.

ℓ8pΨq “

"

ℎ “ pℎ𝑘q P 𝜔 : sup
𝑛PN

ˇ

ˇ

ˇ

ˇ

3
𝑛
ř

𝑘“1

Ψ𝑘ℎ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

ˇ

ˇ

ˇ

ˇ

ă 8

*

.



Topological property and operator ideal. . . 5

𝑐0pΨq “

"

ℎ “ pℎ𝑘q P 𝜔 : lim
𝑛Ñ8

8
ÿ

𝑛“1

3
𝑛
ř

𝑘“1

Ψ𝑘ℎ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
“ 0

*

.

𝑐pΨq “

"

ℎ “ pℎ𝑘q P 𝜔 : lim
𝑛Ñ8

8
ÿ

𝑛“1

3
𝑛
ř

𝑘“1

Ψ𝑘ℎ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
exists

*

.

We can express 𝒢pΨq as 𝒢pΨq, where 𝒢 denotes any of the spaces ℓ𝑝, ℓ8,
𝑐0, or 𝑐, where 𝑝 P r1,8q.

4. Topological Property.

Theorem 1. The sequence spaces ℓ𝑝pΨq and ℓ8pΨq are BK-spaces
normed, respectively, by

}ℎ}ℓ𝑝pΨq “

ˆ 8
ÿ

𝑛“1

ˇ

ˇ

ˇ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

𝑛
ÿ

𝑘“1

Ψ𝑘 ℎ𝑘

ˇ

ˇ

ˇ

𝑝
˙

1
𝑝

, (3)

and

}ℎ}ℓ8pΨq “ sup
𝑛PN

ˇ

ˇ

ˇ

ˇ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

𝑛
ÿ

𝑘“1

Ψ𝑘 ℎ𝑘

ˇ

ˇ

ˇ

ˇ

. (4)

Moreover, both spaces are of non-absolute type.

Proof. Clearly, the matrix Ψ is triangular. By the definition of matrix
domains, we have

pℓ𝑝qΨ “ ℓ𝑝pΨq and pℓ8qΨ “ ℓ8pΨq.

Since the classical spaces ℓ𝑝 p1 6 𝑝 ă 8q and ℓ8 are BK-spaces, and since
Ψ is triangular, it follows from Theorem 4.3.12 in [14] that the matrix
domains ℓ𝑝pΨq and ℓ8pΨq are also BK-spaces endowed with the norms
defined above.

To show that ℓ𝑝pΨq is of non-absolute type, consider the sequence

𝑎 “ p1,´1, 0, 0, . . .q.

Using (2), we obtain Ψ𝑛p𝑎q “

ˆ

1,´
12

18
,´

12

69
, . . .

˙

. On the other hand, for

|𝑎| “ p1, 1, 0, 0, . . .q, we have Ψ𝑛p|𝑎|q “ p1, 1, 1, . . .q . Hence,
|Ψ𝑛p𝑎q| ‰ Ψ𝑛p|𝑎|q, which implies that

}𝑎}ℓ𝑝pΨq ‰ }|𝑎|}ℓ𝑝pΨq.
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Therefore, ℓ𝑝pΨq is not of absolute type. The same argument applies to
ℓ8pΨq. l

Theorem 2. The spaces 𝑐0pΨq and 𝑐pΨq are BK-spaces, where the norm
is given by

}ℎ}𝑐0pΨq “ }ℎ}𝑐pΨq “ sup
𝑘PN

|pΨℎq𝑘|.

Proof. According to Theorem 4.3.12 in Wilansky (1984, p. 63) [14], it is
clear that 𝑐0pΨq and 𝑐pΨq are BK-spaces, equipped with the given norm. l

Theorem 3. The spaces ℓ𝑝pΨq and ℓ8pΨq are linearly isomorphic to the
classical sequence spaces ℓ𝑝 and ℓ8, respectively.

Proof. In this section, we establish the result for the space ℓ𝑝pΨq – ℓ𝑝;
the proof for ℓ8pΨq – ℓ8 follows analogously.
Consider a mapping

ℋ : ℓ𝑝pΨq Ñ ℓ𝑝 s.t. ℋp𝑏1q “ Ψ𝑏1.

From the result ℋp𝑏1q “ 0 ùñ 𝑏1 “ 0, the injection property of ℋ follows.
Suppose Ω1 “ pΩ1𝑘q lies in the sequence space ℓ𝑝, where 1 6 𝑝 6 8. Then
we define another sequence 𝑏1 “ p𝑏1𝑘q given by

𝑏1𝑘 “
𝑘
ÿ

𝑙“𝑘´1

p´1q𝑘´𝑙
4Ψ𝑙 `Ψ𝑙´1 ´ 𝑛´ 1

3Ψ𝑘

Ω1𝑙, p𝑘 P Nq. (5)

Then, for 1 6 𝑝 ă 8, we have

}𝑏1}ℓ𝑝pΨq “

ˆ 8
ÿ

𝑘“1

|Ψ𝑘𝑏
1
|
𝑝

˙
1
𝑝

“

ˆ 8
ÿ

𝑘“1

ˆ 𝑘
ÿ

𝑙“1

3Ψ𝑙

4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1
𝑏1𝑙

˙𝑝˙ 1
𝑝

“

˜

8
ÿ

𝑘“1

˜

𝑘
ÿ

𝑙“1

3Ψ𝑙

𝑙
ř

𝑗“𝑙´1

p´1q𝑙´𝑗 4Ψ𝑘`Ψ𝑘´1´𝑛´1

3Ψ𝑙
Ω1𝑗

4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

“

ˆ 8
ÿ

𝑘“1

|Ω1𝑘|
𝑝

˙
1
𝑝

“ }Ω1}ℓ𝑝 ă 8.

For 𝑝 “ 8, we have

}𝑏1}ℓ8pΨq “ sup
𝑘PN

|Ψ𝑘𝑏
1
| “ sup

𝑘PN
|Ω1𝑘| “ }Ω

1
}8 ă 8.
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This indicates that 𝑏1 P ℓ𝑝pΨq (for 1 6 𝑝 6 8). Thus, ℋ is both surjective
and norm-preserving. As a result, ℓ𝑝pΨq – ℓ𝑝 for 1 6 𝑝 6 8. l

Theorem 4. The sequence spaces 𝑐0pΨq and 𝑐pΨq are linearly isomor-
phic to the classical spaces 𝑐0 and 𝑐, respectively.

Proof. We define the mapping

𝒯 : 𝑐0pΨq Ñ 𝑐0 s.t. 𝒯 p𝑏1q “ Ψ𝑏1.

From the result 𝒯 p𝑏1q “ 0 ùñ 𝑏1 “ 0, the injection property of 𝒯 follows.
Furthermore, let Ω1 P 𝑐0 and define the sequence 𝑏1 “ p𝑏1𝑘q by

𝑏1𝑘 “
𝑘
ÿ

𝑙“𝑘´1

p´1q𝑘´𝑙
4Ψ𝑙 `Ψ𝑙´1 ´ 𝑛´ 1

3Ψ𝑘

Ω1𝑙, p𝑘 P Nq. (6)

Then

lim
𝑘Ñ8

pΨ𝑏1q𝑘 “ lim
𝑘Ñ8

ˆ 𝑘
ÿ

𝑙“1

3Ψ𝑙

4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1
𝑏1𝑙

˙

“ lim
𝑘Ñ8

ˆ 𝑘
ÿ

𝑙“1

3Ψ𝑙

4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1

𝑙
ÿ

𝑗“𝑙´1

p´1q𝑙´𝑗
4Ψ𝑙 `Ψ𝑙´1 ´ 𝑛´ 1

3Ψ𝑙

Ω1𝑙

˙

“ lim
𝑘Ñ8

Ω1𝑘 “ 0.

Therefore, 𝑏1 P 𝑐0pΨq. Thus, 𝒯 is surjective and preserves the norm.
Consequently, 𝑐0pΨq – 𝑐0. The other can be done in a similar way. l

Theorem 5. Inclusion ℓ𝑝 Ă ℓ𝑝pΨq holds.

Proof. Let 𝑏 “ p𝑏1𝑘q P ℓ𝑝 with 1 ă 𝑝 ă 8. Then, applying Hölder’s
inequality for each 𝑛 P N, we get

8
ÿ

𝑛“1

|Ψ𝑛𝑏
1
|
𝑝 6

ÿ

𝑛

ˆ 𝑛
ÿ

𝑘“1

3Ψ𝑘|𝑏
1
𝑘|

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝

6
8
ÿ

𝑛“1

ˆ 𝑛
ÿ

𝑘“1

3Ψ𝑘|𝑏
1
𝑘|

𝑝

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙ˆ 𝑛
ÿ

𝑘“1

3Ψ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝´1

“

8
ÿ

𝑛“1

3
𝑛
ř

𝑘“1

Ψ𝑘|𝑏
1
𝑘|

𝑝

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
“

8
ÿ

𝑘“1

|𝑏1𝑘|
𝑝Ψ𝑘

8
ÿ

𝑛“𝑘

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
.



8 Sh. Shah, B. Hazarika

Therefore,

}𝑏1}𝑝ℓ𝑝pΨq 6 𝐷 }𝑏1}𝑝ℓ𝑝 ă 8, where 𝐷 “ sup
𝑘

ˆ

Ψ𝑘

8
ÿ

𝑛“𝑘

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙

.

This ensures that 𝑏1 P ℓ𝑝pΨq, and hence we conclude that ℓ𝑝 Ď ℓ𝑝pΨq. By
the same reasoning, one also obtains ℓ1 Ď ℓ1pΨq; the proof is analogous
and is therefore omitted. l

Theorem 6. The inclusion ℓ8 Ă ℓ8pΨq holds.

Proof. Let 𝑏1 “ p𝑏1𝑘q P ℓ8. Then there exists a constant 𝑆 ą 0 with
|𝑏1𝑘| 6 𝑆 for all 𝑘 P N. Hence, for each 𝑛 P N, we obtain

|Ψ𝑛𝑏
1
| 6

3
𝑛
ř

𝑘“1

Ψ𝑘|𝑏
1
𝑘|

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
6

2𝑆
𝑛
ř

𝑘“1

Ψ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
“ 𝑆.

Thus, Ψ𝑛𝑏
1 P ℓ8 for 𝑛 P N, which means 𝑏1 P ℓ8pΨq. Consequently, we

have ℓ8 Ă ℓ8pΨq. l

Theorem 7. The inclusions 𝑐0 Ă 𝑐0pΨq and 𝑐 Ă 𝑐pΨq are strict.

Proof. Since the matrix Ψ is regular, the inclusions follow naturally. To
demonstrate strictness, consider the sequence 𝑏1 “ p1, 0, 1, 0, . . . q. We can
compute the following for this sequence:

pΨ𝑏1q𝑛 “
𝑛
ÿ

𝑘“1

3Ψ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
𝑏1𝑘 “

3 pΨ1 ` ¨ ¨ ¨ `Ψ𝑛q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
, where 𝑛 P N.

This expression converges, which implies that 𝑏1 P 𝑐pΨqz𝑐. A similar ap-
proach can be used to prove the other case. l

Theorem 8. The inclusion 𝑐0pΨq Ă 𝑐pΨq holds strictly.

Proof. To illustrate that the inclusion 𝑐0pΨq Ă 𝑐pΨq holds, consider the
sequence 𝑏1 “ p𝑏1𝑘q defined by 𝑏1𝑘 “ 1 for every 𝑘. In this case, we obtain

pΨ𝑏1q𝑛 “
𝑛
ÿ

𝑘“1

3Ψ𝑘

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
“ 1.

Since Ψ𝑏1 P 𝑐 and Ψ𝑏1 R 𝑐0, so, 𝑏1 P 𝑐pΨqz𝑐0pΨq, which proves the result. l
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Theorem 9. For 1 6 𝑝 ă 8, the space ℓ𝑝pΨq is not a Hilbert space
unless 𝑝 “ 2.

Proof. Let us define the sequences 𝑏1 “ p𝑏1𝑘q “
´

1, 1,´
48

111
, 0, . . .

¯

and

Ω1 “ pΩ1𝑘q “
´

1,´
60

36
,

48

111
, 0, . . .

¯

. Applying the operator Ψ, we get

Ψ𝑛𝑏
1
“ p1, 1, 0, 0, . . .q and Ψ𝑛Ω1 “ p1,´1, 0, 0, . . .q.

Next, we calculate

}𝑏1 ` Ω1}2ℓ𝑝pΨq ` }𝑏
1
´ Ω1}2ℓ𝑝pΨq “ 8 ‰ 2

´

}𝑏1}2ℓ𝑝pΨq ` }Ω
1
}
2
ℓ𝑝pΨq

¯

for 𝑝 ‰ 2.

This result indicates that the parallelogram law is not fulfilled for ℓ𝑝pΨq
when 𝑝 ‰ 2. Consequently, ℓ𝑝pΨq is not a Hilbert space unless 𝑝 “ 2. l

Theorem 10. For 1 6 𝑝 ă 𝑟, the inclusion ℓ𝑝pΨq Ĺ ℓ𝑟pΨq holds.

Proof. Let 1 6 𝑝 ă 𝑟. Since ℓ𝑝 Ă ℓ𝑟, it follows that ℓ𝑝pΨq Ă ℓ𝑟pΨq. To
show this inclusion is strict, consider 𝑏1 “ p𝑏1𝑘q P ℓ𝑟pΨqzℓ𝑝pΨq and define
Ω “ pΩ𝑘q by

Ω𝑘 “
𝑏1𝑘p4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1q ´ 𝑏1𝑘´1p4Ψ𝑘 `Ψ𝑘´1 ´ 𝑛´ 1q

3Ψ𝑘

, 𝑘 P N.

Now, for Ψ𝑛Ω, we compute

Ψ𝑛Ω “
3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

𝑛
ÿ

𝑘“1

Ψ𝑘Ω𝑘.

Substituting Ω𝑘 into the sum gives

Ψ𝑛Ω “

3
𝑛
ř

𝑘“1

“

𝑏1𝑘p4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1q ´ 𝑏1𝑘´1p4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1q
‰

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
.

Simplifying, we find Ψ𝑛Ω “ 𝑏1𝑛, @𝑛 P N. Thus, Ψ𝑛Ω “ 𝑏1, so ΨΩ P ℓ𝑟zℓ𝑝.
Hence, Ω P ℓ𝑟pΨqzℓ𝑝pΨq, proving ℓ𝑝pΨq Ĺ ℓ𝑟pΨq. l

Definition 1. Let p𝑍, } ¨ }𝑍q be a normed space. A sequence 𝑧 “ p𝑧𝑗q
constitutes a Schauder basis provided that, for each 𝑤 P 𝑍, there is a
unique sequence of coefficients p𝑐𝑗q with the property that

lim
𝑛Ñ8

›

›

›
𝑤 ´

𝑛
ÿ

𝑗“0

𝑐𝑗𝑧𝑗

›

›

›
“ 0.



10 Sh. Shah, B. Hazarika

The mapping ℋ : 𝒢pΨq Ñ 𝒢, introduced in the proof of the preceding
Theorem 3 and Theorem 4 is an isomorphism between the two spaces.
Consequently, the inverse image under ℋ of the canonical basis t𝑒p𝑘qu𝑘PN
of the space 𝒢 forms a Schauder basis for the newly defined function space
𝒢pΨq. Therefore, we obtain the following result:

Theorem 11. Consider the sequence 𝑏p𝑘q “ p𝑏p𝑘q𝑛 q defined for each fixed
𝑘 P N as follows:

𝑏p𝑘q𝑛 “

$

&

%

p´1q𝑛´𝑘p4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1q

3Ψ𝑘

, if 1 6 𝑘 6 𝑛q,

0, if 𝑘 ą 𝑛.

Then we have the following results:

(i) The family of sequences t𝑏p𝑘qu𝑘PN constitutes a basis for the space
ℓ𝑝pΨq. Furthermore, each element 𝑏1 P ℓ𝑝pΨq admits a unique expan-
sion of the form

𝑏1 “
ÿ

𝑘

𝛼𝑘𝑏
p𝑘q,

where 𝛼𝑘 “ pΨ𝑏
1q𝑘 for each 𝑘 P N.

(ii) The family of sequences t𝑏p𝑘qu𝑘PN constitutes a basis of the space
𝑐0pΨq. Furthermore, any sequence 𝑏1 P 𝑐0pΨq admits a unique ex-
pansion in terms of this basis.

𝑏1 “
ÿ

𝑘

𝛼𝑘𝑏p𝑘q,

where 𝛼𝑘 “ pΨ𝑏
1q𝑘 for each 𝑘 P N.

(iii) The set of sequences t𝑒, 𝑏p0q, 𝑏p1q, . . .u serves as a basis for the space
𝑐pΨq. Moreover, every element 𝑏1 P 𝑐pΨq can be written uniquely as
a linear combination of these basis sequences

𝑏1 “ 𝑓𝑒`
ÿ

𝑘

p𝛼𝑘 ´ 𝑓q𝑏p𝑘q,

where 𝛼𝑘 “ pΨ𝑏
1q𝑘 for all 𝑘 P N, and 𝑓 “ lim

𝑘Ñ8
pΨ𝑏1q𝑘.

Corollary. For 1 6 𝑝 ă 8, the space ℓ𝑝pΨq is separable.

Proof. This follows directly from Theorems 1 and 11. l

Corollary. The sequence spaces 𝑐0pΨq and 𝑐pΨq are separable.
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Proof. The claim is an immediate consequence of Theorems 2 and 11. l

5. Operator ideal ℓp𝑠q𝑝 pΨq. In this section, we analyze the character-
istics of 𝑠-type ℓ𝑝pΨq operators concerning the Bronze Leonardo sequence
space. The symbol ℒpÁ, B́q, or simply ℒ refers to the collection of all
bounded linear maps from Á to B́. The dual space Á1 consists of con-
tinuous linear functionals on Á. Given 𝜉1 P Á1 and 𝜁 P B́, the mapping
𝜉1 b 𝜁 : ÁÑ B́ is defined by p𝜉1 b 𝜁qp𝜉q “ 𝜉1p𝜉q𝜁 for each 𝜉 in Á.

Definition 2. [1, 2] If a mapping 𝑠 : ℒ Ñ 𝜔`, where 𝜔` is a class of
positive real numbers, satisfies the following criteria, it is said to be an
s-number sequence.

1) Monotonicity: }𝑠} “ 𝑠1pKq > 𝑠2pKq > . . . > 0, for K P ℒpÁ, B́q.
2) Additivity: 𝑠𝑛`𝑘´1pK ` Rq 6 𝑠𝑛pKq ` 𝑠𝑘pRq for K,R P ℒpÁ, B́q

and 𝑛, 𝑘 P N.
3) Ideal Property: 𝑠𝑛pKHRq 6 }K}|𝑠𝑛pHq|}R} for K P ℒpÁ0, Áq,

H P ℒpÁ,𝑊 q, R P ℒp𝑊,𝑊0q, and 𝑛 P N.
4) Rank Property: If rank pKq ă 𝑛, then 𝑠𝑛pKq “ 0.

5) Norming Property: 𝑠𝑛
`

𝐼2 : ℓ
p𝑛q
2 Ñ ℓ

p𝑛q
2

˘

“ 1, where 𝐼2 denotes the
identity operator on the 𝑖´dimensional Hilbert space.

Definition 3. [11] Suppose Á and B́ are Banach spaces. For a subset 𝑃
of ℒ, set 𝑃 pÁ, B́q “ 𝑃 X ℒpÁ, B́q. Then 𝑃 is called an operator ideal if
the following properties are fulfilled:

(i) If 𝜉1 P Á1, 𝜁 P 𝐵, then 𝜉1 d 𝜁 P 𝑃 pÁ, B́q.
(ii) K`R P 𝑃 pÁ, B́q for K,R P 𝑃 pÁ, B́q.
(iii) If H P 𝑝pÁ, B́q, R P ℒpÁ0, Áq, and K P 𝑃 pB́, B́0q, then

KHR P 𝑃 pÁ0, B́0q.

For a chosen pair of Banach spaces Á and B́, the set 𝑃 pÁ,B́q is called
a component of 𝑃 .

Definition 4. [11, 12] The term ideal quasi-norm implies a real-valued
function X : ÁÑ R` that satisfies the following requirements:

(i) If 𝜉1 P Á1, 𝜁 P B́, then Xp𝜉1 d 𝜁q “ }𝜉1}}𝜁}.
(ii) There exists a constant 𝑀 > 1, such that

XpK`Rq 6𝑀 rXpKq ` XpRqs for K,R P 𝑃 pÁ, B́q.
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(iii) If H P 𝑃 pÁ, B́q, R P ℒpÁ0, Áq, and K P ℒpB́, B́0q, then
KHR P 𝑃 pÁ0, B́0q.

Lemma 2. [10] Let K,R P ℒpÁ, B́q. Then

|𝑠𝑛pKq ´ 𝑠𝑛pRq| 6 }K´R} for 𝑖 P N.

We define an operator K P ℒpÁ, B́q as an s-type ℓ𝑝pΨq operator whenever

8
ÿ

𝑛“0

ˇ

ˇ

ˇ

ˇ

ˇ

3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

𝑝

ă 8, 1 ă 𝑝 ă 8.

We denote by ℓp𝑠q𝑝 pΨq the collection of all 𝑠-type ℓ𝑝pΨq operators.

Theorem 12. For 1 ă 𝑝 ă 8, the class ℓp𝑠q𝑝 pΨq is an operator ideal.

Proof. Consider Banach spaces Á and B́. If 𝜉1 P Á1 and 𝜁 P B́, then 𝜉1d𝜁
defines a rank-one operator. It follows that 𝑠𝑛p𝜉1 d 𝜁q “ 0 for all 𝑛 > 2.
Hence,

8
ÿ

𝑛“1

ˇ

ˇ

ˇ

ˇ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

𝑛
ÿ

𝑘“1

Ψ𝑘𝑠𝑘p𝜉
1
d 𝜁q

ˇ

ˇ

ˇ

ˇ

𝑝

“

8
ÿ

𝑛“0

ˇ

ˇ

ˇ

ˇ

3 𝑠1p𝜉
1 d 𝜁q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

ˇ

ˇ

ˇ

ˇ

𝑝

“
“

𝑠1p𝜉
1
d 𝜁q

‰𝑝
8
ÿ

𝑛“0

ˇ

ˇ

ˇ

ˇ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

ˇ

ˇ

ˇ

ˇ

𝑝

“ }𝜉1 d 𝜁}𝑝
8
ÿ

𝑛“0

ˇ

ˇ

ˇ

ˇ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

ˇ

ˇ

ˇ

ˇ

𝑝

ă 8.

Thus 𝜉1 d 𝜁 P ℓp𝑠q𝑝 pΨq.
Let K and R be elements of ℓp𝑠q𝑝 pΨq. Considering the non-negativity

and non-increasing characteristics of s-numbers, we can utilize Minkowski’s
inequality to obtain

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pK`Rq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸1{𝑝
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6

˜˜

8
ÿ

𝑛“1

3
𝑛
ř

𝑘“1

Ψ2𝑘 𝑠2𝑘´1pK`Rq

3Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
`

8
ÿ

𝑛“1

3
𝑛
ř

𝑘“1

Ψ2𝑘`1 𝑠2𝑘pK`Rq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸1{𝑝

6

˜

8
ÿ

𝑛“1

˜3
𝑛
ř

𝑘“1

pΨ2𝑘 `Ψ2𝑘`1q𝑠2𝑘´1pK`Rq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸1{𝑝

6𝑀

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

3Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1
`

3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pRq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸1{𝑝

6𝑀

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

`

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pRq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

ă8.

Thus, K`R P ℓ
p𝑠q
𝑝 pΨq.

Let K P ℒpÁ0, Áq, R P ℒpB́,B́0q and H P ℓ
p𝑠q
𝑝 pΨq. Using the property

(3) in Definition 2, we get

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pRHKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

6 }R}}K}

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑗“1

Ψ𝑘𝑠𝑘pHq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

ă 8.

Therefore, RHK lies in ℓp𝑠q𝑝 pΨq. This shows that ℓp𝑠q𝑝 pΨq forms an operator
ideal. l

Theorem 13. For 1 ă 𝑝 6 𝑟 ă 8, it holds that ℓp𝑠q𝑝 pΨq is contained in
ℓ
p𝑠q
𝑟 pΨq.

Proof. This result is a direct consequence of the inclusion ℓ𝑝pΨq Ď ℓ𝑟pΨq
for 1 ă 𝑝 6 𝑟 ă 8. l

Assume that ℓp𝑠q𝑝 pΨq is an operator ideal. For 1 ă 𝑝 ă 8, define the
mapping 𝑄p𝑠q : ℓp𝑠q𝑝 pΨq Ñ 𝜔`,

𝑄p𝑠qpKq “

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

,
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where K P ℓ
p𝑠q
𝑝 pΨq.

Theorem 14. For values of 𝑝 with 1 ă 𝑝 ă 8, the operator ideal ℓp𝑠q𝑝 pΨq

becomes a quasi-normed space under the functional r𝑄p𝑠q, where

r𝑄p𝑠qpKq “
𝑄p𝑠qpKq

„ˆ

8
ř

𝑛“1

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝 1
𝑝

.

Proof. Consider Banach spaces Á and B́. The operator 𝜉1 d 𝜁 : Á Ñ B́
is rank one, and therefore 𝑠𝑛p𝜉1 d 𝜁q “ 0 holds for all 𝑛 > 2. Thus, it can
be represented as

𝑄p𝑠qp𝜉1 d 𝜁q “

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘p𝜉 d 𝜁q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

“

ˆ 8
ÿ

𝑛“1

ˆ

3 𝑠1p𝜉
1 d 𝜁q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝˙ 1
𝑝

“ }𝜉1 d 𝜁}

ˆ 8
ÿ

𝑛“1

ˆ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝˙ 1
𝑝

.

Since }𝜉1 d 𝜁} “ }𝜉1}}𝜁}, we have

r𝑄p𝑠qp𝜉1 d 𝜁q “ }𝜉1}}𝜁}.

Let K,R P ℓ
p𝑠q
𝑝 pΨq. Then

𝑄p𝑠qpK`Rq “

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pK`Rq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

6𝑀

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

`

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pRq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

6𝑀
`

𝑄p𝑠qpKq `𝑄p𝑠qpRq
˘

.

Thus,
r𝑄p𝑠qpK`Rq 6𝑀

´

r𝑄p𝑠qpKq ` r𝑄p𝑠qpRq
¯

.
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Finally, let H P ℓ
p𝑠q
𝑝 pΨqpÁÑ B́q, K P ℒpB́, B́0q, and R P ℒpÁ0, Áq. Then

𝑄p𝑠qpKHRq “

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKHRq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

6 }K}}R}

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pHq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

6 }K} r𝑄p𝑠qpHq}R}.

Thus,
r𝑄p𝑠qpKHRq 6 }K} r𝑄p𝑠qpHq}R}.

Hence, r𝑄p𝑠q indeed defines a quasi-norm on the operator ideal ℓp𝑠q𝑝 pΨq. l

Theorem 15. For 1 ă 𝑝 ă 8, the operator ideal ℓp𝑠q𝑝 pΨq becomes a
complete space when equipped with the quasi-norm 𝑄̃p𝑠q.

Proof. Let us consider the case when 1 ă 𝑝 ă 8. Then we have

𝑄̃p𝑠qpKq “

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

“

ˆˆ 8
ÿ

𝑛“1

3𝑠1pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝˙ 1
𝑝

6 }K}

ˆˆ 8
ÿ

𝑛“1

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝˙ 1
𝑝

.

From this, we can conclude that

}K} 6 𝑄̃p𝑠qpKq for all K P ℓp𝑠q𝑝 pΨqpÁÑ 𝐵q. (7)

Now, let pK𝑛q denote a Cauchy sequence in ℓ
p𝑠q
𝑝 pΨqpÁ Ñ B́q. For every

𝜖 ą 0, there exists some 𝜅 P N satisfying

𝑄̃p𝑠qpK𝑖 ´ K𝑗q ă 𝜖 for all 𝑛, 𝑘 > 𝜖. (8)

From (7), we deduce that

}K𝑛 ´ K𝑚} 6 𝑄p𝑠qpK𝑛 ´ K𝑚q.
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Applying (8), we obtain

}K𝑛 ´ K𝑚} 6 𝑄p𝑠qpK𝑛 ´ K𝑚q for all 𝑛,𝑚 > 𝜖.

Therefore, the sequence pK𝑛q is Cauchy in the space ℒpÁ, B́q. Since
ℒpÁ, B́q is a Banach space, we can conclude that K𝑛 Ñ K as 𝑛 Ñ 8

in ℒpÁ, B́q.
Utilizing Lemma 2, we have

|𝑠𝑛pK𝑛 ´ K𝑚q ´ 𝑠𝑛pK´ K𝑚q| 6 }K𝑛 ´ K}.

Taking the limit as 𝑛 Ñ 8 gives us

𝑠𝑛pK𝑛 ´ K𝑚q Ñ 𝑠𝑛pK´ K𝑚q. (9)

Now, from (8), we get

˜

8
ÿ

𝑛“1

˜3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pK𝑛 ´ K𝑚q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

ă 𝜀

˜

8
ÿ

𝑛“1

ˆ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝
¸

1
𝑝

For all 𝑚,𝑛 > 𝜀, by fixing 𝑚 and letting 𝑛 Ñ 8, we can apply (9) to
derive the following inequality:

¨

˚

˚

˝

8
ÿ

𝑛“1

¨

˚

˚

˝

3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pK´ K𝑚q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˛

‹

‹

‚

𝑝˛

‹

‹

‚

1
𝑝

ă 𝜀

˜

8
ÿ

𝑛“1

ˆ

3

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

˙𝑝
¸

1
𝑝

,

which leads to 𝑄̃p𝑠qpK ´ K𝑚q ă 𝜀 for all 𝑚 > 𝜀. It follows that K𝑚 Ñ K
with respect to the quasi-norm 𝑄̃p𝑠q.

The final verification is that K indeed belongs to the operator ideal
ℓ
p𝑠q
𝑝 pΨqpÁÑ B́q. To see this,

𝑛
ÿ

𝑘“1

𝑠𝑘pKq 6
𝑛
ÿ

𝑘“1

Ψ2𝑘´1𝑠2𝑘´1pKq `
𝑛
ÿ

𝑘“1

Ψ2𝑘𝑠2𝑘pKq 6
𝑛
ÿ

𝑘“1

pΨ2𝑘´1 `Ψ2𝑘q𝑠2𝑘´1pKq.

6𝑀

˜

𝑛
ÿ

𝑘“1

Ψ𝑘𝑠𝑘pK´ K𝑚q `

𝑛
ÿ

𝑘“1

Ψ𝑘𝑠𝑘pK𝑚q

¸
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Consequently,

˜

8
ÿ

𝑛“1

˜ 3
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pKq

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

6𝑀

˜

8
ÿ

𝑛“1

˜ 4
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pK´ K𝑚q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

`𝑀

˜

8
ÿ

𝑛“1

˜ 4
𝑛
ř

𝑘“1

Ψ𝑘𝑠𝑘pK𝑚q

4Ψ𝑛 `Ψ𝑛´1 ´ 𝑛´ 1

¸𝑝¸ 1
𝑝

ă 8

which is finite. Since 𝑄̃p𝑠qpK´K𝑚qÑ 0 as𝑚Ñ8 and K𝑚Pℓ
p𝑠q
𝑝 pΨqpÁÑ B́q.

Hence, we conclude that K P ℓ
p𝑠q
𝑝 pΨqpÁÑ B́q. l
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[6] Erdem S., Demiriz S., Şahin A. Motzkin sequence spaces and Motzkin core.
Numer. Funct. Anal. Optim., 2024, vol. 45, no. 4–6, pp. 283 – 303.
DOI: https://doi.org/10.1080/01630563.2024.2333250

[7] Erdem S. Compact operators on the new Motzkin sequence spaces. AIMS
Math., 2024, vol. 9, pp. 24193 – 24212.
DOI: https://doi.org/10.3934/math.20241177

[8] Erdem S. Schröder–Catalan matrix and compactness of matrix operators on
its associated sequence spaces. Symmetry, 2024, vol. 16, no. 10, Art. 1317.
DOI: https://doi.org/10.3390/sym16101317

https:/doi.org/10.1007/s13163-009-0025-8
https:/doi.org/10.1112/blms/bdp007
https://doi.org/10.55730/1300-0098.3270
https://doi.org/10.33434/cams.1414791
https://doi.org/10.1007/s12215-025-01243-3
https://doi.org/10.1080/01630563.2024.2333250
https://doi.org/10.3934/math.20241177
https://doi.org/10.3390/sym16101317


18 Sh. Shah, B. Hazarika
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