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ESTIMATION OF THE DEVIATION OF THE RATIO OF
LOGARITHMS OF THE MAXIMUM TERMS OF
DIRICHLET SERIES FROM UNITY

Abstract. We study the question of estimating the degree of sta-
bility of the maximal term of the Dirichlet series with positive ex-
ponents, the sum of which is an entire function.

This problem is of interest because the Leont’ev formulas for
coefficients calculated using a biorthogonal system of functions play
a key role in obtaining asymptotic estimates for the entire Dirichlet
series on various continua going to infinity (for example, curves).
This fact naturally leads to the need to study the behavior of the
logarithm of the maximum term also for the Hadamard compo-
sition of the corresponding Dirichlet series. The issues discussed
here have important applications in complex dynamics, namely, in
problems related to the structure of the Fatou set of entire tran-
scendental functions. For the wide class of entire Dirichlet series
determined by a convex growth majorant, we establish an estimate
of the degree for the equivalence of the logarithms of maximal terms
of the original series and a modified Dirichlet series outside some
exceptional c,—set.
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1. Introduction. The equivalence problem of logarithms of maximal
terms of entire Dirichlet series Y, ane® and Y, a,b,e**, 0 < A\, 1 o,
was first studied in [3]. This important property, called the stability of the
maximal term, turned out to be very useful for obtaining asymptotic esti-
mates of the sum of the Dirichlet series on curves going to infinity, namely,
for proving the well-known Polya conjecture (1929). Similar research was
later carried out for Dirichlet series of a given growth, for example, of a
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finite Ritt order [6]. The key role in such research is played by Borel-
Nevanlinna type lemmas (see, for example, in [3], [2]). However, in the
mentioned works [3|, [6], a rather strong, although natural in the main
problems considered there, restriction was required on the exponents A\,

of the Dirichlet series
— Inn
lim
n—o In \,

< 0. (1)

In other words, )\, are zeros of some entire function of finite order.
The study of the stability of the maximal term is also of independent
interest. In this situation, as shown in [8], it is enough to assume that

Z ! < (2)

n\y,

or, what is the same,

oe]

Jlnn(t) dt < oo

. =Y )
1
It is clear that condition (2) is weaker than (1).

The papers [3], [8] study the stability of maximal terms of entire Dirich-
let series without restriction on the growth of the sum of the series. Similar
questions are studied in [1], [2] for classes of Dirichlet series defined by a
certain convex majorant. In [1], [2], relations of the type

(o) = (1 + o(1)) In i (), (4)

are obtained, which hold for ¢ — oo outside a certain set £ < R, of zero
lower density. Here p(o) and p; (o) are the maximal terms of the original
and modified Dirichlet series (see above). However, these works did not
discuss at all the question of the behavior of the infinitesimal quantity
o(1) from equality (4), which by definition means the stability of the max-
imum term p(o) («stability by Gaisin» according to the terminology of
the authors of the work [§]).

The goal of this paper is to obtain a quantitative estimate of the equiv-
alence measure in (4) outside some ¢, set E,3, € R, , i.e., an estimate of
the form
In (o) o const

1-— < ,
In p(o) ovr

pe(0,8),
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forgivena, 5,7, 0 <a <oy <1,0<f<1,0<y<l,v=1-F—y>0.

In the article [2|, we consider the entire Dirichlet series in the class
D(®) defined by some convex majorant ® (dual class D(®) has been
previously considered by us in [1]). As in works [1]—[6], the stability
criterion of the maximal term of the Dirichlet series of class D(®) is proven
in terms of the sequence {b,}. In the situation we are considering here,
the convergence of the series (2) (of the integral (3)) is not assumed at all.

2. The Main Result. Let A = {)\,}, 0 < )\, 1 o0, be a sequence,

such that |
lim — = 0. (5)

n—w A\,

We denote by D(A) the class of all functions F' that can be represented
by the Dirichlet series in the whole plane:

[ee}
F(s) = Z ane’™*, s =0 +it. (6)

n=1

By (5), if the series (6) converges in the whole plane, then it absolutely
converges in the plane and its sum F' is an entire function [7]. We denote
by L the class of all continuous infinitely increasing positive functions on
R, = [0,0). Let ® be a convex function of class L, and let

D, (®)={FeD):3{o,},0<0, 10, InMp(c,) < P(mao,)},m>1,
where Mp(o) = sup |F(o + it)|. We set

[t|<oo

0

D@) = || D,.(®).
m=1

We note that in [1] we talked about the class

0

D(®) = | J Du(®),
m=1

where
Dp(®) ={F e D(A): InMp(c) < ®(mo)}, m=>1.

Together with the series (6), we consider the series

a0
Fy(s) = ) anbne™, (7)
n=1
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where the sequence b = {b,} of complex numbers b, (b, # 0 for n > N)
satisfies the condition
lim [tn Bl <o
n—o0 /\n
In this case, F}* € D(®) if and only if F' € D(®) (see [2]).
Let E < [0,0) be a Lebesgue measurable set. By the upper DE and
lower dE densities of the set E, we mean the quantities
— E E
DE — T mes(E n [0, a])’ JE - lim mes(E n [0, a])'

o—00 g T—00 o

(8)

In what follows, we assume that all exceptional sets E' [0, c0) outside of
which asymptotic estimates will be obtained are represented by the unions
of segments of the form [A,, A} ], where

0< A <Al <A <A <...<A, <A, <

By definition, the exceptional set E' < R, iscalled a Cy—setif DE < ¢ < 1,
acysetif db < g < 1.
Let ¢ be the inverse of ®, such that

2

==w (1)

From (9) it follows that ® € M, where M is the class of convex func-

tions @, such that x®(x) < ®(Kx) for x > xg, where K is some constant.

Indeed, due to (9), there exists a constant K > 0, such that ¢(t*) < Ko(t),

and hence t* < ®(K¢(t)), t > 0. Denoting x = p(t) and using the fact

that © < ®(z) for x > zy, we have: 2®(z) < ®*(z) < ®(Kx). So ® € M.
Assuming that

< 0. (9)

1
inf L)

> 0,
zze Inzx

we introduce the class of functions

W(p) = {weL: lim 2 _ 0 wa(t dt—O
S rea) el ) o

Note that for any ¢ € L, the function w(z) = z*, 0 < p < 1, belongs to
the class

Wip) = {w € L: lim %fwt(;
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Without loss of generality of reasoning, we can assume that w(z) > \/z,
z > 1.

We denote by u(o) and p;i (o) the maximal terms of the series (6) and
(7), respectively, i.e.,

plo) = max {an| e}, (o) = max {Jan| [bn] ™7}

Let n(t) = Y. 1 be the counting functions of the sequence A, and let
An<t
n,(t) be the least concave majorant of Inn(t). It is well defined because

of the condition (5).
The following theorem is proved in [2]:

Theorem 1. Let {b,} be a sequence of complex numbers (b, # 0,
n > N), satisfying (8), and let ® be a convex function of class L. We
assume that the inverse ¢ of ® satisfies (9) and the function n,(t) satisfies

For any F' € D(®) for 0 — o, for the asymptotic equality

np(o) = (1 +o(1)) In iy (o), (10)

to be valid outside some set E < [0, o) of zero lower density, it is sufficient
and necessary that there exists a function w € W (), such that

In|b,|| < w(A,), n>=N. (11)

In this theorem, the function n;(t) can be replaced by Inn(t). Proving
this statement requires a slightly different approach. This case is consid-
ered in [4], [5].

Let p, p > 0, be a given number, and let w = w(z) be a majorant from

class L: |
d(w) = inf 20

zze Inuzx

: (12)

) dp<w) = wh_{l;lo .TQOP(I)

where ¢(z) is some fixed concave majorant from L satisfying condition (9).
We introduce the following classes of majorants:

WP(p) = {w e L: d(w) >0, im Sppl(m) J wg)dt < oo}, (13)
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WP(y) = {w e L: d(w) > 0, dy(w) < o0, lim

2—o0 PP (T 12

Jw(t dt < oo
where the numbers d(w) and d,(w) are defined in (12).

The main result of the paper is the following: let «, 3, 7, ¢ be fixed
numbers, 0 < f < 1,0 <y < l,v=1—-0F—vve(01),qel01),
0 < a < 1. Suppose that n,(t) belongs to the class W?"(p), and the
sequence b = (by, b, ..., by,,...) issubject to condition (11) with majorant
w e WP (p), p> 0. Obviously, d,,(w) < oo for we W (yp).

Let F' € D(A) and for some sequence {o,}, 0 < g, T ©, In Mp(0,) <
®(mo'/?), n = 1,2,..., for some m € N. Here ® is a convex function
inverse to ¢. It is shown that for ¢ — o0 outside some exceptional ¢, —set
Eupy c Ry, 0 <o < ap <1, the estimate

In p*(o) o const

1—
Inp(o) | = o’

O<p<pB<l, ~€(0,1), v+B8<1,

is true.

3. Evidence of the main results. The proof of Theorem 1 is
based on the following accessory statement — a new version of the Borel—-
Nevanlinna type theorem.

Theorem 2. Let ® € L, and the inverse ¢ of ® satisfy (9). Let u(o) be
a nondecreasing positive continuous function on [rq, 00); moreover

. u(o)

Let {z,} be a sequence chosen so that
u(r,) < Clnd(z?), 0<C < .

Suppose that w € W (), v € (0,1). If v = v(0) is a solution to the
equation
w(v) = 47, (15)

then for the same sequence {x,} for o — oo outside a set E < [0,0),
E =FEP(a,5,7),0<a<ay<l,

T mes(E N [0, x,]) <q<1.
r—00 ,jL’n
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the following estimate holds:

1
aoh’

u<a—|—07w ) <u(o) +
where 0 < f<1,0<vy<1l,andv=1—~v—[>0.

Proof. We show that for any v € (0,1), 8 € (0,1), v+ 8 < 1,
O<a<ay<l,

)<u(a)—&-L

aoh’

w(v(o))
v(o)
outside a set E < [0,0), F = EP(«, 3,7), dE < ¢ < 1.

Indeed, let E < [0,90) be a set on which

u(a + o7

w(v(a))> > (o) + 1

v(o) aob

ulo +o” )

(U 7 aob

Then, in the same way as in [1], [2], the sequences {o,} and {o]} are
0

constructed, such that £ < | J [o,,0),], and

n
n=1

0<o, —o,<0)
Note that in [1], [2] these estimates did not contain the quantities o7, ao?,
and on the right-hand side of the second inequality there was simply an
undefined infinitesimal quantity.

Let v, = v(0y,), 0p = w(v,) /vy, n = 1. If 20, < v,,1, then

Un+1 d Un+1
' /
6 < 20(v) | 75 <2 J wt(2> dt. (17)

If 2v,, > v,,41, then from (15), (16) and the monotonicity of w = w(t)

Un+1

w(vn) w(t)
6 < ac? [W(opi1) — u(o,)] < 2a0? f — dInw(t)

vnit (18)
- zaaﬁ[w(v””) LG f wdt].

t2

Un
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Since
Un+1
J dwlt) -,
t
then, obviously,
Un+1 Un+1
J w(t)dt < w(vnt1)  w(vn) 4+ J w(t) it
12 Uni1 Uy, 12
Consequently, from (17), (18) we conclude that
Un+1 t
Op < Qmax(l,aag)[w(vnﬂ) _ wltn) + 2 f w(t) dt]. (19)
Un+1 Un, t2

Un

It follows from the condition of the theorem that there exists a sequence
{z,}, 0 < x, 1 o0, such that u(z,) < C@(x,ll/p), 0<C <o, p>0. Itis
clear that for any n > 0 there exists k > 0, such that o, < z, < oy.
Consequently, we have

k-1 k—2
mes(E n [0,z,]) < Z ) 0m < 07 _10k—1 + T Z O (20)
m=1 m=1

Then, if 041 < x, < o, then for n > ny, taking into account (19), (20),
we have:

me(EUDn])  wle) | 20wl j W], )

1_
Tn Tn v_; T L v

v1

where «, [ are the same numbers from (0,1), such that v € (0,1),
v=1—~—p, and z, € [0x_1, 0%).

Further, taking into account equality (15) and conditions (12), (14),
we have:

v(z) Y™ < w(v(z,)) = e < K EYP), n>n;, mKeN, p>0.
Hence, if we take into account (9),

p(v(zn)) < (@ (27) < co/”, >0, n =i
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Hence, for x,, € [0%_1,0%)

Lo Aq o A4
Tn  @P(v(n))  @P(vp-1)

Thus, from (21), (22) we obtain the estimate

n=>ny, p>0, A>0. (22)

= mes(E N [0, z,]) < AP i w(vg—_1)
n—a0 T k—o0 AP (v Yop_4

+

Vk—1

_ _ 2
+2Acy v lim [ w(ve—1) + J w@dt} <
k=0 Lug_190P (Vp—1)  @P(Vg—1) t

< 2Aycgya(dpl/<w) + 2Tp_z/)7

where E = EP(«, 3,7),p>0,v=1—~v—, v e (0,1). Since w € W?"(¢p),
then T, < o0, dp, (w) < o0. Therefore, for 0 < a < ap <1

— mes(E
i BeSEL T v w) + o) <g<1.  (23)

Ty —>00 Tn

Hence, as can be seen from the last estimate, everything follows.
Theorem 2 is proved. []

To formulate the main theorem, we introduce some notation.
Let ® be a convex function from class L, p > 0,

Dr (@) = {FeD): 3{o,},0 <0, 1 0,InMp(0,) < ®(moy/?)},m>1.

We set DP(®) = ur_, DP (@), p > 0. The dual class DP(®) is defined
naturally.

We will also need the following simple lemma. In the case p = 1 it is
proved in [2]. The case p > 0 is similar. Therefore, we will not provide a
proof of this lemma.

Lemma. Let F € D(®), p > 0, where ® € L. Then there exists a
sequence of numbers o, 0; 1 o, such that for o0 = 0; and some m € N

Inp(o) < @(mo'’?),  Inp;(o) < B(mo'?),

where p(o), pi(o) are the maximal members of the series (6) and (7)
accordingly.
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The following theorem is true:

Theorem 3. Let {b,} (b, # 0, n > N) be a sequence of complex
numbers satisfying condition (8), and ® be a convex function from the
class L. Let «, 3,y be arbitrary parameters, 0 < a < 1, 0 < f < 1,
0<~v<1l,ve(0,1), v =1—~— . Suppose that the function n(t)
belongs to the class WP (p), and the function ¢, the inverse of ®, satisfies
condition (9). If there is a function w € WP (), such that

[In[b,|] < w(Xn), n =N, (24)

then for any function F' € DP(®) with 0 — o0 outside some exceptional
coset B < [0,0), E = EP(a, 8,7), 0 < a < oy < 1, the estimate

2

gV+N7

~ Inyg(o)
In p*(0)

’1 (25)

is correct. Here  is any number from (0, 3), arbitrarily close to (.

The corresponding theorem also holds for the class D?(®), but we do
not present it here.
Let us prove the Theorem 3.

Proof. Let (11) hold with w € WP (y), i.e., the condition (24) is fulfilled.
Let v = v(0), p = p(0) be solutions to the equations

w() =0 " np(o), wp)=o"""ny;(o), (26)
where v € (0,1), p € (0,5), v+ 5 < 1. Set

R, = Z la;| e, h = 307w1()v)’ v =1v(0).

)\j >v

Next, Inn = Inn(\,) < m(\,). Since a function n(t) is concave, and
n(t) < w(t), then, in addition,

for A\, > v. Consequently,

R, < p(o + h) Z e < (o + h)eo exp(ntq>axz/1(t)),

An>v
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where

90 =2m(0) = p, o= 3]

Hence, if we take into account the previous estimate for (), when

e (0(0) 27— < 8071 oty
—20"w(v), wv=vw(o), o= (27)

Thus,
R, < cou(o + h)exp[—207w(v)], v =wv(0), o > 0. (28)

Set

u(a)zln[m], u*(a)zln[m], ne(0.8), v+B<l.

oV TH oV TH
As is well-known, u(o) 1 o0, u*(¢) 1 w0 as s — +o0. Since F' € DP(P),

then, according to the lemma, there exists the sequence {7;}, 0 < 7; 1 0,
such that for some m € N

u(o) < In®(mo'’?), u*(o) < Ind(mo'?), o=1;.
Therefore, taking into account (26) for o = 75, j > 1, we have
Inw(v(o)) = u(e) < In®(ma’?), Inw(p(o)) = u* (o) < In®(ma/?).

Hence, we get that for o = 75, 7 > 1,

p(w(v(o))) <ma'?,  o(w(v(p(e)))) < mo'?.
Thus,
1o ™ o™ c=1, j=1 (29
o pP(w((o)) o = er(w(p(o)))’ .

Taking into account (9) and that {/z < w(x), n > ng, we have

o(r) < ap(w(x)), =z, 0<c < 0. (30)
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Thus, from (29) and (30) we obtain the estimates

1 Co 1 C2
- {———, - <————, o0=71;, 0<c<ow (31)
o~ ¢r(v(a)) o pr(p(o)) ’
It is obvious that the change of the condition u(c) < C®(c'?), o =
75, with u(o) < ®(mo'/?), o = 75, j > 1, the conclusion of Theo-

rem 2 remains the same provided that the other assumptions remain un-
changed. Therefore, applying Theorem 2 with the functions u, w and
taking into account (31), outside some set Ey < [0,00), Ey = Ef(«, 8,7),
O<a<o <1,

— Eyn |0, 7; 1

lim mes(Fy 0 [0, 7)) S < > (32)

T;—>0 T

from (26) we have

ie.,

1
Inlnp(oc+h)—(y+p)In(ec+h) <lnlnu(e) = (y+ p)Ino + —5

From this we obtain that for ¢ — o outside £,
1 h
Inlnp(oc +h) <Ilnlnp(o) + — (v+p)In <1 + —)
oo o
1
< Inlnp(o) + P [1+3(y + B)ady, (w)].

Therefore, taking into account the elementary inequality e®* < 1 + 2¢,
g€ (0,In2), from (26), (28), we obtain
14+2a/(ac?) vy
R, < cou(o) exp|—207w(v)]
= co(p(o))! 2D = o(D)p(0), 0 >0y,

where a = 1 + 3(y + B)ad,, (w), 0 < u < B. Hence, for ¢ > oy, but for
o ¢ E, we find that A,y < v(o), where v = v(o) is the central index of
the series (6). Then, by (11), (26), for ¢ — oo outside the set Ey, we have

o) = lay| 7 = laby | |b, |71 < pi(0)e"™) < i (0)e ) =
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— i (o)(@) 0<y <1, 0<p<§B.

This means that when o — w0

(1- 07" (o) < npi (o) (33)

outside the set E;.
Since |b,| < e¥®#), n > N, then for k > N we have

1 (0) = larb| €7 < p(o)e ™, (34)

where k = k(o) is the central index of series (7).
Let
R;: = Z |anbn|e)\naa p= p(O’)

An>p

But u*(0) < ®(mo'/P) for o = 7; ({r;} is a sequence introduced above),
where

u*(o) =1In [w], v€ (0,1), we(0,05).

oYt

So, applying Theorem 2 and arguing in the same way as in the proof of
estimate for R,, we find

o0
* * — o oM 1
RE < colp (o)) 204 = o(1) iy Z o (35)

for 0 — oo outside some set Ey < [0,00), Fy = Es(a, 5,7),0 < a < ap <1,

— mes(E 1
i et l0m) L (36)
Tj—00 Tj 2

Thus, if 0 > 05, 0 ¢ E», we find that Ay < p(o). Consequently, by (26),
(34), we have for ¢ — o

w(p())

(o) < p(o)e = w(o) ()7, v e(0,1), e (0,5),

outside the set F»; so,
(1=077")Inp(0) <Inpfo). (37)

Let £ = Ey U E,. From (32), (36), for 7; — o0, we get that
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— mes(E n [0, 75]) o

lim <
T;—00 Tj
< T [mes(El N [0,7;]) N mes(Fy N [O,Tj])] <
Tj—00 T; Tj

<p+p<g<l, 0<a<az<l1l. (38)

Thus, from (33), (37), taking into account (38), we finally get that for
o — o
_ Ingg(o)

Inp*(o)l — ovte

outside the set £ = F; u Es, such that dE < ¢ < 1.
The Theorem 3 is proved. []

1 , 7€(0,1), pe(0,p),

Question: Is condition (24) also necessary for estimate (25) to hold
for any function F' € DP(®) outside some c¢,—set EP(a, 5,7)?

For any sequence {b,} for which condition (24) is not satisfied, there
exists an example of a function F' € DP(®), 0 < v < 1, for which es-
timate (25) does not hold. However, the question of the existence of a
corresponding example for the class DP(®) remains open.

Note. The introductory part of the article (paragraphs 1, 2) belongs
to A. M. Gaisin, and the main part (paragraph 3) belongs to G. A. Gaisina.
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