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Î ÑÂßÇÈ ÏÎËÈÀÍÀËÈÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ
È ÔÓÍÊÖÈÉ ÁËÎÕÀ

À. Â. Øèøêèíà

Â ñòàòüå óñòàíàâëèâàåòñÿ ñâÿçü ìåæäó ïîëèàíàëèòè÷åñêè-
ìè ôóíêöèÿìè, èìåþùèìè îãðàíè÷åííîñòü ïîðÿäêà p, p < 0, è
àíàëèòè÷åñêèìè ôóíêöèÿìè èç êëàññà Áëîõà B. Ýòî ïîçâîëÿåò
ïåðåíåñòè ðÿä èçâåñòíûõ ñâîéñòâ ôóíêöèé Áëîõà íà ïîëèàíà-
ëèòè÷åñêèå ôóíêöèè.

Â [1] Å. Ï. Äîëæåíêî ââåë ïîíÿòèå îãðàíè÷åííûõ ïîðÿäêà p ôóíê-
öèé (p ∈ R).
Îïðåäåëåíèå 1. Ïðè p < 0 íàçîâåì ëîêàëüíî îãðàíè÷åííóþ â îá-
ëàñòè G ôóíêöèþ f îãðàíè÷åííîé ïîðÿäêà p, åñëè |f(z)| = O(ρp) ïðè
ρ = ρ(z, ∂G) → 0. Îãðàíè÷åííîé ïîðÿäêà 0 â îáëàñòè G íàçîâåì ôóíê-
öèþ, îãðàíè÷åííóþ â ýòîé îáëàñòè.

Êëàññ ôóíêöèé, èìåþùèõ îãðàíè÷åííîñòü ïîðÿäêà p â îáëàñòè G,
îáîçíà÷àåòñÿ Mp(G) [1]. Êëàññ Mp(∆), ãäå ∆ = {z : |z| < 1}, îáîçíà÷èì
Mp.

Ôóíêöèÿ f(z) = f(x, y), èìåþùàÿ â îáëàñòè G ⊂ C íåïðåðûâíûå
÷àñòíûå ïðîèçâîäíûå ïî x è y äî ïîðÿäêà n ∈ N, íàçûâàåòñÿ ïîëè-
àíàëèòè÷åñêîé ïîðÿäêà n (èëè n-àíàëèòè÷åñêîé) â G, åñëè îíà óäîâëå-
òâîðÿåò îáîáùåííîìó óðàâíåíèþ Êîøè � Ðèìàíà ∂nf

∂z̄n
= 0. Êëàññ âñåõ

òàêèõ ôóíêöèé îáîçíà÷àåòñÿ ÷åðåç An(G). n-àíàëèòè÷åñêèå â åäèíè÷-
íîì êðóãå ∆ = {z : |z| < 1} ôóíêöèè áóäåì îáîçíà÷àòü ÷åðåç An.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîíêóðñíîãî öåíòðà ôóíäàìåí-
òàëüíîãî åñòåñòâîçíàíèÿ (ãðàíò A04-2.8-719)
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Âñÿêóþ n-àíàëèòè÷åñêóþ ôóíêöèþ f(z) ìîæíî åäèíñòâåííûì îáðà-
çîì ïðåäñòàâèòü â âèäå

f(z) = ϕ0(z) + z̄ϕ1(z) + . . . + z̄n−1ϕn−1(z), (1)

ãäå ôóíêöèè ϕk(z), k = 0, . . . , n−1, àíàëèòè÷åñêèå â G (ñì., íàïðèìåð,
[2]). Ýòè ôóíêöèè ϕk(z) íàçûâàþòñÿ àíàëèòè÷åñêèìè êîìïîíåíòàìè
f(z). Ëåãêî óñòàíîâèòü ñâÿçü ìåæäó êëàññîì M−m, m ∈ N, è êëàññîì
àíàëèòè÷åñêèõ ôóíêöèé Áëîõà.
Îïðåäåëåíèå 2. Àíàëèòè÷åñêàÿ â êðóãå ∆ ôóíêöèÿ f íàçûâàåòñÿ
ôóíêöèåé Áëîõà, åñëè

sup
z∈∆

|f ′(z)|(1− |z|2) < ∞.

Êëàññ òàêèõ ôóíêöèé îáîçíà÷àåòñÿ B. Èññëåäîâàíèþ êëàññà Áëîõà
ïîñâÿùåíû ñîòíè ñòàòåé. Äëÿ ôóíêöèé Áëîõà èçâåñòíà
Ëåììà ([3]). Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1) f ∈ B;
2) sup

z∈∆
|f (n)(z)|(1− |z|2)n < ∞ äëÿ íåêîòîðîãî íàòóðàëüíîãî n;

3) sup
z∈∆

|f (n)(z)|(1− |z|2)n < ∞ äëÿ ëþáîãî íàòóðàëüíîãî n.

Â åäèíè÷íîì êðóãå ∆ ïðåäñòàâëåíèå (1) ôóíêöèè f ∈ An ïðèâî-
äèòñÿ ê ñëåäóþùåìó âèäó:

f(z) = P (z, z̄) + g0(z) + (1− |z|2)g1(z) + . . . + (1− |z|2)n−1gn−1(z),

P (z, z̄) = z̄P1(z) + . . . + z̄n−1Pn−1(z), z ∈ ∆,
(2)

ãäå Pk ïðè k ≥ 1 � ïîëèíîì îò z ñòåïåíè ≤ k− 1, gk ãîëîìîðôíû â ∆
(ñì., íàïðèìåð, [1]). Â [1] äîêàçàíî, â ÷àñòíîñòè, ÷òî

f ∈ M−p, p ≥ 0 ⇐⇒ gk ∈ M−(p+k), k = 0, . . . , n− 1.

Èç îïðåäåëåíèÿ êëàññà M−m, m ∈ N, è ëåììû ñëåäóåò, ÷òî n-àíàëèòè÷åñêàÿ
ôóíêöèÿ

f ∈ M−m, m ∈ N⇐⇒ gk = h
(m+k)
k , hk ∈ B, k = 0, . . . , n− 1. (3)
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Öåëü ýòîé ñòàòüè � ïåðåíåñåíèå èçâåñòíûõ ñâîéñòâ ôóíêöèé êëàññà
B íà ïîëèàíàëèòè÷åñêèå ôóíêöèè èç M−m, m ∈ N.

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Äëÿ λ ∈ ∆ îáîçíà÷èì

ψλ(z) =
λ− z

1− λ̄z
, z ∈ ∆,

êîíôîðìíûé àâòîìîðôèçì åäèíè÷íîãî êðóãà, ∆(λ, r) = ψλ(r∆), 0 <
r < 1. Ïóñòü µ � ìåðà Ëåáåãà â R2, òîãäà ïëîùàäü êðóãà ∆(λ, r)
îáîçíà÷èì

|∆(λ, r)| = µ(∆(λ, r)) = π
(1− |λ|2)2

(1− r2|λ|2)2 r2.

Ëåãêî âèäåòü, ÷òî åñëè ôóíêöèè ϕk ∈ M−mk , mk ∈ N, k = 0, . . . , n−
1, òî f ∈ M−s, ãäå s = max

0≤k≤n−1
mk, â ñâÿçè ñ ýòèì ïðåäñòàâëÿåò èíòå-

ðåñ ñëåäóþùàÿ òåîðåìà (ïåðåôîðìóëèðóåì ðåçóëüòàò, ïîëó÷åííûé â
[4] äëÿ àíàëèòè÷åñêèõ ôóíêöèé Áëîõà).
Òåîðåìà 1. Ïóñòü ϕk � àíàëèòè÷åñêèå êîìïîíåíòû ôóíêöèè f(z) â
çàïèñè (1), k = 0, . . . , n − 1, òîãäà äëÿ ëþáûõ 0 < p < ∞, 0 < r < 1,
l ∈ {0} ∪ N, mk ∈ N ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1) ϕk ∈ M−mk(∆);

2) sup
λ∈∆


 1

|∆(λ, r)|1− (l+mk)p

2

∫

∆(λ,r)

|ϕ(l)
k (z)|pdµ


 < ∞;

3) sup
λ∈∆




∫

∆(λ,r)

|ϕ(l)
k (z)|p(1− |z|2)(l+mk)p−2dµ


 < ∞;

4) sup
λ∈∆




∫

∆

|ϕ(l)
k (z)|p(1− |z|2)(l+mk)p−2(1− |ψλ(z)|2)2dµ


 < ∞.

Èç ðåçóëüòàòà, ïîëó÷åííîãî â [1], ñëåäóåò, â ÷àñòíîñòè, ÷òî äëÿ
ëþáîãî íàòóðàëüíîãî l

f ∈ M−p, p > 0 ⇐⇒ ∂lf

∂zl
∈ M−p−l,

îòñþäà ñëåäóåò, ÷òî åñëè f ∈ An ∩M−s, s ∈ {0} ∪ N, òî äëÿ ëþáûõ
0 < r < 1, l = 1, 2, . . . , p ≥ 2

n
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1)
∫

∆(λ,r)

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2dµ → 0, |λ| → 1−;

2)
∫

∆

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2(1− |ψλ(z)|2)2dµ → 0, |λ| → 1− .

Â äåéñòâèòåëüíîñòè ïîñëåäíèå äâà óòâåðæäåíèÿ èìåþò ìåñòî äëÿ âñåõ
p > 0, à èìåííî, ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 2. Ïóñòü f ∈ An ∩M−s, s ∈ {0} ∪ N, òîãäà äëÿ ëþáûõ
0 < p <

2
n

, 0 < r < 1, l = 0, 1, . . . (l 6= 0, â ñëó÷àå, êîãäà s = 0, n = 1

îäíîâðåìåííî):

1)
∫

∆(λ,r)

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2dµ → 0, |λ| → 1−;

2)
∫

∆

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2(1− |ψλ(z)|2)2dµ → 0, |λ| → 1− .

Äîêàçàòåëüñòâî. Èìååì ïðè p > 0
∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

= |ϕ(l)
0 (z) + z̄ϕ

(l)
1 (z) + . . . + z̄n−1ϕ

(l)
n−1(z)|p ≤

≤ (|ϕ(l)
0 (z)|+ |z||ϕ(l)

1 (z)|+ . . . + |z|n−1|ϕ(l)
n−1(z)|)p ≤

≤ np(|ϕ(l)
0 (z)|p + |z|p|ϕ(l)

1 (z)|p + . . . + |z|p(n−1)|ϕ(l)
n−1(z)|p).

Îòñþäà
∫

∆(λ,r)

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2dµ ≤

≤ np
n−1∑

k=0

∫

∆(λ,r)

|zk|p|ϕ(l)
k (z)|p(1− |z|2)(l+n+s)p−2dµ.
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Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ïðè q > 1, èìååì
∫

∆(λ,r)

|zk|p|ϕ(l)
k (z)|p(1− |z|2)(l+n+s)p−2dµ ≤

≤




∫

∆(λ,r)

|ϕ(l)
k (z)|pq(1− |z|2)(l+n+s−1)pq−2dµ




1
q

×

×




∫

∆(λ,r)

|zk|
pq

q−1 (1− |z|2)
pq

q−1 − 2
dµ




q−1
q

.

Ïîêàæåì, ÷òî ïîñëåäíåå ïðîèçâåäåíèå ñòðåìèòñÿ ê íóëþ ïðè |λ| →
1−. Ïóñòü 0 < p <

2
n
, 0 < r < 1, l ∈ {0} ∪ N (l 6= 0, â ñëó÷àå, êîãäà

s = 0, n = 1 îäíîâðåìåííî). Â [1] äîêàçàíî, ÷òî åñëè n-àíàëèòè÷åñêàÿ
ôóíêöèÿ f ∈ Mp, òî åå àíàëèòè÷åñêèå êîìïîíåíòû ϕk ∈ Mp−(n−1), è
ýòî óòâåðæäåíèå íåëüçÿ óñèëèòü íè ïðè êàêîì íàáîðå ÷èñåë n ≥ 1,
p ∈ R, k = 0, . . . , n−1. Îòñþäà è èç òåîðåìû 1 ñëåäóåò, ÷òî âûðàæåíèå

∫

∆(λ,r)

|ϕ(l)
k (z)|pq(1− |z|2)(l+s+n−1)pq−2dµ

îãðàíè÷åíî äëÿ ëþáîãî λ ∈ ∆. Èíòåãðàë
∫

∆(λ,r)

|zk|
pq

q−1 (1− |z|2)
pq

q−1 − 2
dµ

ñòðåìèòñÿ ê íóëþ ïðè |λ| → 1−. Òàêèì îáðàçîì, äîêàçàíî, ÷òî äëÿ
ëþáûõ 0 < p <

2
n
, 0 < r < 1, l ∈ {0} ∪ N (l 6= 0, â ñëó÷àå, êîãäà s = 0,

n = 1 îäíîâðåìåííî)
∫

∆(λ,r)

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2dµ → 0, |λ| → 1− .

Óòâåðæäåíèå (2) äîêàçûâàåòñÿ àíàëîãè÷íî. Ïóñòü 0< p<
2
n
, 0< r< 1,
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l ∈ {0} ∪ N (l 6= 0, â ñëó÷àå, êîãäà s = 0, n = 1 îäíîâðåìåííî), èìååì
∫

∆

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2(1− |ψλ(z)|2)2dµ ≤

≤ np
n−1∑

k=0

∫

∆

|zk|p|ϕ(l)
k (z)|p(1− |z|2)(l+n+s)p−2(1− |ψλ(z)|2)2dµ.

Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ïðè q > 1, ïîëó÷àåì, ÷òî
∫

∆

|zk|p|ϕ(l)
k (z)|p(1− |z|2)(l+n+s)p−2(1− |ψλ(z)|2)2dµ ≤

≤



∫

∆

|ϕ(l)
k (z)|pq(1− |z|2)(l+s+n−1)pq−2(1− |ψλ(z)|2)2dµ




1
q

×

×



∫

∆

|zk| pq
q−1 (1− |z|2) pq

q−1−2(1− |ψλ(z)|2)2dµ




q−1
q

→ 0

ïðè |λ| → 1−, òàê êàê ïåðâûé ìíîæèòåëü îãðàíè÷åí äëÿ ëþáîãî λ ∈ ∆
ïî òåîðåìå 1, à âòîðîé ìíîæèòåëü ñòðåìèòñÿ ê íóëþ ïðè |λ| → 1−. À
òîãäà äëÿ ëþáûõ 0 < p <

2
n
, 0 < r < 1, l ∈ {0} ∪ N (l 6= 0, â ñëó÷àå,

êîãäà s = 0, n = 1 îäíîâðåìåííî)
∫

∆

∣∣∣∣
∂lf(z)

∂zl

∣∣∣∣
p

(1− |z|2)(l+n+s)p−2(1− |ψλ(z)|2)2dµ → 0, |λ| → 1− .

2

Òåîðåìà 3. Ïóñòü ôóíêöèÿ f ∈ An ∩M−p, p > 0, ïðåäñòàâëåíà â âè-
äå (2), îáîçíà÷èì

Mgk
= sup

z∈∆

(|gk(z)|(1− |z|2)p+k
)

< ∞,

Ck =
(2(p + k) + 1)p+k+ 1

2

(2(p + k))p+k
(1− y2 + 2(p + k)y(|z| − y))(1− y2)p+k,

ãäå y � ðåøåíèå óðàâíåíèÿ

|z|(p + k)− y(3(p + k) + 1)− y2|z|(p + k)(2(p + k) + 1)+
+y3(p + k + 1)(2(p + k) + 1) = 0
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èç èíòåðâàëà [0, (2(p + k) + 1)−
1
2 ), k = 0, . . . , n− 1, òîãäà

∣∣∣∣
∂f

∂z
− ∂P (z, z̄)

∂z

∣∣∣∣ ≤

≤ 1
(1− |z|2)p+1

(
n−1∑

k=0

Mgk
Ck + |z|

n−1∑

k=0

kMgk

)
.

Äîêàçàòåëüñòâî. Òàê êàê f(z) ∈ M−p, òî gk ∈ M−(p+k), 0 ≤ k ≤
≤ n− 1 (ñì. [1]), òî åñòü

|gk(z)| ≤ Mgk

(1− |z|2)p+k
, z ∈ ∆, k = 0, . . . , n− 1.

Â [5] äëÿ àíàëèòè÷åñêèõ â ∆ ôóíêöèé h(z), óäîâëåòâîðÿþùèõ óñëîâèþ
|h(z)| ≤ 1

(1− |z|2)c
, c > 0, z ∈ ∆, äîêàçàíî, ÷òî

|h′(z)|(1− |z|2)c+1 ≤ (2c + 1)c+ 1
2

(2c)c
(1− y2 + 2cy(|z| − y))(1− y2)c,

ãäå y � ðåøåíèå óðàâíåíèÿ
|z|c− y(3c + 1)− y2|z|c(2c + 1) + y3(c + 1)(2c + 1) = 0

èç èíòåðâàëà [0, (2c + 1)−
1
2 ). Îòñþäà ïîëó÷àåì, ÷òî

|g′k(z)|(1− |z|2)p+k+1 ≤ Mgk
Ck, k = 0, . . . , n− 1.

Èìååì
∂f(z)

∂z
=

∂P (z, z̄)
∂z

+ g′0(z) + . . . + (1− |z|2)n−1g′n−1(z)−
−z̄[g1(z) + 2(1− |z|2)g2(z) + . . . + (n− 1)(1− |z|2)n−2gn−1(z)];

∣∣∣∣
∂f(z)

∂z
− ∂P (z, z̄)

∂z

∣∣∣∣ ≤ |g′0(z)|+ . . . + (1− |z|2)n−1|g′n−1(z)|+
+|z| [|g1(z)|+ . . . + (n− 1)(1− |z|2)n−2|gn−1(z)|] ≤

≤ Mg0C0

(1− |z|2)p+1
+

Mg1C1

(1− |z|2)p+1
+ . . . +

Mgn−1Cn−1

(1− |z|2)p+1
+

+|z|
(

Mg1

(1− |z|2)p+1
+

2Mg2

(1− |z|2)p+1
+ . . . +

(n− 1)Mgn−1

(1− |z|2)p+1

)
=

=
1

(1− |z|2)p+1

(
n−1∑

k=0

Mgk
Ck + |z|

n−1∑

k=0

kMgk

)
,
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÷òî è ñîñòàâëÿåò óòâåðæäåíèå òåîðåìû. 2

Â [5] òàêæå äîêàçàíî, ÷òî Ck ≤ 2(p + k + 1), îòñþäà ïîëó÷àåì
ïðîñòîå ñëåäñòâèå èç òåîðåìû 3.
Ñëåäñòâèå 1. Ïóñòü ôóíêöèÿ f ∈ An ∩M−p, p > 0, ïðåäñòàâëåíà â
âèäå (2), îáîçíà÷èì

P = sup
z∈∆

∣∣∣∣
∂P (z, z̄)

∂z

∣∣∣∣ < ∞, Mgk
= sup

z∈∆

(|gk(z)|(1− |z|2)p+k
)

< ∞.

Òîãäà ∣∣∣∣
∂f(z)

∂z

∣∣∣∣ ≤ P +
1

(1− |z|2)p+1

n−1∑

k=0

Mgk
(2p + 3k + 2).

Ïóñòü àíàëèòè÷åñêèå êîìïîíåíòû gk(z) n-àíàëèòè÷åñêîé ôóíêöèè
(2) ïðåäñòàâëåíû â ∆ ðÿäàìè:

gk(z) =
∞∑

l=0

a
(k)
l zl, k = 0, . . . , n− 1,

òîãäà

f(z) = P (z, z̄) +
∞∑

l=0

bl(|z|)zl,

bl(|z|) = a
(0)
l + a

(1)
l (1− |z|2) + . . . + a

(n−1)
l (1− |z|2)n−1, z ∈ ∆.

(4)

Òåîðåìà 4. Ïóñòü ôóíêöèÿ f ∈ An ∩M−p, p > 0, çàïèñàíà â âèäå
(2),

Mgk
= sup

z∈∆

(|gk(z)|(1− |z|2)p+k
)
, k = 0, . . . , n− 1,

òîãäà äëÿ ëþáûõ z ∈ ∆, l ∈ N ñïðàâåäëèâà òî÷íàÿ îöåíêà

|bl(|z|)| ≤
n−1∑

k=0

Mgk
(1− |z|2)k

(
l + 2(p + k)

2(p + k)

)p+k (
l + 2(p + k)

l

) l
2
. (5)

Äîêàçàòåëüñòâî. Òàê êàê f ∈ M−p, p > 0, òî gk ∈ M−(p+k) äëÿ ëþ-
áîãî k = 0, . . . , n − 1 ([1]). Â [5] äëÿ àíàëèòè÷åñêîé â ∆ ôóíêöèè
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h(z) =
∞∑

l=0

alz
l, óäîâëåòâîðÿþùåé óñëîâèþ

|h(z)| ≤ 1
(1− |z|2)c

, c > 0, z ∈ ∆,

äëÿ ëþáîãî l ∈ N äîêàçàíà òî÷íàÿ îöåíêà

|al| ≤
(

l + 2c

2c

)c (
l + 2c

l

) l
2

.

Èñïîëüçóÿ ïîñëåäíþþ îöåíêó è òî, ÷òî gk ∈ M−(p+k), k = 0, . . . , n−
1, ïîëó÷àåì, ÷òî äëÿ ëþáîãî l ∈ N

|a(k)
l | ≤ Mgk

(
l + 2(p + k)

2(p + k)

)p+k (
l + 2(p + k)

l

) l
2

, k = 0, 1, . . . , n− 1.

Îòñþäà äëÿ ëþáîãî l ∈ N è äëÿ ëþáîãî z ∈ ∆

|bl(|z|)| ≤ |a(0)
l |+ |a(1)

l |(1− |z|2) + . . . + |a(n−1)
l |(1− |z|2)n−1 ≤

≤
n−1∑

k=0

Mgk
(1− |z|2)k

(
l + 2(p + k)

2(p + k)

)p+k (
l + 2(p + k)

l

) l
2

.

Ïîêàæåì, ÷òî îöåíêà (5) òî÷íàÿ. Ðàññìîòðèì ôóíêöèþ

f∗(z) = (1− |z|2)n−1g∗n−1(z) =

= (1− |z|2)n−1zn−1

(
n− 1 + 2(n− 1 + p)

2(n− 1 + p)

)n−1+p

×

×
(

n− 1 + 2(n− 1 + p)
n− 1

)n−1
2

= An−1z
n−1(1− |z|2)n−1, p > 0,

(ñì. [5]). Ôóíêöèÿ g∗n−1 ∈ M−(n−1+p), ïðè÷åì

Mg∗
n−1

= sup
z∈∆

(|g∗n−1(z)|(1− |z|2)n−1+p
)

= 1,

äåéñòâèòåëüíî,

Mg∗
n−1

= An−1 sup
z∈∆

(|z|n−1(1− |z|2)n−1+p) =

= An−1 sup
r∈(0,1)

(rn−1(1− r2)n−1+p).
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Ìàêñèìóì ôóíêöèè rn−1(1 − r2)n−1+p ïðè r ∈ (0, 1) äîñòèãàåòñÿ â

òî÷êå r0 =

√
n− 1

n− 1 + 2(n− 1 + p)
< 1 è ðàâåí

(
n− 1

n− 1 + 2(n− 1 + p)

)n−1
2

(
2(n− 1 + p)

n− 1 + 2(n− 1 + p)

)n−1+p

,

ïîýòîìó Mg∗
n−1

=1. Çàìåòèì, ÷òî f(z) ∈ M−p.

Òàê êàê bn−1(|z|) = An−1(1− |z|2)n−1, òî äëÿ ëþáîãî z ∈ ∆ èìååì

|bn−1(|z|)| =

= (1− |z|2)n−1

(
n− 1 + 2(n− 1 + p)

2(n− 1 + p)

)n−1+p(
n− 1 + 2(n− 1 + p)

n− 1

)n−1
2

,

ïîñëåäíåå ðàâåíñòâî è ïîêàçûâàåò òî÷íîñòü îöåíêè (5). 2

Ïóñòü ôóíêöèÿ f ∈ An ïðåäñòàâëåíà â âèäå ñëåäóþùåãî ðÿäà:

f(z) = P0(z̄) + zm1P1(z, z̄) + zm2P2(z, z̄) + . . . + zmj Pj(z, z̄) + . . . , (6)

ãäå Pj � ìíîãî÷ëåí ñòåïåíè ≤ n − 1 ïî z̄ è ñòåïåíè lj (l0 = 0) ïî z,
èìåþùèé ñëàãàåìûå ñòåïåíè 0 ïî z, j = 0, 1, 2, . . . , è ïóñòü âûïîëíåíû
óñëîâèÿ:

mj+1

mj
→∞ j → +∞,

lj
mj

j → +∞, (7)

òîãäà ïðè 0 ≤ r ≤ lj , 0 ≤ k ≤ lj+1 èìååì

mj+1 + k

mj + r
=

mj+1

mj

1 +
k

mj+1

1 +
r

mj

→ +∞, j → +∞.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ àíàëèòè÷åñêèå êîìïîíåíòû ôóíêöèè
(1)

f(z) = ϕ0(z) + z̄ϕ1(z) + . . . + z̄n−1ϕn−1(z)

ðàñêëàäûâàþòñÿ â ëàêóíàðíûå ðÿäû âèäà

ϕk(z) =
∞∑

j=0

c
(k)
j zn

(k)
j , lim

j→∞
n

(k)
j+1

n
(k)
j

= +∞, k = 0, . . . , n− 1 (8)
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è óäîâëåòâîðÿþò èçâåñòíûì òåîðåìàì î ëàêóíàðíûõ ðÿäàõ àíàëèòè-
÷åñêèõ ôóíêöèé, îñíîâûâàÿñü íà êîòîðûõ ìîæíî ïîëó÷èòü íèæåñëå-
äóþùèå óòâåðæäåíèÿ.
Òåîðåìà 5. Ïóñòü ôóíêöèÿ f ∈ An ïðåäñòàâèìà â âèäå ðÿäà (6) è
âûïîëíåíû óñëîâèÿ (7), òîãäà äëÿ àíàëèòè÷åñêèõ êîìïîíåíò ôóíêöèè
f(z) èìååì:

1) åñëè ϕk ∈ M−1, òî

lim
r→1−

(
log

1
1− r

− T (r, ϕk)
)

= +∞,

ãäå T (r, ϕk) � õàðàêòåðèñòèêà Íåâàíëèííû ôóíêöèè ϕk:

T (r, ϕk) =
1
2π

π∫

−π

log+ |ϕk(reit)|dt, 0 ≤ r < 1;

2) åñëè ϕk ∈ M−1 è lim
j→∞

|c(k)
j |

n
(k)
j

> 0, òî

lim
r→1−

(
log

1
1− r

− T (r, ϕk)
)

< ∞.

Äîêàçàòåëüñòâî. Åñëè ôóíêöèÿ ϕk ∈ M−1, òî îíà ÿâëÿåòñÿ ïðî-
èçâîäíîé ïåðâîãî ïîðÿäêà íåêîòîðîé ôóíêöèè g(z) èç êëàññà B. Â [6]
äëÿ ôóíêöèé g ∈ B, èìåþùèõ ðàçëîæåíèå â ëàêóíàðíûé ðÿä âèäà

g(z) =
∞∑

j=0

gjz
mj ,

mj+1

mj
→ +∞, j → +∞,

äîêàçàíî, ÷òî
1) lim

r→1−
(log

1
1− r

− T (r, g′)) = +∞;

2) åñëè lim
j→∞

|gj | > 0, òî lim
r→1−

(
log

1
1− r

− T (r, g′)
)

< +∞.

Ïîýòîìó äëÿ ôóíêöèè ϕk(z) èìååì
1) lim

r→1−

(
log

1
1− r

− T (r, ϕk)
)

= +∞,
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2) åñëè lim
j→∞

|c(k)
j |

n
(k)
j

> 0, òî lim
r→1−

(
log

1
1− r

− T (r, ϕk)
)

< +∞. 2

Çàìåòèì, ÷òî äëÿ òîãî, ÷òîáû àíàëèòè÷åñêèå êîìïîíåíòû ϕk ôóíê-
öèè (1) ðàñêëàäûâàëèñü â ëàêóíàðíûå ðÿäû, óñëîâèå (7) äëÿ ðÿäà (6)
ìîæíî îñëàáèòü:

lim
j→∞

lj
mj

= M < +∞, M > 0, lim
j→∞

mj+1

mj
> M + 1, (9)

òîãäà ïðè 0 ≤ r ≤ lj , 0 ≤ k ≤ lj+1 èìååì

lim
j→∞

mj+1 + k

mj + r
= lim

j→∞

mj+1

mj

1 +
k

mj+1

1 +
r

mj

> (M + 1)
1

M + 1
= 1,

îòñþäà ñëåäóåò, ÷òî åñëè äëÿ ðÿäà (6) âûïîëíåíû óñëîâèÿ (9), òî

ϕk(z) =
∞∑

j=0

c
(k)
j zn

(k)
j , lim

j→∞

n
(k)
j+1

n
(k)
j

> 1, k = 0, . . . , n− 1. (10)

Äîïóñòèì òåïåðü, ÷òî äëÿ ðÿäà (6) âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

lim
j→+∞

lj
mj

= N < ∞, N > 0,
mj+1

mj
≥ q(N + 1) > 1, q > 1, j ∈ N, (11)

òîãäà ïðè 0 ≤ r ≤ lj , 0 ≤ k ≤ lj+1 èìååì

mj+1 + k

mj + r
=

mj+1

mj

1 +
k

mj+1

1 +
r

mj

≥ q > 1.

Îòñþäà ñëåäóåò, ÷òî åñëè äëÿ ðÿäà (6) âûïîëíåíû óñëîâèÿ (11), òî
ôóíêöèè ϕk èç ïðåäñòàâëåíèÿ (1) ðàñêëàäûâàþòñÿ â ëàêóíàðíûå ðÿäû
âèäà (k = 0, . . . , n− 1)

ϕk(z) = c
(k)
0 +

∞∑

j=1

c
(k)
j zn

(k)
j ,

n
(k)
j+1

n
(k)
j

≥ q > 1, j ∈ N. (12)
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Òåîðåìà 6. Ïóñòü ôóíêöèÿ f ∈ An óäîâëåòâîðÿåò (6) è (11) è ïðåä-
ñòàâëåíà â âèäå (1), òîãäà ôóíêöèÿ ϕk(z) ∈ M−sk , sk ∈ N, òîãäà è

òîëüêî òîãäà, êîãäà sup
j∈N

|c(k)
j |

(n(k)
j )sk

< +∞.

Äîêàçàòåëüñòâî. Òàê êàê f(z) óäîâëåòâîðÿåò (6) è (11), òî ϕk ïðåä-
ñòàâèìû ëàêóíàðíûìè ðÿäàìè âèäà (12), k = 0, 1, . . . , n− 1.

Ôóíêöèÿ ϕk ∈ M−sk òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ
ïðîèçâîäíîé ïîðÿäêà sk íåêîòîðîé ôóíêöèè hk ∈ B, ïðè÷åì, òàê êàê
ϕk óäîâëåòâîðÿåò (12) è äëÿ q > 1 ìîæåì çàïèñàòü, ÷òî q = q0(1 + ε),
q0 > 1, ε > 0, òî äëÿ íåêîòîðîãî j0 ∈ N

hk = h
(k)
0 +

∞∑

j=1

h
(k)
j zr

(k)
j ,

r
(k)
j+1

r
(k)
j

≥ q0 > 1, j ≥ j0.

Â [7] äëÿ ôóíêöèé g(z), ïðåäñòàâèìûõ â âèäå ëàêóíàðíîãî ðÿäà

g(z) = g0 +
∞∑

j=1

gjz
nj ,

nj+1

nj
≥ q0 > 1, j ∈ N,

äîêàçàíî, ÷òî
g ∈ B ⇐⇒ sup

j∈N
|gj | < +∞.

Ïðèìåíÿÿ ýòî óòâåðæäåíèå ê ôóíêöèÿì hk(z) ∈ B è ó÷èòûâàÿ òî, ÷òî
ëþáîé ìíîãî÷ëåí ïðèíàäëåæèò êëàññó B, ïîëó÷àåì, ÷òî

hk(z) ∈ B ⇐⇒ sup
j∈N

|h(k)
j | < +∞,

òî åñòü

ϕk ∈ M−sk(∆) ⇐⇒ sup
j∈N

|c(k)
j |

(n(k)
j )sk

< +∞.

2

Çàìå÷àíèå. Ëåãêî âèäåòü, ÷òî ðåçóëüòàò òåîðåìû 7 îñòàåòñÿ ñïðà-
âåäëèâûì, åñëè óñëîâèå (11) çàìåíèòü óñëîâèåì (7), òàê êàê ðåçóëüòàò
Ïîììåðåíêå èç [7] âåðåí, åñëè óñëîâèå nj+1

nj
≥ q > 1, j ∈ N, çàìåíèòü

óñëîâèåì nj+1

nj
→ +∞, j → +∞. Ýòî ñëåäóåò èç òîãî, ÷òî ëþáîé ìíî-

ãî÷ëåí ïðèíàäëåæèò êëàññó B.
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Èç òåîðåìû 6 è îïðåäåëåíèÿ êëàññà M−s, s > 0, ïîëó÷àåì
Ñëåäñòâèå 2. Ïóñòü ôóíêöèÿ f ∈ An óäîâëåòâîðÿåò (6) è (11), ïðåä-
ñòàâëåíà â âèäå (1), è äëÿ âñåõ ôóíêöèé ϕk(z) (k = 0, 1, . . . , n − 1)

sup
j∈N

|c(k)
j |

(n(k)
j )sk

< +∞, sk ∈ N, òîãäà f ∈ M−s, ãäå s = max
0≤k≤n−1

sk.

Òåîðåìà 7. Ïóñòü f ∈ An ∩M−p, p > 0, òîãäà äëÿ àíàëèòè÷åñêèõ êîì-
ïîíåíò ϕk ôóíêöèè f(z), ïðåäñòàâëåííîé (1), ñïðàâåäëèâî íåðàâåí-
ñòâî

T (r, ϕk) ≤ (p + n− 1) log
1

1− r
+ O(1) r → 1−, k = 0, . . . , n− 1.

Äîêàçàòåëüñòâî. Òàê êàê f ∈ M−p, p > 0, òî ϕk ∈ M−p−(n−1), k =
0, . . . , n− 1 ([1]). Â [6] äëÿ òàêèõ ôóíêöèé äîêàçàíî, ÷òî òîãäà

T (r, ϕk) ≤ (p + n− 1) log
1

1− r
+ O(1) r → 1− .

2

Çàìå÷àíèå. Åñëè ϕk(z) = o

(
1

(1− r)s

)
ïðè r → 1−, s > 0, òî èç

ðåçóëüòàòîâ, ïîëó÷åííûõ â [6], ñëåäóåò, ÷òî

s log
1

1− r
− T (r, ϕk) → 0, r → 1− .

R�esum�e

It is studies the properties of polyanalytic functions which follow by properties
of Bloch functions in this paper.
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