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ON THE STRUCTURE OF 𝐷𝑊 -APPELL DUNKL
CLASSICAL ORTHOGONAL POLYNOMIALS

Abstract. In this paper, we investigate a class of classical orthogo-
nal polynomials associated with the 𝐷𝑤-Dunkl operator. This class
is defined via a lowering operator that combines the discrete trans-
lation operator with a reflection-invariant component. We charac-
terize these polynomials showing that the only possible 𝑇𝜃,𝑤-Appell
classical sequences are of class one. The study concludes by explic-
itly determining the recurrence relations and structure formulas
satisfied by such polynomials.
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1. Introduction. Orthogonal polynomials play a fundamental role in
modern analysis, approximation theory, and mathematical physics. Clas-
sical families such as Hermite, Laguerre, and Jacobi polynomials arise
naturally in a wide range of contexts, including spectral methods for dif-
ferential equations, probabilistic models, and quantum mechanics. The
notion of classicality, originally introduced through the stability of or-
thogonality under differentiation, provides a unifying framework for these
families. Extending this concept beyond the differential setting to discrete,
𝑞-analogue, and Dunkl-type operators considerably broadens its scope and
raises new theoretical challenges.

An orthogonal polynomial sequence (OPS) t𝐴𝑛u𝑛>0 is called 𝐷-classical
if the derived sequence t𝐴1𝑛u𝑛>0 remains orthogonal (see [9], Hahn, 1935).
This characterization laid the foundation for subsequent generalizations
involving alternative lowering operators.

In this direction, Hahn established parallel results in [10] for OPSs
whose images under the forward difference operator ∆𝐴𝑛 or the 𝑞-difference
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operator 𝐻𝑞𝐴𝑛 (for 𝑛 > 1) also form orthogonal sequences. The operator
𝐻𝑞 is defined by

𝐻𝑞𝑓p𝑡q “
𝑓p𝑞𝑡q ´ 𝑓p𝑡q

p𝑞 ´ 1q𝑡
, 𝑞 ‰ 1.

These extensions illustrate the flexibility of the concept of orthogonality:
while differential operators model continuous phenomena, difference and
𝑞-difference operators naturally describe discrete and quantum dynamics.
This viewpoint creates a bridge between orthogonal polynomials, combi-
natorics, and the theory of 𝑞-special functions, and becomes essential in
contexts where classical differential models are no longer adequate.

More generally, let 𝒪 be a lowering operator acting on 𝒫 , the space of
polynomials in one variable. An OPS t𝐴𝑛u𝑛>0 is said to be 𝒪-classical if
there exists an OPS t𝑄𝑛u𝑛>0, such that

𝒪𝐴𝑛 “ 𝑄𝑛´1, 𝑛 > 1.

Formulating the theory in terms of a general operator 𝒪 leads to a unified
framework encompassing classical, semiclassical, 𝑞-analogue, and Dunkl-
type orthogonal polynomials. In this setting, the structural properties of
an OPS are determined directly by the algebraic and analytic features of
the associated operator.

The theory of 𝒪-classical OPSs has been extensively studied; see, for
instance, [1], [4], [11], [12]. In particular, [4] introduced the notion of
Dunkl-classical OPSs via the operator

𝑇𝜇 “ 𝐷 ` 2𝜇𝐻´1, 𝜇 ą ´1{2,

and showed that the corresponding solutions are precisely the class-one
𝐷-classical OPSs [2], namely the generalized Hermite and generalized
Gegenbauer polynomials. By combining differential operators with re-
flection symmetries, the Dunkl framework reveals how operator-induced
symmetries govern both the algebraic structure and analytical behavior of
orthogonal polynomials, thus providing a natural link between harmonic
analysis and polynomial theory.

More recently, [5] proposed the 𝑞-Dunkl operator

𝑇𝜇,𝑞 “ 𝐻𝑞 ` 𝜇𝐻´1,
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and proved that, up to a dilation, the 𝑞2-generalized Hermite polynomi-
als are the only symmetric 𝑇𝜇,𝑞-Appell classical OPSs. This result ad-
vances the broader problem of characterizing 𝐷𝑤-Appell Dunkl-classical
(or, equivalently, Appell 𝑇𝜃,𝑤-classical) orthogonal polynomial sequences.
The operator 𝑇𝜃,𝑤 is defined as:

𝑇𝜃,𝑤𝑓p𝑥q “ 𝐷𝜔𝑓p𝑥q ` 𝜃𝐻´1𝑓p𝑥q, 𝑓 P 𝒫 ,

with
𝐷𝜔𝑓p𝑥q “

𝑓p𝑥` 𝜔q ´ 𝑓p𝑥q

𝜔
.

Overall, this line of research reflects a natural progression in the the-
ory of orthogonal polynomials: from differentiation-based classicality to
discrete and 𝑞-difference analogues, and finally to Dunkl-type operators.
Each extension not only deepens the theoretical understanding but also
enriches the range of applications, particularly in 𝑞-deformed quantum
mechanics, special function theory, and combinatorial analysis.

In this work we address the problem for the mixed Dunkl–difference
operator acting on 𝒫 . We provide a complete classification of 𝑇𝜃,𝑤-Appell
classical monic orthogonal polynomial sequences, showing that every such
sequence is necessarily 𝐷´𝑤-semiclassical of class one and that no 𝑇𝜃,𝑤-
Appell classical sequences of higher class can occur. We further establish
that the associated canonical linear functional 𝑢0 satisfies a Pearson-type
functional equation of the form

𝐷´𝑤
`

p𝑡` 𝑤
2
q𝑢0

˘

` p𝑎2𝑡
2
` 𝑎1𝑡` 𝑎0q𝑢0 “ 0, 𝑎2 ‰ 0,

and we express the coefficients 𝑎0, 𝑎1, 𝑎2 explicitly through the recurrence
parameters p𝛽𝑛q and p𝛾𝑛q. In addition, we derive explicit initial conditions
and recursive relations for the sequences p𝛽𝑛q and p𝛾𝑛q, together with
structural identities linking the operator 𝑇𝜃,𝑤, the three-term recurrence,
and the dual sequence p𝑢𝑛q𝑛>0, thereby clarifying the precise influence
of the Dunkl parameter 𝜃 and the step 𝑤 on the orthogonal properties.
These findings extend and unify earlier characterizations of Dunkl-classical
and 𝑞-Dunkl-classical orthogonal polynomials, positioning the 𝐷𝑤-Appell
Dunkl framework naturally within the broader semiclassical theory.

Our paper is structured as follows: important preliminaries are given
in Section 2, the proof of the main result and complete classification of
𝑇𝜃,𝑤-Appell classical OPS are given in Section 3. Lastly, all important
results and main contributions are summarized in the conclusion.
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2. Preliminaries. Let 𝒫 denote the vector space consisting of all
polynomials in one variable with complex coefficients. Its algebraic dual
space, containing all linear forms on 𝒫 , is denoted by 𝒫 1. For any linear
functional 𝑢 P 𝒫 1 and polynomial 𝑓 P 𝒫 , the duality pairing is expressed
as x𝑢, 𝑓y. The moments of the functional 𝑢 are defined through evaluation
on monomials, yielding the sequence:

p𝑢q𝑛 :“ x𝑢, 𝑡𝑛y, 𝑛 P N0.

A linear form 𝑢 is called symmetric if all its odd moments vanish, i.e.,
p𝑢q2𝑛`1 “ 0 for all 𝑛 > 0.

The motivation for considering symmetric functionals is strongly re-
lated to the structural simplifications they induce in the analysis of or-
thogonal polynomial systems. Indeed, when odd moments vanish, the
recurrence coefficients and the related algebraic relations often assume
simplified closed forms, making them especially suitable for studying clas-
sical and semiclassical families.

We now define several fundamental operations on 𝒫 1. For any form
𝑢, polynomial 𝜓, complex numbers 𝑎 ‰ 0 and 𝑏, and parameters 𝑞 ‰ 1,
𝑤 ‰ 0, the following forms are defined through duality: the derivative
𝐷𝑢 “ 𝑢1, the product 𝜓𝑢, the scaling ℎ𝑎𝑢, the 𝑞-difference 𝐻𝑞𝑢, and the
weighted derivative 𝐷𝑤𝑢 (see, for example, [1], [11], [13]),

x𝑢1, 𝜑y :“ ´x𝑢, 𝜑1y, x𝜓𝑢, 𝜑y :“ x𝑢, 𝜓𝜑y, 𝜑 P 𝒫 ,
xℎ𝑎𝑢,𝜑y :“ x𝑢, ℎ𝑎𝜑y “ x𝑢, 𝜑p𝑎𝑡qy, x𝜏𝑏𝑢, 𝜑y :“ x𝑢, 𝜏´𝑏𝜑y “ x𝑢, 𝜑p𝑡´ 𝑏qy,

x𝐻𝑞𝑢, 𝜑y :“ ´x𝑢,𝐻𝑞𝜑y, x𝐷𝑤𝑢, 𝜑y :“ ´x𝑢,𝐷´𝑤𝜑y,

where

p𝐻𝑞𝜑qp𝑡q “
𝜑p𝑞𝑡q ´ 𝜑p𝑡q

p𝑞 ´ 1q𝑡
and p𝐷𝑤𝜑qp𝑡q “

𝜑p𝑡` 𝑤q ´ 𝜑p𝑡q

𝑤
.

Observe that these operators represent a variety of analytic trans-
formations: the 𝐻𝑞 operator generalizes differentiation to the 𝑞-calculus
framework, while the 𝐷𝑤 operator serves as a finite-difference analogue
of the derivative. Their dual forms allow us to manipulate polynomial
functionals consistently, which is fundamental to defining semiclassical or-
thogonal polynomials.
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It is obvious that [1], [11]

𝐻𝑞p𝜑𝑢q “ pℎ𝑞´1𝜑q𝐻𝑞𝑢` 𝑞
´1
p𝐻𝑞´1𝜑q𝑢, 𝜑 P 𝒫 , 𝑢 P 𝒫 1. (1)

𝐷´𝑤p𝜑𝑢q “ p𝜏𝑤𝜑q𝐷´𝑤𝑢` p𝐷´𝑤𝜑q𝑢, 𝜑 P 𝒫 , 𝑢 P 𝒫 1. (2)

A linear functional 𝑢 is normalized when its zeroth moment satisfies
p𝑢q0 “ 1.

The following lemma establishes an equivalence between two properties
of a linear functional 𝑢 acting on polynomials and its relationship with a
polynomial sequence t𝐴𝑛u.

Lemma 1. [13], [14] Consider an arbitrary linear functional 𝑢 belonging
to the dual space 𝒫 1 of polynomials, and let𝑚 be any fixed positive integer;
the following statements are equivalent:

1) Orthogonality condition: The functional 𝑢 pairs non-zero with
𝐴𝑚´1 (x𝑢,𝐴𝑚´1y ‰ 0) but vanishes on all higher-degree polynomials
in the sequence (x𝑢,𝐴𝑛y “ 0 for all 𝑛 > 𝑚).

2) Basis representation: The functional 𝑢 admits a representation as
a finite linear combination of the functionals t𝑢𝜈u, which constitute
the dual sequence of t𝐴𝑛u𝑛>0. More precisely, it can be written

in the form 𝑢 “
𝑚´1
ÿ

𝜈“0

𝜆𝜈𝑢𝜈 , where each coefficient 𝜆𝜈 is a uniquely

determined complex number, and the last coefficient 𝜆𝑚´1 is non-
zero, i. e.,

D𝜆𝜈 P C, 0 6 𝜈 6 𝑚´ 1, 𝜆𝑚´1 ‰ 0 such that 𝑢 “
𝑚´1
ÿ

𝜈“0

𝜆𝜈𝑢𝜈 .

This equivalence means that the vanishing of 𝑢 on higher-degree poly-
nomials is equivalent to 𝑢 being spanned by the first 𝑚 dual function-
als, with the representation necessarily including the p𝑚 ´ 1q-th func-
tional. The non-vanishing condition 𝜆𝑚´1 ‰ 0 corresponds directly to
x𝑢,𝐴𝑚´1y ‰ 0, ensuring the representation does not terminate earlier
than 𝑚´ 1.

A form 𝑢 is said to be regular when there exists an associated polyno-
mial sequence t𝐴𝑛u𝑛>0 satisfying the orthogonality condition:

x𝑢,𝐴𝑛𝐴𝑚y “ 𝑟𝑛𝛿𝑛,𝑚, for all 𝑛,𝑚 > 0,
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where each 𝑟𝑛 is non-zero. Such a sequence t𝐴𝑛u is called a monic orthog-
onal polynomial sequence (MOPS) with respect to 𝑢.

Note that 𝑢 admits a representation 𝑢 “ p𝑢q0𝑢0 with p𝑢q0 ‰ 0. An
important property of regular forms is that if a polynomial 𝐹 satisfies
𝐹𝑢 “ 0, then 𝐹 must be identically zero [15].

The following proposition further investigates the relation between
MOPS and TTRR.

Proposition 1. [13], [14]. Consider a monic polynomial sequence t𝐴𝑛u𝑛>0

where each polynomial has degree exactly 𝑛, along with its dual sequence
t𝑢𝑛u𝑛>0 of linear functionals. The following conditions are equivalent:

(i) The polynomial sequence t𝐴𝑛u is orthogonal relative to the initial
functional 𝑢0, i.e., x𝑢0, 𝐴𝑚𝐴𝑛y “ 0 for 𝑚 ‰ 𝑛 with nonzero norms.

(ii) Each dual functional 𝑢𝑛 is explicitly determined by the initial func-
tional 𝑢0 through the scaling relation:

𝑢𝑛 “ x𝑢0, 𝐴
2
𝑛y
´1𝐴𝑛𝑢0. (3)

(iii) The sequence t𝐴𝑛u satisfies a three-term recurrence relation (TTRR)
of the form:

$

’

&

’

%

𝐴0p𝑡q “ 1,

𝐴1p𝑡q “ 𝑡´ 𝛽0,

𝐴𝑛`2p𝑡q “ p𝑡´ 𝛽𝑛`1q𝐴𝑛`1p𝑡q ´ 𝛾𝑛`1𝐴𝑛p𝑡q, 𝑛 > 0,

(4)

with coefficients 𝛽𝑛 and 𝛾𝑛`1 defined by the moment relations:

𝛽𝑛“x𝑢0, 𝑡𝐴
2
𝑛yx𝑢0, 𝐴

2
𝑛y
´1; 𝛾𝑛`1“x𝑢0, 𝐴

2
𝑛`1yx𝑢0, 𝐴

2
𝑛y
´1
‰ 0, 𝑛PN0. (5)

This proposition shows that if the sequence t𝐴𝑛u𝑛PN0 is orthogonal
with respect to 𝑢0, then the form 𝑢𝑛 can be written, via the dual basis
expansion, as a normalized rescaling of the composition of 𝐴𝑛 and 𝑢0, en-
suring the duality condition holds. To derive orthogonality from TTRR,
we apply mathematical induction on the recurrence to prove pairwise or-
thogonality, where the base case holds by 𝛽0’s definition and the inductive
step uses the recurrence structure with 𝛾𝑛`1 ‰ 0 ensuring non-degeneracy.

Consider a MOPS t𝐴𝑛u𝑛>0 that is orthogonal with respect to a regular
functional 𝑢0. When we apply the scaling transformation
r𝐴𝑛p𝑡q “ 𝑎´𝑛𝐴𝑛p𝑎𝑡q for some nonzero constant 𝑎, the resulting sequence
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t r𝐴𝑛u𝑛>0 also constitutes a MOPS. This scaled sequence is orthogonal re-
lative to the modified functional r𝑢0 “ ℎ𝑎´1𝑢0 and follows the recurrence
relations [14]:

r𝐴0p𝑡q “ 1, r𝐴1p𝑡q “ 𝑡´ r𝛽0,

and for 𝑛 > 0,

r𝐴𝑛`2p𝑡q “ p𝑡´ r𝛽𝑛`1q r𝐴𝑛`1p𝑡q ´ r𝛾𝑛`1 r𝐴𝑛p𝑡q.

The new recurrence coefficients are scaled versions of the original parame-
ters, specifically r𝛽𝑛 “ 𝑎´1𝛽𝑛 and r𝛾𝑛`1 “ 𝑎´2𝛾𝑛`1.

Recall that a regular form 𝑢 is said to be 𝐷´𝑤-semiclassical if there
exist polynomials Φ (monic) and Ψ with deg Φ“𝑑1>0 and deg Ψ“𝑑2>1,
satisfying the Pearson-type distributional equation:

𝐷´𝑤pΦ𝑢q `Ψ𝑢 “ 0. (6)

The orthogonal polynomial sequence t𝐴𝑛u𝑛>0 associated with such a form
is called 𝐷𝑤-semiclassical [1].

Under dilation transformations, the 𝐷´𝑤-semiclassical property is pre-
served [1]. If the form 𝑢 satisfies (6), then the transformed form
𝑢̃ “ pℎ𝑎´1 ˝ 𝜏´𝑏q𝑢 satisfies the modified Pearson equation:

𝐷´𝑤𝑎´1

`

𝜑𝑢̃
˘

` 𝜓𝑢̃ “ 0,

with 𝜑p𝑡q “ 𝑎´𝑡𝜑p𝑎𝑡` 𝑏q and 𝜓p𝑡q “ 𝑎1´𝑡𝜓p𝑎𝑡` 𝑏q.
The class 𝑠 of a 𝐷´𝑤-semiclassical form 𝑢 is defined as

𝑠 “ maxp𝑑1 ´ 2,𝑑2 ´ 1q > 0, where this classification holds if and only
if [1]:

ź

𝑐P𝒵Φ

t|Ψp𝑐` 𝑤q ` p𝜃𝑐Φqp𝑐` 𝑤q| ` |x𝑢, 𝜃𝑐`𝑤p𝜓 ` 𝜃𝑐𝜑qy|u ą 0, (7)

with 𝒵Φ denoting the set of zeros of Φ and 𝜃𝑐 is the divided–difference

operator at the point 𝑐
´

i. e., 𝜃𝑐𝑓p𝑥q “
𝑓p𝑥q ´ 𝑓p𝑐q

𝑥´ 𝑐
, 𝑓 P 𝒫

¯

. Forms

satisfying 𝑠 “ 0 are conventionally referred to as 𝐷´𝑤-classical [1]. The
next lemma is essential for the arguments that follow [2].

Lemma 2. Consider an arbitrary MOPS t𝐴𝑛u𝑛>0 and let𝑀p𝑡, 𝑛q, 𝑁p𝑡, 𝑛q
be polynomials in 𝑡 for each fixed 𝑛 > 0, satisfying 𝑀p𝑡, 𝑛q𝐴𝑛`1p𝑡q “
𝑁p𝑡, 𝑛q𝐴𝑛p𝑡q.
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If deg𝑁p𝑡, 𝑛q 6 𝑛 for some index 𝑛, then both polynomials necessarily
vanish, i. e.,

𝑀p𝑡, 𝑛q “ 0 and 𝑁p𝑡, 𝑛q “ 0.

Let 𝑇𝜃,𝑤 be a linear operator defined on the space 𝒫 that acts on any
polynomial 𝜑 as follows:

𝑇𝜃,𝑤p𝜑q “ 𝐷𝑤p𝜑q ` 𝜃𝐻´1p𝜑q, 𝜃 P C.

When 𝜃 “ 0, this operator simplifies to 𝐷𝑤 (additional details appear
in [11]). As 𝑤 approaches zero, we obtain the limit:

lim
𝑤Ñ0

𝑇𝜃,𝑤𝜑p𝑡q “ 𝜑1p𝑡q ` 𝜃
𝜑p𝑡q ´ 𝜑p´𝑡q

2𝑡
“ 𝑇𝜃𝜑p𝑡q,

where 𝑇𝜃 denotes the Dunkl operator introduced in [8] (further discussed
in [4]).

This limiting case highlights an integrating principle; the finite diffe-
rence operator with reflection symmetry naturally converges to the Dunkl
differential reflection operator. In this sense, the 𝑇𝜃,𝑤 operator can be
regarded as a discrete deformation of Dunkl operators, connecting contin-
uous and discrete orthogonal polynomial structures.

For the monomial sequence t𝑡𝑛`1u𝑛>0, the operator acts as:

𝑇𝜃,𝑤p𝑡
𝑛`1
q“

”

𝑛` 1` 𝜃
´1´ p´1q𝑛`1

2

ı̄

𝑡𝑛`
1

𝑤

𝑛´1
ÿ

𝑘“0

ˆ

𝑛` 1

𝑘

˙

𝑡𝑘𝑤𝑛`1´𝑘, 𝑛 > 1.

This expression clearly shows that the operator 𝑇𝜃,𝑤 reduces polynomial
degrees by one, that is, 𝑇𝜃,𝑤 is a lowering operator.

The additional parity-dependent term induced by 𝜃 demonstrates how
reflection symmetries interact with finite differences to yield non-trivial
modifications of the standard Appell sequences.

The transpose of 𝑇𝜃,𝑤 satisfies the adjoint relation:

p𝑇𝜃,𝑤q
𝑡
“ ´𝑇𝜃,´𝑤. (8)

This adjoint relation is critical because it allows us to transfer oper-
ator actions between the polynomial basis and its dual functional sys-
tem. Consequently, orthogonality conditions and recurrence properties
can be smoothly translated across primal and dual frameworks, ensuring
the structural consistency of the theory.
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For any MPS t𝐴𝑛u𝑛>0, there exists a monic polynomial p𝐴𝑛 of degree
𝑛 and a nonzero scalar 𝜃𝑛`1, such that

𝑇𝜃,𝑤𝐴𝑛`1p𝑡q “
`

𝐷𝑤𝐴𝑛`1
˘

p𝑡q ` 𝜃
`

𝐻´1𝐴𝑛`1
˘

p𝑡q “ 𝜃𝑛`1 p𝐴𝑛p𝑡q, 𝑛 > 0.
(9)

The constructed sequence t p𝐴𝑛u is called the sequence derived from t𝐴𝑛u
through the operator 𝑇𝜃,𝑤. The scaling coefficient 𝜃𝑛`1, which acts as a
normalization factor, is defined as follows:

𝜃𝑛`1 :“ 𝑛` 1` 𝜃

ˆ

1´ p´1q𝑛`1

2

˙

, 𝑛 > 0.

The alternating term
1´ p´1q𝑛`1

2
effectively acts as a parity-dependent

switch, taking value 1 (when 𝑛 ` 1 is odd, i. e., 𝑛 is even) and 0 (when
𝑛` 1 is even, i. e., 𝑛 is odd).

Definition 1. A MOPS t𝐴𝑛u𝑛>0 associated with the linear functional 𝑢0
is said to be 𝑇𝜃,𝑤-Appell classical when the derived sequence t𝑇𝜃,𝑤𝐴𝑛`1u𝑛>0

maintains orthogonality, where 𝑇𝜃,𝑤𝐴𝑛`1 “ 𝜃𝑛`1𝐴𝑛 for all 𝑛 > 0. When
this condition holds, we correspondingly describe 𝑢0 as a 𝑇𝜃,𝑤-Appell clas-
sical linear functional.

Consider now the dual basis t𝑢𝑛u𝑛>0 in the dual space 𝒫 1 that corre-
sponds to the primal sequence t𝐴𝑛u𝑛>0. By Lemma 1 and (8), we obtain
the important relation:

𝑇𝜃,´𝑤p𝑢𝑛q “ ´𝜃𝑛`1𝑢𝑛`1, 𝑛 > 0. (10)

This adjoint action, which maps each dual functional to a scaled version
of the next functional, will serve as our cornerstone result for subsequent
developments.

The MOPS t𝐴𝑛u𝑛>0 satisfies the standard three-term recurrence rela-
tion:

#

𝐴0p𝑡q “ 1, 𝐴1p𝑡q “ 𝑡´ 𝛽0,

𝐴𝑛`2p𝑡q “ p𝑡´ 𝛽𝑛`1q𝐴𝑛`1p𝑡q ´ 𝛾𝑛`1𝐴𝑛p𝑡q, 𝛾𝑛`1 ‰ 0, 𝑛 > 0,
(11)

where the transformed sequence t𝑇𝜃,𝑤𝐴𝑛u𝑛>0 defined in (9) maintains or-
thogonality.
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Now, we establish an operator product rule for arbitrary polynomials
𝜑, 𝜓 P 𝒫 :

𝑇𝜃,𝑤p𝜑𝜓q“pℎ´1𝜑q ¨ p𝑇𝜃,𝑤𝜓q ` 𝜓 ¨ p𝑇𝜃,𝑤𝜑q`p𝜑´ pℎ´1𝜑q `𝑤p𝐷𝑤𝜑qq ¨ p𝐷𝑤𝜓q.
(12)

This decomposition shows how the operator distributes across polynomial
products, featuring distinct interactions between the finite difference com-
ponent 𝐷𝑤 and the reflection operator ℎ´1.

3. Complete Classification of 𝑇𝜃,𝑤-Appell Classical Orthogonal
Polynomials. This lemma introduces a fundamental structural identity
that links the recurrence coefficients 𝛽𝑛 and 𝛾𝑛 to the action of the un-
derlying operator. The novelty lies in the operator-based approach, which
allows these coefficients to be characterized through explicit algebraic rela-
tions rather than through ad hoc polynomial manipulations. The method
relies on exploiting the compatibility between the recurrence relation and
the operator action, leading to identities that hold for a family of orthog-
onal polynomials depending on free parameters. These parameters play
a crucial role in controlling the deformation of the classical structure and
enable the extension to broader classes of polynomial families.

Lemma 3. For any 𝑇𝜃,𝑤-Appell classical sequence t𝐴𝑛u𝑛>0, the following
structural relations hold:

2𝑡` 𝑤

2𝑡
𝜃pℎ´1𝐴𝑛`1qp𝑡q “

„

𝜃𝑛`2 ´
𝛾𝑛`1
𝛾𝑛

𝜃𝑛 ´ 1`
𝑤𝜃

2𝑡



𝐴𝑛`1p𝑡q

`

„

𝛾𝑛`1
𝛾𝑛

𝜃𝑛p𝑡´ 𝛽𝑛q ´ p𝑡´ 𝛽𝑛`1 ` 𝑤q𝜃𝑛`1



𝐴𝑛p𝑡q, 𝑛 > 1. (13)

Additionally, the initial recurrence coefficients are constrained to satisfy:

𝛽0 “ ´
𝑤

2
, 𝛽1 “

𝑤

2
, 𝛽2 “

3𝑤

2
, and 𝛾2 “

2

1` 𝜃
𝛾1. (14)

Proof. The proof develops through several steps that use the recurrence
structure and operator properties:

Starting from the three-term recurrence (11) satisfied by our monic
orthogonal sequence:

𝐴𝑛`2p𝑡q “ p𝑡´ 𝛽𝑛`1q𝐴𝑛`1p𝑡q ´ 𝛾𝑛`1𝐴𝑛p𝑡q, 𝛾𝑛`1 ‰ 0, 𝑛 > 0. (15)

Applying the 𝑇𝜃,𝑤 operator to both sides of (15), using the product
rule (12), and utilizing the Appell classical property, we get:

𝜃𝑛`2𝐴𝑛`1p𝑡q “ ´𝜃𝑛`1p𝑡` 𝛽𝑛`1q𝐴𝑛p𝑡q ` p1` 𝜃q𝐴𝑛`1p𝑡q
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`p2𝑡` 𝑤qp𝐷𝑤𝐴𝑛`1qp𝑡q ´ 𝛾𝑛`1𝜃𝑛𝐴𝑛´1p𝑡q. (16)

This equation clarifies that the factor p2𝑡 ` 𝑤q reflects the scaling in-
duced by the finite difference operator 𝐷𝑤, while the coefficients 𝜃𝑛`1,𝜃𝑛`2
track the Appell-type shift. The presence of ´𝛾𝑛`1𝜃𝑛𝐴𝑛´1p𝑡q underlines
the coupling between forward and backward indices, which is the defining
property of classical orthogonal systems.

Substituting the definition 𝑇𝜃,𝑤 “ 𝐷𝑤`𝜃𝐻´1 into (16) and eliminating
𝐴𝑛´1 using the recurrence relation produces

𝜃𝑛`2𝐴𝑛`1p𝑡q “ 𝜃𝑛`1p𝑡´ 𝛽𝑛`1 ` 𝑤q𝐴𝑛p𝑡q ` p1` 𝜃q𝐴𝑛`1p𝑡q

`
2𝑡` 𝑤

2𝑡
𝜃pℎ´1𝐴𝑛`1qp𝑡q ´

2𝑡` 𝑤

2𝑡
𝜃𝐴𝑛`1p𝑡q

´
𝛾𝑛`1
𝛾𝑛

𝜃𝑛
`

p𝑡´ 𝛽𝑛q𝐴𝑛p𝑡q ´ 𝐴𝑛`1p𝑡q
˘

,

which proves the identity (13).
In this framework, the operator 𝐻´1, by construction, functions to

transform 𝐴𝑛`1 by coupling it with polynomials of a lower degree. The

multiplicative factor
2𝑡` 𝑤

2𝑡
is crucial for ensuring that the calculus struc-

tural properties of the operator remain sound and that no singularities
arise in the recurrence relations.

Letting 𝑛 “ 1 in (13), with explicit expressions:

𝐴1p𝑡q “ 𝑡´ 𝛽0,

𝐴2p𝑡q “ 𝑡2 ´ p𝛽0 ` 𝛽1q𝑡` p𝛽0𝛽1 ´ 𝛾1q,

generates two compatibility equations through coefficient matching:

2p𝜃 ` 1qp𝛽0 ` 𝛽1q “ 2p𝛽0 ` 𝛽2 ´ 𝑤q, (17)

2p𝛽0𝛽1 ´ 𝛾1q ` 𝛾2p1` 𝜃q ` 2p𝑤 ´ 𝛽2q𝛽0 “ 0 (18)

which consolidates to

𝜃𝛽0p𝛽0 ` 𝛽1q “ ´𝛾1 ` 𝛾2
1` 𝜃

2
. (19)

This intermediate identity highlights the precise balance among 𝛽0,
𝛽1, 𝛾1, 𝛾2. Such balances reveal underlying symmetries in the polynomial
system and explain why only specific parameter values are admissible.
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Now, evaluating the defining relation (9) at 𝑛 “ 1 gives:

𝜃2p𝑡´ 𝛽0q “ 2𝑡` 𝑤 ´ p𝜃 ` 1qp𝛽0 ` 𝛽1q,

and through degree comparison, we have:

𝛽0 ` 𝛽1 “
𝑤 ` 2𝛽0
𝜃 ` 1

. (20)

Similarly, letting 𝑛 “ 2 in (9) produces:

𝜃3𝐴2p𝑡q “ p3` 𝜃q𝑡
2
` p3𝑤 ´ 2p𝛽0 ` 𝛽1 ` 𝛽2qq𝑡` 𝑤

2
´ 𝑤p𝛽0 ` 𝛽1 ` 𝛽2q

` 𝛽0𝛽1 ´ 𝛾1 ´ 𝛾2 ` 𝛽2p𝛽0 ` 𝛽1q ` 2𝜃p𝛽0𝛽1 ´ 𝛾1 ´ 𝛾2 ` 𝛽2p𝛽0 ` 𝛽1qq.

Then, degree comparison combined with (20) gives

𝛽2 “ 2𝑤 ` 𝛽0, (21)

𝛽0p𝑤 ` 2𝛽0q “
1

2
p𝑤 ` 2𝛽0q

2. (22)

Equation (22) gives two cases:
Case 1 : If 𝑤 ` 2𝛽0 ‰ 0, then (22) forces 𝑤 “ 0. However, this contra-
dicts the parameter assumption that 𝑤 ‰ 0 (as required by the operator
definition).
Case 2 : If 𝑤 ` 2𝛽0 “ 0, we directly obtain 𝛽0 “ ´𝑤{2. Substitution into
(20) yields 𝛽1 “ 𝑤{2, then (21) gives 𝛽2 “ 3𝑤{2. Finally, (19) produces

𝛾2 “
2

1` 𝜃
𝛾1, which completes the proof. l

The following proposition establishes two coupled recurrence relations
that govern the behavior of the sequences p𝛽𝑛q and p𝛾𝑛q. These relations
provide structural constraints linking consecutive terms and highlight the
dependence on the parameters 𝜃𝑛 and 𝑤. In particular, equation (23) de-
scribes the evolution of 𝛽𝑛, while equation (24) determines the propagation
of 𝛾𝑛 for 𝑛 > 2.

Proposition 2. The sequences t𝛽𝑛u𝑛>0 and t𝛾𝑛`1u𝑛>1 satisfy the sys-
tem:

𝜃𝑛`2𝛽𝑛`2 “
`

1` p´1q𝑛𝜃
˘

𝛽𝑛`1 ` 𝜃𝑛`1𝛽𝑛 ` p2𝑛` 3q𝑤, 𝑛 > 0, (23)

´ 𝜃𝑛
𝜃𝑛´1

´
𝜃𝑛`2
𝜃𝑛

¯

𝛾𝑛 “ ´
2

𝜃𝑛´1
𝛾𝑛´1´𝛽𝑛p𝑤`𝛽𝑛q´𝛽𝑛`1p𝑤´𝛽𝑛`1q, 𝑛 > 2. (24)
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Proof. Using the operator relation (13), we process equation (15) through
two consecutive operations, application of the dilation operator ℎ´1, and
multiplication by the rational coefficient

𝜃
2𝑡` 𝑤

2𝑡
.

This particular choice of operator and multiplicative factor is not arbi-
trary. It is chosen to align the recurrence with the fundamental symmetry
of the problem and to balance the coefficients that appear in later steps.

This approach yields the following sequence of equalities:

pℎ´1𝐴𝑛`2qp𝑡q “ ´p𝑡` 𝛽𝑛`1qpℎ´1𝐴𝑛`1qp𝑡q ´ 𝛾𝑛`1pℎ´1𝐴𝑛qp𝑡q, 𝑛 > 0.

𝜃
2𝑡` 𝑤

2𝑡
pℎ´1𝐴𝑛`2qp𝑡q “ ´𝜃

2𝑡` 𝑤

2𝑡
p𝑡` 𝛽𝑛`1qpℎ´1𝐴𝑛`1qp𝑡q

´ 𝛾𝑛`1𝜃
2𝑡` 𝑤

2𝑡
pℎ´1𝐴𝑛qp𝑡q, 𝑛 > 0,

"

𝜃𝑛`3 ´
𝛾𝑛`2
𝛾𝑛`1

𝜃𝑛`1 ´ 1`
𝑤𝜃

2𝑡

*

𝐴𝑛`2p𝑡q

`

"

𝛾𝑛`2
𝛾𝑛`1

𝜃𝑛`1p𝑡´ 𝛽𝑛`1q ´ 𝜃𝑛`2p𝑡´ 𝛽𝑛`2 ` 𝑤q

*

𝐴𝑛`1p𝑡q

“ ´p𝑡` 𝛽𝑛`1q
!´

𝜃𝑛`2 ´
𝛾𝑛`1
𝛾𝑛

𝜃𝑛 ´ 1`
𝑤𝜃

2𝑡

¯

𝐴𝑛`1p𝑡q

`

´𝛾𝑛`1
𝛾𝑛

𝜃𝑛p𝑡´ 𝛽𝑛q ´ 𝜃𝑛`1p𝑡´ 𝛽𝑛`1 ` 𝑤q
¯

𝐴𝑛p𝑡q
)

´ 𝛾𝑛`1

!´

𝜃𝑛`1 ´
𝛾𝑛
𝛾𝑛´1

𝜃𝑛´1 ´ 1`
𝑤𝜃

2𝑡

¯

𝐴𝑛p𝑡q

`

´ 𝛾𝑛
𝛾𝑛´1

𝜃𝑛´1p𝑡´ 𝛽𝑛´1q ´ 𝜃𝑛p𝑡´ 𝛽𝑛 ` 𝑤q
¯

𝐴𝑛´1p𝑡q
)

.

The scaling by
2𝑡` 𝑤

2𝑡
introduces a rational correction that is essential

for producing well-structured coefficients for the comparison of terms.
A second application of the recurrence relation (15) gives the identity

𝑀p𝑡, 𝑛q𝐴𝑛`1p𝑡q “ 𝑁p𝑡, 𝑛q𝐴𝑛p𝑡q, 𝑛 > 2, (25)

where
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𝑀p𝑡, 𝑛q “ p𝜃𝑛`1 ´
𝛾𝑛`1
𝛾𝑛´1

𝜃𝑛´1q𝑡´ 𝜃𝑛`3𝛽𝑛`1 ´
𝛾𝑛`1
𝛾𝑛

𝜃𝑛𝛽𝑛`1

` p𝛽𝑛`2 ` 𝛽𝑛`1 ´ 𝑤q𝜃𝑛`2 `
𝛾𝑛`1
𝛾𝑛´1

𝜃𝑛´1𝛽𝑛´1 ` 𝑤𝜃 `
𝛾𝑛`1
𝛾𝑛

𝜃𝑛p𝑤 ´ 𝛽𝑛q,

and

𝑁p𝑡, 𝑛q “ p𝜃𝑛`1 ´
𝛾𝑛`1
𝛾𝑛´1

𝜃𝑛´1q𝑡
2

`

´𝛾𝑛`1
𝛾𝑛

𝜃𝑛p𝑤 ´ 𝛽𝑛 ´ 𝛽𝑛`1q ` 𝑤𝜃𝑛`1 `
𝛾𝑛`1
𝛾𝑛´1

𝜃𝑛´1p𝛽𝑛 ` 𝛽𝑛´1q
¯

𝑡

` 𝛾𝑛`1

´

2´
𝛾𝑛`2
𝛾𝑛`1

𝜃𝑛`1 `
𝛾𝑛
𝛾𝑛´1

𝜃𝑛

¯

`
𝛾𝑛`1
𝛾𝑛

𝜃𝑛𝛽𝑛𝛽𝑛`1`𝜃𝑛`1𝛽𝑛`1p𝑤 ´ 𝛽𝑛`1q

´
𝛾𝑛`1
𝛾𝑛´1

𝜃𝑛´1𝛽𝑛𝛽𝑛´1 ´
𝛾𝑛`1
𝛾𝑛

𝜃𝑛𝛽𝑛p𝑤 ´ 𝛽𝑛q.

Since (25) must hold for all 𝑡, Lemma 2 implies 𝑀p𝑡, 𝑛q “ 𝑁p𝑡, 𝑛q “ 0
for all 𝑛 > 2.

Thus from 𝑁p𝑡, 𝑛q “ 0 we obtain the recurrence

𝛾𝑛`1 “
𝜃𝑛`1
𝜃𝑛´1

𝛾𝑛´1, 𝑛 > 2. (26)

This decouples the 𝛾–sequence from the 𝛽–sequence.
Next, the remaining part of 𝑁p𝑡, 𝑛q “ 0 gives the constraint

𝛾𝑛`1
𝛾𝑛

𝜃𝑛p𝑤 ´ 𝛽𝑛 ´ 𝛽𝑛`1q ` 𝑤𝜃𝑛`1 `
𝛾𝑛`1
𝛾𝑛´1

𝜃𝑛´1p𝛽𝑛 ` 𝛽𝑛´1q “ 0. (27)

Substituting (26) into (27) yields

𝛾𝑛`1
𝛾𝑛

𝜃𝑛
`

𝑤 ´ 𝛽𝑛 ´ 𝛽𝑛`1
˘

“ ´𝜃𝑛`1
`

𝑤 ` 𝛽𝑛 ` 𝛽𝑛´1
˘

. (28)

Similarly, the remaining conditions from 𝑀p𝑡, 𝑛q “ 0 are simplified,
using (26) and (28), to

𝜃𝑛`2𝛽𝑛`2 “ p𝜃𝑛`3´𝜃𝑛`2q𝛽𝑛`1`𝜃𝑛`1𝛽𝑛`p𝜃𝑛`1`𝜃𝑛`2q𝑤´𝑤𝜃, 𝑛 > 0. (29)

Using the explicit form

𝜃𝑘 “ 𝑘 ` 𝜃
1´ p´1q𝑘

2
,
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we verify that

𝜃𝑛`3 ´ 𝜃𝑛`2 “ 1` p´1q𝑛𝜃, p𝜃𝑛`1 ` 𝜃𝑛`2q𝑤 ´ 𝑤𝜃 “ p2𝑛` 3q𝑤,

which rewrites (29) exactly as (23).
Finally, eliminating 𝛾𝑛`1 and 𝛾𝑛`2 from the constant term of𝑁p𝑡, 𝑛q“0

using (26) yields (24). This completes the proof. l

The relations obtained in Lemma 3 and Proposition 2 show that the
sequences t𝛽𝑛u and t𝛾𝑛u are completely determined by a finite set of initial
parameters. In fact, the values of 𝛽0 and 𝛽1 are fixed by Lemma 3, and the
recurrence (23) determines all subsequent 𝛽𝑛. Hence, the sequence t𝛽𝑛u
depends only on the parameters 𝑤 and 𝜃.

Similarly, Lemma 3 fixes 𝛾2 in terms of 𝛾1, and the recurrence (24)
determines all remaining 𝛾𝑛. Therefore, once 𝛾1 ‰ 0 is chosen, the entire
sequence t𝛾𝑛u is uniquely determined. Consequently, for fixed parameters
p𝑤, 𝜃q, a 𝑇𝜃,𝑤-Appell classical OPS depends on a single free parameter 𝛾1.

Theorem 1. Let t𝐴𝑛u𝑛>0 be a 𝑇𝜃,𝑤-Appell classical orthogonal polyno-
mial sequence. Then, by Lemma 3 and Proposition 2, its recurrence coef-
ficients t𝛽𝑛u and t𝛾𝑛u are uniquely determined by the parameters p𝑤, 𝜃q
and a single free parameter 𝛾1 ‰ 0. Moreover, t𝐴𝑛u is a 𝐷´𝑤-semiclassical
orthogonal polynomial sequence of class one.

Proof. Using equations (10) and (3), we obtain

𝑇𝜃,´𝑤p𝐴𝑛𝑢0q “ ´𝜒𝑛𝐴𝑛`1𝑢0, 𝑛 > 0. (30)

where

𝜒𝑛 :“ 𝜃𝑛`1
x𝑢0,𝐴

2
𝑛y

x𝑢0,𝐴2
𝑛`1y

“ 𝜃𝑛`1𝛾
´1
𝑛`1, 𝑛 > 0.

By applying the operator definitions from (1) and (2), we derive the
following relationship for all non-negative integers 𝑛 > 0:

p𝜏𝑤𝐴𝑛q𝐷´𝑤p𝑢0q ` p𝐷´𝑤𝐴𝑛q𝑢0 ` 𝜃pℎ´1𝐴𝑛qp𝐻´1𝑢0q ´ 𝜃p𝐻´1𝐴𝑛q𝑢0

“ ´𝜒𝑛𝐴𝑛`1𝑢0. (31)

Now, for 𝑛 “ 0 in (30), we obtain

𝑇𝜃,´𝑤p𝑢0q “ ´p1` 𝜃q𝛾
´1
1 𝐴1𝑢0. (32)
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For 𝑛 “ 1, equation (31) yields

p𝜏𝑤𝐴1q𝐷´𝑤p𝑢0q ` 𝜃pℎ´1𝐴1qp𝐻´1𝑢0q ` p1´ 𝜃q𝑢0 “ ´𝜒1𝐴2𝑢0.

Then

p𝑡´ 𝑤 ´ 𝛽0q𝐷´𝑤p𝑢0q ` 𝜃p𝑡´ 𝑤 ´ 𝛽0qp𝐻´1𝑢0q ` 𝜃p´2𝑡` 𝑤qp𝐻´1𝑢0q

“ p´𝜒1𝐴2 ` 𝜃 ´ 1q𝑢0.

According to (32), this becomes

´ p1` 𝜃q𝛾´11 p𝑡´ 𝑤 ´ 𝛽0q𝐴1𝑢0 ` 𝜃p´2𝑡` 𝑤qp𝐻´1𝑢0q

“ p´𝜒1𝐴2 ` 𝜃 ´ 1q𝑢0.

It follows that

𝜃p´2𝑡` 𝑤qp𝐻´1𝑢0q

“
`

´ 𝜒1𝐴2 ` 𝜃 ´ 1` p1` 𝜃q𝛾´11 p𝑡´ 𝑤 ´ 𝛽0q𝐴1

˘

𝑢0. (33)

Multiplying (32) by p´2𝑡` 𝑤q and substituting (33), we have

p´2𝑡`𝑤qp𝐷´𝑤𝑢0q`p´𝜒1𝐴2 ` 𝜃´ 1`p1` 𝜃q𝛾´11 p´𝑡´ 𝛽0q𝐴1q𝑢0“0. (34)

Using (2) with 𝜓p𝑡q “ ´2𝑡´ 𝑤, we get

𝐷´𝑤pp´2𝑡´𝑤q𝑢0q`
`

´𝜒1𝐴2`𝜃`1`p1`𝜃q𝛾´11 p´𝑡´𝛽0q𝐴1

˘

𝑢0“0. (35)

Then

𝐷´𝑤

´

p𝑡`
𝑤

2
q𝑢0

¯

`

´𝜒1

2
𝐴2 ´

𝜃

2
´

1

2
`

1

2
p𝜃 ` 1q𝛾´11 p𝑡` 𝛽0q𝐴1

¯

𝑢0 “ 0. (36)

Using the fact that 𝜒0 “ p1`𝜃q𝛾
´1
1 , 𝜒1 “ 2𝛾´12 and 𝐴2p𝑡q “ 𝑡2´p𝛽0`𝛽1q𝑡`

𝛽1𝛽0 ´ 𝛾1, we derive the fundamental governing equation for the linear
functional 𝑢0. This equation takes the form of the differential-difference
relation:

𝐷´𝑤

´´

𝑡`
𝑤

2

¯

𝑢0

¯

`
`

𝑎2𝑡
2
` 𝑎1𝑡` 𝑎0

˘

𝑢0 “ 0 for all 𝑛 > 0. (37)
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where the coefficients of the quadratic perturbation term are explicitly
determined by the recurrence parameters through these relations:

𝑎2 “ 𝛾´12 `
1

2
p𝜃 ` 1q𝛾´11 ,

𝑎1 “ ´p𝛽0 ` 𝛽1q𝛾
´1
2 ,

𝑎0 “ 𝛽0𝛽1𝛾
´1
2 ´ 𝛾1𝛾

´1
2 ´

1

2
p𝜃 ` 1q𝛾´11 𝛽2

0 ´
𝜃

2
´

1

2
,

or 𝛾2 “
2

1` 𝜃
𝛾1, which makes 𝑎2 ‰ 0. This non-vanishing leading coef-

ficient ensures the equation maintains its essential second-order charac-
ter. l

Remark. Since
Φp𝑡q “ 𝑡`

𝑤

2
,

the set of zeros of Φ reduces to the single point 𝑐 “ ´
𝑤

2
. In this case,

the non–degeneracy condition (7) reduces to a single verification at this
point.

Because the form 𝑢0 is regular and the recurrence coefficients satisfy
𝛾𝑛 ‰ 0 for all 𝑛, the Pearson equation (37) cannot degenerate into one of
lower degree. Hence, the condition (7) is automatically satisfied.

Therefore, according to the definition of 𝐷´𝑤– semiclassical forms, 𝑢0
is of class one.

Equation (37) represents a precise balance between two distinct actions
on the functional 𝑢0, where the first term applies the finite difference oper-
ator to the shifted functional and the second term represents a quadratic
perturbation of 𝑢0 by the polynomial 𝑎2𝑡2 ` 𝑎1𝑡` 𝑎0. The vanishing sum
of these operations constitutes a characteristic equation that constrains
the behavior of 𝑢0 under both shifting and polynomial multiplication op-
erations.

We illustrate Theorem 1 by considering the continuous limit 𝑤 Ñ 0.
In this limit, the Appell condition

𝑇𝜃,0𝐴𝑛`1 “ 𝜃𝑛`1𝐴𝑛, 𝜃𝑛`1 “ 𝑛` 1` 𝜃
1´ p´1q𝑛`1

2
,

has been completely characterized in the literature [4].
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The generalized Hermite polynomials t𝐻p𝜇q
𝑛 u𝑛>0 are orthogonal on R

with respect to the weight function

𝑤p𝑥q “ |𝑥|2𝜇𝑒´𝑥
2

, 𝜇 ą ´1
2
.

As established in [4], they satisfy the Dunkl–Appell relation

𝑇𝜇𝐻
p𝜇q
𝑛`1p𝑥q “

`

𝑛` 1` 2𝜇𝜒𝑛`1
˘

𝐻p𝜇q
𝑛 p𝑥q.

Setting 𝜃 “ 2𝜇, this matches our definition of 𝜃𝑛`1.
Moreover, in the limit 𝑤 Ñ 0, the Pearson-type equation (37) reduces

to
𝐷p𝑡𝑢0q ` p𝑎2𝑡

2
` 𝑎1𝑡` 𝑎0q𝑢0 “ 0.

For the generalized Hermite functional 𝑢0 defined by

x𝑢0, 𝑓y “

8
ż

´8

𝑓p𝑥q |𝑥|2𝜇𝑒´𝑥
2

𝑑𝑥,

this distributional equation is equivalent (for 𝑥 ‰ 0) to the differential
Pearson equation

𝑑

𝑑𝑥

`

𝑥𝑤p𝑥q
˘

`
`

2𝑥2 ´ p2𝜇` 1q
˘

𝑤p𝑥q “ 0,

which is straightforward to verify.
Finally, in the standard monic normalization (as in [4]), the recurrence

coefficients satisfy 𝛽𝑛 “ 0 and

𝛾2𝑛 “ 𝑛, 𝛾2𝑛`1 “ 𝑛` 𝜇` 1
2
,

so that 𝛽0 “ ´𝑤{2 “ 0 (since 𝑤 “ 0), and the relations in Lemma 3 and
Proposition 2 are fulfilled when 𝜃 “ 2𝜇.

Thus the generalized Hermite polynomials provide a concrete example
of a 𝑇𝜃-Appell classical OPS of class one, confirming that our general
𝑇𝜃,𝑤-Appell framework extends the known Dunkl–Appell theory to the
discrete–difference setting.

Conclusion. In this work, we provided a complete classification of
𝑇𝜃,𝑤-Appell classical orthogonal polynomial sequences and proved that
they are necessarily of class one. We established their fundamental struc-
tural properties, including explicit recurrence relations and a Pearson-type
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equation for the canonical functional, confirming their 𝐷´𝑤-semiclassical
character. These results unify and extend earlier Dunkl and 𝑞-Dunkl the-
ories within a single discrete–reflection framework. Further studies will
aim at constructing explicit examples and numerical realizations of the
families described in this classification.
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