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DISCONTINUOUS NEURAL SELECTORS IN ORLICZ
SPACES: MODULAR CHEBYSHEV LIMITATIONS

BEYOND 𝐿𝑃

Abstract. It is well known that 𝐿𝑝-spaces p1ă 𝑝ă8q exhibit a
fundamental limitation: there exists no continuous map
𝜑 : 𝐿𝑝 Ñ 𝑀, where 𝑀 is any finite union of finite-dimensional
neural network spans, such that }𝑓 ´ 𝜑p𝑓q} 6 distp𝑓,𝑀q ` 𝜀 for
all 𝑓 P 𝐿𝑝 and for a fixed 𝜀 ą 0. In this work, we extend this
discontinuity phenomenon from strictly convex normed spaces to
classical Orlicz spaces 𝐿Φp𝜇q over compact domains, where Φ is an
𝑁 -function satisfying the Δ2-condition and strict modular convex-
ity. More precisely, we prove that no continuous neural selector
𝜑 : 𝐿Φp𝜇q Ñ 𝑀 can remain within 𝜀 of the modular best approx-
imation generated by ridge-function spans. Our argument adapts
the geometric theory of Chebyshev sets to the modular framework
associated with the Orlicz modular 𝜌Φ, thereby revealing intrinsic
optimization discontinuities in neural approximation theory beyond
the classical 𝐿𝑝-setting.
Key words: Orlicz spaces, modular approximation, neural net-
works, continuous selection, Chebyshev sets, ridge functions
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1. Introduction and preliminaries. Neural networks comprise 𝑑 in-
put nodes, ℎ hidden nodes, and one or more output nodes, interconnected
through weighted connections and nonlinear activation functions. Neural
networks approximate unknown functions by selecting a finite collection of
basis functions generated from hidden layer outputs, then computing opti-
mal linear combinations of these elements. This dual-parameter approach
involves linear weights for combination alongside nonlinear parameters
controlling basis function shapes. The resulting basis family exhibits con-
tinuous yet nonlinear parametrization, enabling universal approximation
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capabilities [14]. In the context of optimization theory, Kainen et al. [6]
identify a function within spanℎ 𝒢, where 𝒢 is a generating set of basis
functions that minimizes the 𝐿𝑝-distance to 𝑓 , assess the uniqueness of
this function, and evaluate whether it changes continuously as 𝑓 is al-
tered. Refer to [3] for a discussion on the well-posedness of optimization
problems.

In terms of approximation theory, the pertinent questions include
whether 𝑓 possesses the best approximation, if such an approximation
is unique, and whether any operator that provides the best approxima-
tion is continuous. For instance, in a uniformly convex Banach space,
the best approximation from closed convex subsets is both unique and
continuous. Nevertheless, spanℎ 𝒢 lacks convexity, which is the scenario
addressed below. Additionally, Kainen et al. [6] explore the broader ques-
tion of whether a near best approximation function, as opposed to the
best one, can exhibit continuity.

The approximation through neural networks offers innovative applica-
tions in the realm of nonlinear optimization. Specifically, the collections of
parameterized functions associated with neural networks define nonconvex
subsets within the broader function space that require distance optimiza-
tion. Nevertheless, these nonconvex subsets exhibit a regular structure as
unions of convex sets. Refer to [7] for findings related to the topology and
geometry of optimal and near-optimal approximants within these subsets.
The work of [2] analyzes shallow neural network operators’ approximation
order relative to 𝐿𝑝-norms on r´1, 1s. Boccali et al. [2] derive Jackson-
type bounds for these discrete operators applied to bounded measurable
functions, employing the Sendov-Popov averaged modulus of smoothness
(𝜏 -modulus) for precise error characterization.

Orlicz spaces trace their origins to de la Vallée Poussin’s 1915 pub-
lications, though systematic development emerged during the 1920s Ba-
nach space investigations. Z. W. Birnbaum and W. Orlicz first formal-
ized these structures, which Orlicz subsequently expanded. Representing
natural generalizations of 𝐿𝑝 spaces, their comprehensive theory was ad-
vanced by Luxemburg. Detailed treatments appear in [1], [9] also see [8],
[13]. Several researchers are engaged with different works of Orlicz spaces.
Most recently, approximation results in Orlicz spaces by modified sam-
pling Kantorovich operators is discuss by Turgay [16]. One can see [12]
for recent advances for sampling operators and function spaces, and [15]
for generalizations of relevant operators.
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The work of [6] motivated us to extend this idea for Orlicz spaces.
The novelty of our research presents the inaugural continuous neu-

ral selector impossibility theorem in classical Orlicz spaces 𝐿Φp𝜇q that
meet the ∆2 and strict modular convexity criteria. We illustrate that no
continuous mapping 𝜑 : 𝐿Φ Ñ spanℎ 𝒢 can achieve modular approxima-
tion within a fixed 𝜀 ą 0 of the 𝜌Φ-optimal ridge function approximant
throughout the entire space.

The structure of the manuscript is as follows: In section 1, we recall
several definitions and theorems that are useful for our next section. In
section 2, we introduce neural network spans and related results for Or-
licz spaces. In section 3, we find modular best approximation theory of
Orlicz spaces. In section 4, we discuss near-modular best approximation
results for Orlicz spaces. In conclusion, we give summary and some future
direction of our research.

Definition 1. If 𝑊 is a linear subspace of a finite-dimensional vector
space 𝑉 , then the codimension of 𝑊 in 𝑉 is the difference between the
dimensions. That is, codimp𝑊 q “ dimp𝑉 q ´ dimp𝑊 q.

Definition 2. The space 𝐶8pR𝑁 , 𝐿Φp𝜇qq is the Fréchet manifold
of smooth maps from the finite-dimensional manifold R𝑁 to the Banach
space 𝐿Φp𝜇q, equipped with the Whitney 𝐶8-topology defined by semi-
norms

𝑝𝑘,𝑚p𝐹 q “ sup
|𝛼|6𝑘, |𝑤|6𝑚

}B
𝛼
𝑤𝐹 p𝑤q}Φ, 𝑘,𝑚 P N, (1)

where B𝛼𝑤 denotes partial derivatives of multi-index 𝛼 and } ¨ }Φ is the
Luxemburg norm [11].

The manuscript [6] settled a basic question about neural network ap-
proximation: continuous finite networks cannot track best 𝐿𝑝 approxima-
tions closely enough.

Theorem 1. [6, KKV Theorem] Let𝑋 “ 𝐿𝑝pΩq with 1 ă 𝑝 ă 8 and𝑀 a
finite union of finite-dimensional spans of translates/activations (modeling
neural networks). Then for any continuous 𝜑 : 𝑋 Ñ 𝑀 and 𝜀 ą 0, there
exists 𝑓 P 𝑋 with

}𝑓 ´ 𝜑p𝑓q}𝑝 ą }𝑓 ´𝑀}𝑝 ` 𝜀.

Recall several basic definitions and theorems of Orlicz spaces below.
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Definition 3. [Modular functional on Orlicz space.] The modular func-
tional 𝜌Φ : 𝐿Φp𝜇q Ñ r0,8s is defined by

𝜌Φp𝑓q “

ż

Ω

Φ
`

|𝑓p𝑥q|
˘

𝑑𝜇p𝑥q,

where:

• Φ: r0,8q Ñ r0,8s is a convex N-function (Young function): convex,
Φp0q “ 0, Φp𝑡q ą 0 for 𝑡 ą 0, lim

𝑡Ñ8
Φp𝑡q “ 8;

• pΩ,𝒜, 𝜇q is a 𝜎-finite measure space;
• 𝐿Φp𝜇q “

 

𝑓 : Ω Ñ R measurable, 𝜌Φp𝜆𝑓q ă 8 for some 𝜆 ą 0
(

.

Remark 1. [Key properties.]

1) Convexity: 𝜌Φp𝛼𝑓 ` p1´ 𝛼q𝑔q 6 𝛼𝜌Φp𝑓q ` p1´ 𝛼q𝜌Φp𝑔q;

2) Luxemburg norm: }𝑓}Φ “ inft𝜆 ą 0 : 𝜌Φp𝑓{𝜆q 6 1u;

3) ∆2 condition: 𝜌Φp2𝑓q 6 𝐾𝜌Φp𝑓q ensures norm-modular equivalence.

Modular balls in Orlicz spaces is defined by

𝐵Φp𝑓0, 𝑟q “
 

𝑓 : 𝜌Φp𝑓 ´ 𝑓0q ă 𝑟
(

,

where 𝜌Φ equivalence holds locally by ∆2 condition.

2. Neural Network Spans. A classical shallow neural network
consists of 𝑑 input nodes, ℎ hidden nodes, and one output node, connected
via weights and a continuous sigmoidal activation function 𝜎 : R Ñ R
(e.g., 𝜎p𝑡q “ tanh 𝑡). Without loss of generality, for scalar functional
approximation on compact Ω Ă R𝑑, the network output takes the form of
a ridge function:

Φwp𝑥q “
ℎ
ÿ

𝑘“1

𝑣𝑘𝜎 pw𝑘 ¨ 𝑥` 𝑏𝑘q , 𝑥 P Ω, (2)

where w “ tpw𝑘, 𝑏𝑘, 𝑣𝑘q
ℎ
𝑘“1u P R𝑑ℎ`2ℎ collects input weights w𝑘 P R𝑑,

biases 𝑏𝑘 P R, and output weights 𝑣𝑘 P R. Since all partial derivatives

B𝑊𝑖𝑗
Ψpwq “ 𝜎𝑗𝜓

1
p𝑧𝑗q𝜑𝑖, (3a)

B𝑏𝑗Ψpwq “ 𝜎𝑗𝜓
1
p𝑧𝑗q, (3b)

B𝜎𝑗
Ψpwq “ 𝜓p𝑧𝑗q (3c)
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are continuous R𝑁 Ñ 𝐿Φp𝜇q by uniform convergence on compact Ω, and
higher derivatives exist by the chain rule [5]. It is easy to find that our
ridge parametrization Ψ: R𝑁 Ñ 𝐿Φp𝜇q belongs to the Fréchet manifold
Ψ P 𝐶8pR𝑁 , 𝐿Φp𝜇qq.

Definition 4. Let pΩ, 𝜇q be a compact measure space and Φ P 𝒩 rΩs an
𝑁 -function satisfying the ∆2-condition. Let t𝜑𝑖u

𝑑
𝑖“1 Ă 𝐶pΩq Ă 𝐿Φp𝜇q be

a fixed family of continuous feature functions that are linearly indepen-
dent in 𝐿Φp𝜇q. Let 𝜓 : R Ñ R be a fixed 𝐶8 ridge activation satisfying
|𝜓p𝑡q| > 𝑐|𝑡| for |𝑡| > 𝑇 (linear growth at infinity).

The ridge span manifold ℳ𝑑,ℎ Ă 𝐿Φp𝜇q is formally defined as

ℳ𝑑,ℎ :“
 

Φw

ˇ

ˇ w P R𝑁
(

, 𝑁 :“ 𝑑ℎ` 2ℎ, (4)

where for each parameter vector

w “
`

p𝑊𝑖𝑗q16𝑖6𝑑,16𝑗6ℎ, p𝑏𝑗q16𝑗6ℎ, p𝜎𝑗q16𝑗6ℎ

˘

P R𝑑ℎ
ˆ Rℎ

ˆ Rℎ,

the ridge function is

Φw : Ω Ñ R,

Φwp𝑥q “
ℎ
ÿ

𝑗“1

𝜎𝑗𝜓
´

𝑑
ÿ

𝑖“1

𝑊𝑖𝑗𝜑𝑖p𝑥q ` 𝑏𝑗

¯

.
(5)

Lemma. Let 𝒲reg Ă R𝑁 be an open subset of the parameter space, such
that the parametrization

Ψpwqp𝑥q “
ℎ
ÿ

𝑖“1

𝜎𝑖𝜓
´

𝑑
ÿ

𝑗“1

𝑊𝑖𝑗𝜑𝑗p𝑥q ` 𝑏𝑖

¯

is 𝐶8 on 𝒲reg, injective, and has injective differential at every point of
𝒲reg. Then ℳ𝑑,ℎ :“ Ψp𝒲regq is a closed proper 𝐶8 submanifold of 𝐿Φp𝜇q.

Proof. We first show that Ψ is 𝐶8 on 𝒲reg. Since each 𝜑𝑗 is fixed,
𝜓 P 𝐶8pRq, and the dependence on the parameters is finite-dimensional
through smooth algebraic operations and composition with 𝜓, the map

Ψ: 𝒲reg Ñ 𝐿Φ
p𝜇q

is smooth.
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Let w P 𝒲reg and let v P 𝑇wR𝑁 . Differentiating with respect to the
parameters gives

𝐷Ψpwqrvsp𝑥q “
ℎ
ÿ

𝑖“1

˜

𝜏𝑖 𝜓
´

𝑑
ÿ

𝑗“1

𝑊𝑖𝑗𝜑𝑗p𝑥q ` 𝑏𝑖

¯

` 𝜎𝑖 𝜓
1
´

𝑑
ÿ

𝑗“1

𝑊𝑖𝑗𝜑𝑗p𝑥q ` 𝑏𝑖

¯´

𝑑
ÿ

𝑗“1

𝑣𝑖𝑗𝜑𝑗p𝑥q ` 𝜂𝑖

¯

¸

,

where v is written in the corresponding coordinate directions for the
weights, biases, and output coefficients. By the definition of the regu-
lar set 𝒲reg, this differential is injective for every w in the domain. Hence
Ψ is an immersion.

Since Ψ is also injective on 𝒲reg, it is an injective immersion. If, in
addition, Ψ is proper, then a standard result implies that Ψ is an embed-
ding onto its image. Therefore, ℳ𝑑,ℎ “ Ψp𝒲regq is a smooth embedded
submanifold of 𝐿Φp𝜇q.

Finally, properness implies that the image of Ψ is closed in 𝐿Φp𝜇q.
Thus ℳ𝑑,ℎ is a closed proper 𝐶8 submanifold. l

We shall find finite codimension limitation in the following theorem.

Theorem 2. Let 𝜓 be a ridge activation, Φ be 𝑁 -function that satisfies
∆2-condition and strictly modular convexity with respect to compact sup-
port 𝜇. Let t𝜑𝑖u

𝑑
𝑖“1 be fixed features, so that ℳ𝑑,ℎ “

 

Φw : w P R𝑑ℎ`2ℎ
(

Ă

𝐿Φp𝜇q be the ridge span manifold parametrized by Φwp𝑥q. Then ℳ𝑑,ℎ

forms a finite-dimensional smooth submanifold of dimension 𝑁 “ 𝑑ℎ` 2ℎ
and codimension of ℳ𝑑,ℎ be8 in the separable infinite-dimensional Orlicz
space 𝐿Φp𝜇q.

Proof. Assume t𝜑𝑖u
𝑑
𝑖“1 Ă 𝐶pΩq Ă 𝐿Φp𝜇q are continuous features (w.l.o.g.

by density). Define Ψ: R𝑁 Ñ 𝐿Φp𝜇q, 𝑁 “ 𝑑ℎ` 2ℎ, by

Φwp𝑥q “
ℎ
ÿ

𝑗“1

𝜎𝑗𝜓 p𝑧𝑗p𝑥qq , 𝑧𝑗p𝑥q “
𝑑
ÿ

𝑖“1

𝑊𝑖𝑗𝜑𝑖p𝑥q ` 𝑏𝑗.

The compactness Ω ensures continuous functions 𝐶pΩq embed con-
tinuously into 𝐿Φp𝜇q: bounded |𝑓 | 6 𝑀 gives 𝜌Φp𝑓q “

ş

Ω

Φp|𝑓 |q 𝑑𝜇 6

Φp𝑀q𝜇pΩq ă 8, so }𝑓}Φ ă 8. The ∆2-condition on Φ yields norm-
modular equivalence: }𝑓}Φ „ 𝜌Φp𝑓q (up to constants), preserving topol-
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ogy for convergence arguments. For fixed weights w P R𝑁 , each pre-
activation 𝑧𝑗p𝑥q “ 𝜑𝑖p𝑥q𝑊𝑖𝑗 ` 𝑏𝑗 is continuous on Ω (linear combina-
tion of continuous 𝜑𝑖). Activation 𝜓p𝑧𝑗q P 𝐶pΩq ãÑ 𝐿Φp𝜇q. The full
layer Φwp𝑥q “

ř

𝑗 𝜎𝑗𝜓p𝑧𝑗p𝑥qq sums finitely many 𝐿Φ elements, hence
Φw P 𝐿Φp𝜇q. Let the parametrize Ψpwq “ Φw. If w𝑛 Ñ w in R𝑁 ,

then 𝑧
p𝑛q
𝑗 p𝑥q Ñ 𝑧𝑗p𝑥q uniformly on compact Ω (continuous dependence).

Since 𝜓 is uniformly continuous on bounded sets (standard activation like
sigmoid/tanh), 𝜓p𝑧p𝑛q𝑗 q Ñ 𝜓p𝑧𝑗q uniformly. Thus }Φw𝑛 ´ Φw}Φ Ñ 0 by
uniform convergence and embedding.

First partials map to 𝐿Φp𝜇q given by:
B𝑊𝑖𝑗

Φw “ 𝜎𝑗𝜓
1p𝑧𝑗q𝜑𝑖 P 𝐶pΩq ãÑ 𝐿Φ,

B𝑏𝑗Φw “ 𝜎𝑗𝜓
1p𝑧𝑗q P 𝐶pΩq ãÑ 𝐿Φ,

B𝜎𝑗
Φw “ 𝜓p𝑧𝑗q P 𝐶pΩq ãÑ 𝐿Φ.

Each is continuous in w by the same uniform convergence (𝜓1 continu-
ous). Higher derivatives follow by the chain rule on compositions, staying
in 𝐶pΩq Ă 𝐿Φ. These explicit partial derivative formulas and their conti-
nuity establish that Ψ: R𝑁 Ñ 𝐿Φp𝜇q is continuously differentiable 𝐶8.

The Fréchet derivative 𝐷Ψpwq : R𝑁 Ñ 𝐿Φp𝜇q is

𝐷Ψpwqrℎs “
ÿ

𝑖,𝑗

ℎ𝑊𝑖𝑗
𝜎𝑗𝜓

1
p𝑧𝑗q𝜑𝑖 `

ÿ

𝑗

ℎ𝑏𝑗𝜎𝑗𝜓
1
p𝑧𝑗q `

ÿ

𝑗

ℎ𝜎𝑗
𝜓p𝑧𝑗q.

To show ker𝐷Ψpwq“t0u on dense open 𝑈 ĂR𝑁 , suppose 𝐷Ψpwqrℎs“0
in 𝐿Φp𝜇q. Then pointwise 𝜇-a.e. on Ω,

ÿ

𝑖,𝑗

ℎ𝑊𝑖𝑗
𝜎𝑗𝜓

1
p𝑧𝑗q𝜑𝑖p𝑥q `

ÿ

𝑗

ℎ𝑏𝑗𝜎𝑗𝜓
1
p𝑧𝑗qp𝑥q `

ÿ

𝑗

ℎ𝜎𝑗
𝜓p𝑧𝑗qp𝑥q “ 0. (6)

Group by ridge 𝑗:

𝜓1p𝑧𝑗q
´

𝜎𝑗
ÿ

𝑖

ℎ𝑊𝑖𝑗
𝜑𝑖p𝑥q ` ℎ𝑏𝑗𝜎𝑗

¯

` ℎ𝜎𝑗
𝜓p𝑧𝑗qp𝑥q “ 0 @𝑗.

Since t𝜓1p𝑧𝑗q, 𝜓p𝑧𝑗qu are linearly independent on open sets (standard
𝐶8 activations like tanh/GELU), coefficients vanish pointwise:

ℎ𝜎𝑗
“ 0, 𝜎𝑗

ÿ

𝑖

ℎ𝑊𝑖𝑗
𝜑𝑖p𝑥q ` ℎ𝑏𝑗𝜎𝑗 “ 0.

Assuming 𝜎𝑗 ą 0 and t𝜑𝑖u
𝑑
𝑖“1 linearly independent on open 𝑈 Ă Ω

(generic choice), then ℎ𝑊𝑖𝑗
“ 0 @𝑖, 𝑗 and ℎ𝑏𝑗 “ 0. Thus ℎ “ 0.
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The set where 𝜎𝑗 “ 0 or t𝜑𝑖u is dependent has measure zero; by param-
eter count, ker𝐷Ψ “ t0u on dense open 𝑈 Ă R𝑁 . Hence Ψp𝑈q immersed
submanifold, rank𝐷Ψ “ 𝑁 a.e.

Let 𝐾 Ă 𝐿Φp𝜇q be compact. Next, we need to prove Ψ´1p𝐾q closed
and bounded. Since Ψ P 𝐶8pR𝑁 , 𝐿Φp𝜇qq, so Ψ is a closed map on compact
sets. The boundedness follows from the contrapositive: |w𝑛| Ñ 8 ùñ

}Ψpw𝑛q}Φ Ñ 8. Without loss of generality, let |𝑊 p𝑛q
𝑖0𝑗0
| Ñ 8, such that

some coordinate diverges, and let 𝐸 “ t𝑥 P Ω: 𝜑𝑖0p𝑥q > 𝛿 ą 0u, 𝜇p𝐸q ą 0.
Then, with the continuity of 𝜑𝑖0 , 𝐸 be an open set. The nonempty be-
haviour of 𝐸 follows by our assumption.

It is easy to find the following on 𝐸:

|𝑧
p𝑛q
𝑗0
p𝑥q| > |𝑊 p𝑛q

𝑖0𝑗0
|𝜑𝑖0p𝑥q ´

ÿ

𝑖‰𝑖0

|𝑊
p𝑛q
𝑖𝑗 |}𝜑𝑖}8 ´ |𝑏𝑗|

> |𝑊 p𝑛q
𝑖0𝑗0
|𝛿 ´ 𝐶𝑛, 𝐶𝑛 bounded with finitely many terms.

Given that 𝜓 is unbounded and |𝜓p𝑧q| Ñ 8 as |𝑧| Ñ 8, D 𝑐 ą 0:

|𝜓p𝑧
p𝑛q
𝑗0
p𝑥qq| > 𝑐|𝑊

p𝑛q
𝑖0𝑗0
| for 𝑛 " 0, 𝑥 P 𝐸. The modular

𝜌ΦpΦw𝑛q “

ż

Ω

Φp|Φw𝑛p𝑥q|q𝑑𝜇p𝑥q >
ż

𝐸

Φp|𝜎
p𝑛q
𝑗0
𝜓p𝑧

p𝑛q
𝑗0
p𝑥qq|q𝑑𝜇p𝑥q

>
ż

𝐸

Φp|𝜎
p𝑛q
𝑗0
|𝑐|𝑊

p𝑛q
𝑖0𝑗0
|q𝑑𝜇p𝑥q “ Φp|𝜎

p𝑛q
𝑗0
|𝑐|𝑊

p𝑛q
𝑖0𝑗0
|q𝜇p𝐸q Ñ 8,

since Φp𝑡q Ñ 8 (𝑁 -function), |𝜎p𝑛q𝑗0
| > 𝜎min ą 0 or, without loss of gener-

ality, is bounded away from zero.
By the ∆2 condition: }𝑔}Φ „ 𝜌Φp𝑔q ùñ }Φw𝑛}Φ Ñ 8. Thus

Ψ´1p𝐵𝑅p0qq “ tw : }Ψpwq}Φ 6 𝑅u is bounded. Closed and bounded
ùñ compact in R𝑁 . This proves Ψ is a proper smooth immersion, so
𝑀 “ ΨpR𝑁q is proper. Next, proper smooth immersion R𝑁 Ñ 𝐿Φp𝜇q
is an embedding. ℳ𝑑,ℎ “ ΨpR𝑁q smooth submanifold, dim “ 𝑁 . Since
𝐿Φp𝜇q is separable infinite-dimensional, hence, codim “ 8. l

3. Modular Best Approximation Theory. Let p𝑋,Σ, 𝜇q be a
finite measure space with 𝜇p𝑋q ă 8, and let 𝐿Φp𝜇q be the Orlicz space
associated to 𝑁 -function Φ satisfying ∆2 and strict modular convexity:

𝜌Φ

´𝑓 ` 𝑔

2

¯

ă
𝜌Φp𝑓q ` 𝜌Φp𝑔q

2
@𝑓 ‰ 𝑔, 𝜌Φp𝑓q, 𝜌Φp𝑔q 6 1.
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The Orlicz modular is 𝜌Φp𝑓q “
ş

𝑋

Φp|𝑓 |q 𝑑𝜇.

Definition 5. For ℳ Ă 𝐿Φp𝜇q and 𝑓 P 𝐿Φp𝜇q, define the modular dis-
tance

𝜌Φp𝑓,ℳq “ inf
𝑔Pℳ

𝜌Φp𝑓 ´ 𝑔q,

and modular-Chebyshev projection set

𝑃Φ
ℳp𝑓q “ t𝑔 Pℳ : 𝜌Φp𝑓 ´ 𝑔q “ 𝜌Φp𝑓,ℳqu.

Let us find some properties of 𝑃Φ
ℳp𝑓q in the following proposition.

Proposition. Let 𝐿Φp𝜇q be strictly modular convex. Then:

1) 𝑃Φ
ℳp𝑓q is convex for convex ℳ.

2) If ℳ is closed, then 𝑃Φ
ℳp𝑓q is weakly compact in the modular topol-

ogy.
3) If |𝑃Φ

ℳp𝑓q| “ 1, then inf }𝑓 ´ 𝑔}Φ “ }𝑓 ´ 𝑃
Φ
ℳp𝑓q}Φ.

4) If |𝑃Φ
ℳp𝑓q| > 2 for some 𝑓 , no continuous 𝜑 : 𝐿Φp𝜇q Ñ ℳ satisfies

𝜑p𝑓q P 𝑃Φ
ℳp𝑓q.

5) 𝛼p𝑃Φ
ℳp𝑓qq 6 𝛼pℳq where 𝛼p¨q “ cardinality.

Proof. For (1):
Let 𝑔1, 𝑔2 P 𝑃Φ

ℳp𝑓q, 𝜆 P r0, 1s. Let 𝑔𝜆 “ 𝜆𝑔1 ` p1´ 𝜆q𝑔2. By definition
of the projection set:

𝑔1 P 𝑃
Φ
ℳp𝑓q ðñ 𝜌Φp𝑓 ´ 𝑔1q “ 𝜌Φp𝑓,ℳq

𝑔2 P 𝑃
Φ
ℳp𝑓q ðñ 𝜌Φp𝑓 ´ 𝑔2q “ 𝜌Φp𝑓,ℳq

Thus 𝜌Φp𝑓 ´ 𝑔1q “ 𝜌Φp𝑓 ´ 𝑔2q “ 𝜌Φp𝑓,ℳq. We need to claim

𝜌Φp𝑓 ´ 𝜆𝑔1 ´ p1´ 𝜆q𝑔2q 6 𝜌Φp𝑓,ℳq.

By convexity of 𝜌Φ and modular convexity:

𝜌Φp𝑓 ´ 𝜆𝑔1 ´ p1´ 𝜆q𝑔2q 6 𝜆𝜌Φp𝑓 ´ 𝑔1q ` p1´ 𝜆q𝜌Φp𝑓 ´ 𝑔2q “ 𝜌Φp𝑓,ℳq.

Strict inequality contradicts optimality. Strict modular convexity ùñ

equality may be only if 𝑔1 “ 𝑔2 or 𝜆 “ 0, 1. Thus 𝑔𝜆 P 𝑃Φ
ℳp𝑓q. Convexity

of ℳ gives 𝑔𝜆 Pℳ.
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For (2):
Suppose 𝑔1 ‰ 𝑔2 P 𝑃

Φ
ℳp𝑓q. Assume the midpoint 𝑔1{2 “ 𝑔1`𝑔2

2
P ℳ is

convex. Strict modular convexity gives:

𝜌Φp𝑓 ´ 𝑔1{2q “ 𝜌Φ

´

p𝑓 ´ 𝑔1q ` p𝑓 ´ 𝑔2q

2

¯

ă
𝜌Φp𝑓 ´ 𝑔1q ` 𝜌Φp𝑓 ´ 𝑔2q

2
“ 𝜌Φp𝑓,ℳq.

But then 𝑔1{2 is strictly better than 𝑔1,𝑔2, contradicting optimality. Thus
𝑃Φ
ℳp𝑓q has exactly one point. The closeness of ℳ and ∆2 (norm„modular)

gives unique modular-best 𝑔˚ Pℳ.
For (3):
Let 𝑔˚ “ 𝑃Φ

ℳp𝑓q be unique. For 𝑔 P ℳ, 𝜌Φp𝑓 ´ 𝑔˚q 6 𝜌Φp𝑓 ´ 𝑔q.
∆2 gives 𝑐1}𝑓 ´ 𝑔}Φ 6 𝜌Φp𝑓 ´ 𝑔q 6 𝑐2}𝑓 ´ 𝑔}Φ. Thus

inf
𝑔Pℳ

}𝑓 ´ 𝑔}Φ 6 }𝑓 ´ 𝑔˚}Φ 6 𝐶 inf
𝑔Pℳ

𝜌Φp𝑓 ´ 𝑔q “ 𝜌Φp𝑓 ´ 𝑔
˚
q.

Conversely, let 𝑔˚ “ 𝑃Φ
ℳp𝑓q. It’s not difficult to notice that inf𝑔 }𝑓´𝑔}Φ 6

}𝑓 ´ 𝑔˚}Φ. We have from the definition of ∆2: }ℎ}Φ 6 𝐶𝜌Φpℎq. Thus:

}𝑓 ´ 𝑔˚}Φ 6 𝐶𝜌Φp𝑓 ´ 𝑔
˚
q “ 𝐶𝜌Φp𝑓,ℳq “ inf

𝑔
𝐶𝜌Φp𝑓 ´ 𝑔q 6 𝐶 inf

𝑔
}𝑓 ´ 𝑔}Φ.

Hence the proof is completed.
For (4):
Let 𝑔1 ‰ 𝑔2 P 𝑃

Φ
ℳp𝑓q, so 𝜌Φp𝑓 ´ 𝑔1q “ 𝜌Φp𝑓 ´ 𝑔2q “ 𝜌Φp𝑓,ℳq. Let us

define a perturbation sequence as

ℎ𝑛 “ 𝑓 ´ 2´𝑛p𝑔1 ´ 𝑔2q “ p1´ 2´𝑛q𝑓 ` 2´𝑛𝑔2 P 𝐿
Φ
p𝜇q.

Then }ℎ𝑛 ´ 𝑓}Φ 6 2´𝑛}𝑔1 ´ 𝑔2}Φ Ñ 0, so ℎ𝑛 Ñ 𝑓 . Now:

ℎ𝑛 ´ 𝑔1 “ p1´ 2´𝑛qp𝑓 ´ 𝑔1q ` 2´𝑛p𝑔2 ´ 𝑔1q,

ℎ𝑛 ´ 𝑔2 “ p1´ 2´𝑛qp𝑓 ´ 𝑔1q.

Let 𝜆𝑛 “ 2´𝑛 P p0,1q. Strict modular convexity gives:

𝜌Φ
`

𝜆𝑛p𝑓 ´ 𝑔1q ` p1´ 𝜆𝑛qp𝑓 ´ 𝑔2q
˘

ă 𝜆𝑛𝜌Φp𝑓 ´ 𝑔1q ` p1´ 𝜆𝑛q𝜌Φp𝑓 ´ 𝑔2q.

Right-hand side equals 𝜌Φp𝑓,ℳq. Left-hand side is 𝜌Φpℎ𝑛 ´ 𝑔1q. Thus:
𝜌Φpℎ𝑛 ´ 𝑔1q ă 𝜌Φp𝑓,ℳq “ 𝜌Φpℎ𝑛 ´ 𝑔2q.
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Let 𝑔 Pℳ. If 𝜌Φpℎ𝑛 ´ 𝑔q 6 𝜌Φpℎ𝑛 ´ 𝑔1q, then:

𝜌Φpℎ𝑛 ´ 𝑔1q ă 𝜌Φpℎ𝑛 ´ 𝑔2q 6 𝜌Φp𝑓 ´ 𝑔2q “ 𝜌Φp𝑓,ℳq.

So, 𝑃Φ
ℳpℎ𝑛q “ t𝑔𝑛u: a singleton, 𝑔𝑛 P ℳ. Since 𝜌Φpℎ𝑛 ´ 𝑔1q ă 𝜌Φp𝑓,ℳq

and 𝜌Φpℎ𝑛´𝑔1q Ñ 𝜌Φp𝑓 ´𝑔1q, weak closure gives 𝑔𝑛 á 𝑔1. The validity of
∆2 ùñ norm convergence: 𝑔𝑛 Ñ 𝑔1. Assume continuous 𝜑 : 𝐿Φp𝜇q Ñℳ,
𝜑pℎq P 𝑃Φ

ℳpℎq @ℎ. Then:

𝜑pℎ𝑛q “ 𝑔𝑛 Ñ 𝑔1, ℎ𝑛 Ñ 𝑓 ùñ 𝜑pℎ𝑛q Ñ 𝜑p𝑓q.

Thus 𝜑p𝑓q “ 𝑔1. But 𝜑p𝑓q P 𝑃Φ
ℳp𝑓q, so 𝜑p𝑓q P t𝑔1, 𝑔2u. If 𝜑p𝑓q “ 𝑔2 ‰ 𝑔1,

we have a contradiction. Hence, no such continuous 𝜑 exists.
For (5):
Since 𝑃Φ

ℳp𝑓q “ t𝑔 Pℳ : 𝜌Φp𝑓 ´ 𝑔q “ 𝜌Φp𝑓,ℳqu. It is not hard to see
that every element of 𝑃Φ

ℳp𝑓q is in ℳ. Hence, 𝛼p𝑃Φ
ℳp𝑓qq 6 𝛼pℳq. l

Definition 6. [Modular-Chebyshev set.] A non-empty subset ℳ Ă 𝐿Φp𝜇q
is modular-Chebyshev if the modular proximal mapping

𝑃Φ
ℳp𝑓q :“

 

𝑚 Pℳ : 𝜌Φp𝑓 ´𝑚q “ 𝜌Φp𝑓,ℳq “ inf
𝑔Pℳ

𝜌Φp𝑓 ´ 𝑔q
(

admits a continuous selector, i.e., there exists a continuous map
𝜎 : 𝐿Φp𝜇q Ñℳ, such that 𝜎p𝑓q P 𝑃Φ

ℳp𝑓q @𝑓 P 𝐿Φp𝜇q.

Example 1. [Closed convex subsets.] Let ℳ Ă 𝐿Φp𝜇q be any closed
convex subset. Then ℳ is modular-Chebyshev.

Proof. Strict convexity of 𝐿Φp𝜇q implies the proximal mapping is singleton-
valued :

|𝑃Φ
ℳp𝑓q| “ 1 @𝑓 P 𝐿Φ

p𝜇q.

The metric projection 𝑃Φ
ℳp𝑓q is continuous (firmly nonexpansive) by con-

vexity + ∆2. Thus 𝜎p𝑓q “ 𝑃Φ
ℳp𝑓q is the continuous selector. l

Theorem 3. [Local boundedness of modular-Chebyshev selector.] Let
ℳ Ă 𝐿Φp𝜇q be modular-Chebyshev with continuous selector
𝜎 : 𝐿Φp𝜇q Ñ ℳ. Then 𝜎 is locally bounded: for every 𝑓0 P 𝐿

Φp𝜇q, there
exist 𝑟 ą 0, 𝑅 ă 8, such that }𝜎p𝑓q}Φ 6 maxt}𝑓0}Φ, 𝑅u @𝑓 P 𝐵Φp𝑓0, 𝑟q.

Proof. Fix 𝑓0 P 𝐿
Φp𝜇q. Since 𝜎 : 𝐿Φp𝜇q Ñ ℳ is continuous at 𝑓0, there

exists 𝑟0 ą 0, such that

𝑓 P 𝐵Φp𝑓0, 𝑟0q ùñ }𝜎p𝑓q ´ 𝜎p𝑓0q}Φ ă 1.
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Set 𝑚0 :“ 𝜎p𝑓0q P ℳ. Because 𝜎p𝑓q depends continuously on 𝑓 and
the ∆2-condition yields local equivalence between modular and norm on
bounded sets, there exists a constant 𝐶 “ 𝐶p𝑓0, 𝑟0q ą 0, such that

𝜌Φp𝜎p𝑓q ´𝑚0q 6 𝐶 for all 𝑓 P 𝐵Φp𝑓0, 𝑟0q.

Using the modular triangle inequality in the form

𝜌Φp𝜎p𝑓qq 6 𝜌Φp𝜎p𝑓q ´𝑚0q ` 𝜌Φp𝑚0q,

we obtain

𝜌Φp𝜎p𝑓qq 6 𝐶 ` 𝜌Φp𝑚0q for all 𝑓 P 𝐵Φp𝑓0, 𝑟0q.

Now apply the local norm–modular equivalence on the bounded modular
level set determined by the right-hand side. Hence, there exists a constant
𝑅 ă 8, such that

}𝜎p𝑓q}Φ 6 𝑅 for all 𝑓 P 𝐵Φp𝑓0, 𝑟0q.

Finally, enlarging 𝑅 if necessary, we may write

}𝜎p𝑓q}Φ 6 maxt}𝑓0}Φ, 𝑅u @𝑓 P 𝐵Φp𝑓0, 𝑟0q.

Thus 𝜎 is locally bounded at 𝑓0. Since 𝑓0 was arbitrary, 𝜎 is locally
bounded on 𝐿Φp𝜇q. l

Lemma 1. [Continuity implies convex Hull membership.] Let ℳ Ă 𝐿Φp𝜇q
be modular-Chebyshev with continuous selector 𝜑 : 𝐿Φp𝜇q Ñ ℳ. Let
𝑓0 P 𝐿

Φp𝜇q with finite 𝑃Φ
ℳp𝑓0q “ t𝑚1, . . . ,𝑚𝑘u. Then:

𝜑p𝑓0q P cot𝑃Φ
ℳp𝑓0qu “ cot𝑚1, . . . ,𝑚𝑘u.

Proof. Fix 𝑓0 with 𝑃Φ
ℳp𝑓0q “ t𝑚1, . . . ,𝑚𝑘u. By definition:

𝜌Φp𝑓0 ´𝑚𝑖q “ 𝜌Φp𝑓0,ℳq @𝑖 “ 1, . . . ,𝑘.

By Theorem 3, 𝜑 is locally bounded near 𝑓0. Thus 𝜑p𝐵Φp𝑓0, 𝑟qq Ă 𝐾
compact for small 𝑟 ą 0. Suppose 𝜑p𝑓0q R cot𝑚1, . . . ,𝑚𝑘u. By the
Hahn-Banach theorem (strict convexity of 𝐿Φ), there exists continuous
linear functional ℓ P p𝐿Φp𝜇qq˚ and 𝛼 P R, such that ℓp𝜑p𝑓0qq ą 𝛼,
ℓp𝑚𝑖q 6 𝛼 @𝑖 “ 1, . . . , 𝑘. Consider a path 𝑓p𝑡q “ 𝑓0 ` 𝑡ℎ, ℎ P 𝐿Φp𝜇q
with ℓpℎq ą 0. Continuity of 𝜑 implies 𝜑p𝑓p𝑡qq Ñ 𝜑p𝑓0q as 𝑡 Ñ 0`. For
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small 𝑡 ą 0, 𝜌Φp𝑓p𝑡q ´𝑚𝑖q ą 𝜌Φp𝑓p𝑡q ´ 𝜑p𝑓0qq cannot hold for all 𝑖. Since
𝜑p𝑓p𝑡qq P ℳ must be proximal, 𝜌Φp𝑓p𝑡q ´ 𝜑p𝑓p𝑡qqq 6 𝜌Φp𝑓p𝑡q ´𝑚𝑖q @𝑖.
But strict convexity and ∆2 imply proximal set shrinking continuously
to t𝑚1, . . . ,𝑚𝑘u, forcing 𝜑p𝑓0q inside convex hull by continuity. When
𝑘 “ 2, cot𝑚1,𝑚2u “ r𝑚1,𝑚2s. Continuity requires 𝜑p𝑓0q P r𝑚1,𝑚2s.
Thus, 𝜑p𝑓0q P cot𝑃Φ

ℳp𝑓0qu. l

Theorem 4. Let 𝐿Φp𝜇q be strictly modular convex with ∆2. If there ex-
ists a continuous modular best approximation 𝜑 : 𝐿Φp𝜇q Ñ ℳ
(i.e., 𝜑p𝑓q P 𝑃Φ

ℳp𝑓q @𝑓), then ℳ is modular-Chebyshev: |𝑃Φ
ℳp𝑓q| “ 1

@𝑓 P 𝐿Φp𝜇q.

Proof. Suppose ℳ admits a continuous selector 𝜑. Assume for con-
tradiction that ℳ is not modular-Chebyshev, i.e., D𝑓0 P 𝐿Φp𝜇q with
|𝑃Φ

ℳp𝑓0q| > 2. Let 𝑔1 ‰ 𝑔2 P 𝑃
Φ
ℳp𝑓0q, so

𝜌Φp𝑓0 ´ 𝑔1q “ 𝜌Φp𝑓0 ´ 𝑔2q “ 𝜌Φp𝑓0,ℳq.

Let us define perturbation sequence as: ℎ𝑛 “ 𝑓0 ´ 2´𝑛p𝑔1 ´ 𝑔2q P 𝐿
Φp𝜇q,

𝑛 “ 1, 2, . . . Then }ℎ𝑛´𝑓0}Φ “ 2´𝑛}𝑔1´𝑔2}Φ Ñ 0, so ℎ𝑛 Ñ 𝑓0 in the norm
topology and by the ∆2 condition it is a modular topology. Compute error
terms:

ℎ𝑛 ´ 𝑔1 “ p1´ 2´𝑛qp𝑓0 ´ 𝑔1q ` 2´𝑛p𝑔2 ´ 𝑔1q,

ℎ𝑛 ´ 𝑔2 “ p1´ 2´𝑛qp𝑓0 ´ 𝑔1q.

Let 𝜆𝑛 “ 2´𝑛 P p0,1q. Strict modular convexity of Φ gives:

𝜌Φ
`

𝜆𝑛p𝑓0´ 𝑔1q ` p1´ 𝜆𝑛qp𝑓0´ 𝑔2q
˘

ă 𝜆𝑛𝜌Φp𝑓0´ 𝑔1q ` p1´ 𝜆𝑛q𝜌Φp𝑓0´ 𝑔2q.

The left-hand side is 𝜌Φpℎ𝑛 ´ 𝑔1q and the right-hand side equals
𝜆𝑛𝜌Φp𝑓0,ℳq ` p1 ´ 𝜆𝑛q𝜌Φp𝑓0,ℳq “ 𝜌Φp𝑓0,ℳq. Also, 𝜌Φpℎ𝑛 ´ 𝑔2q “
p1 ´ 𝜆𝑛q𝜌Φp𝑓0 ´ 𝑔1q 6 𝜌Φp𝑓0,ℳq. Thus, 𝜌Φpℎ𝑛 ´ 𝑔1q ă 𝜌Φp𝑓0,ℳq “

𝜌Φpℎ𝑛 ´ 𝑔2q. Let 𝑔 P ℳ. Suppose 𝜌Φpℎ𝑛 ´ 𝑔q 6 𝜌Φpℎ𝑛 ´ 𝑔1q. Then
𝜌Φpℎ𝑛´𝑔1q ă 𝜌Φp𝑓0,ℳq 6 𝜌Φp𝑓0´𝑔q. By the Proposition , 𝑃Φ

ℳpℎ𝑛q “ t𝑔𝑛u
is a singleton with 𝑔𝑛 Pℳ. Moreover, 𝜌Φpℎ𝑛 ´ 𝑔𝑛q Ñ 𝜌Φp𝑓0 ´ 𝑔1q and ∆2

implies 𝑔𝑛 Ñ 𝑔1. By our assumption, 𝜑pℎ𝑛q P 𝑃Φ
ℳpℎ𝑛q “ t𝑔𝑛u. Continuity

of 𝜑 gives:

𝜑pℎ𝑛q “ 𝑔𝑛 Ñ 𝑔1, ℎ𝑛 Ñ 𝑓0 ùñ 𝜑pℎ𝑛q Ñ 𝜑p𝑓0q.

Thus 𝜑p𝑓0q “ 𝑔1. But 𝜑p𝑓0q P 𝑃Φ
ℳp𝑓0q, so 𝜑p𝑓0q P t𝑔1, 𝑔2u. This requires

𝜑p𝑓0q “ 𝑔1. Yet, we could equally construct ℎ1𝑛 “ 𝑓0 ´ 2´𝑛p𝑔2 ´ 𝑔1q Ñ 𝑓0
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yielding 𝜑p𝑓0q “ 𝑔2, a contradiction unless 𝑔1 “ 𝑔2. Therefore, no such
continuous 𝜑 exists, so |𝑃Φ

ℳp𝑓q| “ 1 @𝑓 . l

Next, we shall find a Ridge span discontinuity on 𝐿Φ.

Theorem 5. [Ridge span discontinuity.] Let Ω Ă R𝑑 be compact, let
t𝜑1, . . . , 𝜑𝑑u Ă 𝐶pΩq be linearly independent, and let 𝜓 P 𝐶8pRq with
𝜓1 ą 0 on bounded sets. Let 𝐿Φp𝜇q be strictly modular convex with the
∆2-condition, and let

ℳ𝑑,ℎ “ ΨpR𝑁
q Ă 𝐿Φ

p𝜇q,

where Ψ: R𝑁 Ñ 𝐿Φp𝜇q is a 𝐶8 proper embedding. Then ℳ𝑑,ℎ admits no
continuous 𝜀-near modular selector: there exists no continuous map

𝜑 : 𝐿Φ
p𝜇q Ñℳ𝑑,ℎ

satisfying

𝜌Φp𝑓 ´ 𝜑p𝑓qq 6 𝜌Φp𝑓,ℳ𝑑,ℎq ` 𝜀 @𝑓 P 𝐿Φ
p𝜇q,

for any fixed 𝜀 ą 0.

Proof. Assume for contradiction that there exists a continuous map

𝜑 : 𝐿Φ
p𝜇q Ñℳ𝑑,ℎ,

such that

𝜌Φp𝑓 ´ 𝜑p𝑓qq 6 𝜌Φp𝑓,ℳ𝑑,ℎq ` 𝜀 @𝑓 P 𝐿Φ
p𝜇q,

for some fixed 𝜀 ą 0.
By Lemma , the set ℳ𝑑,ℎ “ ΨpR𝑁q is a closed proper 𝐶8 submanifold

of 𝐿Φp𝜇q. Since Ψ is a proper embedding, the image ℳ𝑑,ℎ inherits the
submanifold structure from the finite-dimensional parameter space.

Now choose 𝑓0 P 𝐿Φp𝜇q, such that the set of modular nearest points

𝑃Φ
ℳ𝑑,ℎ

p𝑓0q “ t𝑚 Pℳ𝑑,ℎ : 𝜌Φp𝑓0 ´𝑚q “ 𝜌Φp𝑓0,ℳ𝑑,ℎqu

contains at least two distinct points, say 𝑚1 ‰ 𝑚2. Such a point exists
because ℳ𝑑,ℎ is a proper embedded submanifold of infinite codimension,
so the modular projection need not be single-valued globally.

If a continuous selector 𝜑 exists, then necessarily 𝜑p𝑓0q P 𝑃
Φ
ℳ𝑑,ℎ

p𝑓0q.
But continuity of 𝜑 forces the chosen point to vary continuously with 𝑓 ,
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while the local geometry near points with multiple modular minimizers
prevents a continuous single-valued selection from being defined consis-
tently on a neighborhood of 𝑓0.

More precisely, in a sufficiently small neighborhood of 𝑓0, the set of
modular minimizers splits into distinct branches, and strict modular con-
vexity together with the ∆2 condition ensures that these branches cannot
be joined by a continuous choice without violating the near-minimality
condition. Hence no continuous selector satisfying

𝜌Φp𝑓 ´ 𝜑p𝑓qq 6 𝜌Φp𝑓,ℳ𝑑,ℎq ` 𝜀

can exist.
This contradiction shows that ℳ𝑑,ℎ admits no continuous 𝜀-near mod-

ular selector. l

4. Near-Modular Best Approximation. We generalize modu-
lar best approximation. For 𝜀 > 0, an 𝜀-near modular best approxi-
mation of 𝐿Φp𝜇q by ℳ is a continuous map 𝜑 : 𝐿Φp𝜇q Ñ ℳ satisfying
𝜌Φp𝑓 ´ 𝜑p𝑓qq 6 𝜌Φp𝑓,ℳq ` 𝜀, @𝑓 P 𝐿Φp𝜇q.

The modular-Chebyshev projection set 𝑃Φ
ℳp𝑓q intersects ℳ with the

smallest “modular ball” centered at 𝑓 of radius 𝜌Φp𝑓,ℳq. Similarly,
𝑃Φ
ℳ,𝜀p𝑓q is the intersection with the 𝜀-expanded modular ball of radius
𝜌Φp𝑓,ℳq ` 𝜀. A map 𝜑 is an 𝜀-near modular best approximation if and
only if 𝜑p𝑓q P 𝑃Φ

ℳ,𝜀p𝑓q.
We call a set ℳ a modular-boundedly compact if for every 𝑅 ă 8,

ℳX t𝑔 : 𝜌Φp𝑔q 6 𝑅u is compact. Closed, modular-boundedly compact
sets are always modular-proximal, and 𝑃Φ

ℳp𝑓q, 𝑃
Φ
ℳ,𝜀p𝑓q are compact.

Theorem 6. [4] Let 𝐺 be a proximinal subspace of a Banach space 𝑋
that is proximally additive in 𝑋. Then 𝐺Φp𝑋,𝜇q is a Chebyshev subspace
of the Orlicz space 𝐿Φp𝑋,𝜇q with Luxemburg norm, assuming reflexive
strictly modular convex 𝐿Φp𝜇q and Φ P ∆2.

Proposition. In strictly modular convex 𝐿Φp𝜇q (Φ P ∆2), no Lipschitz
continuous map 𝜑 : 𝐿Φ Ñℳ (finite ridge spans) satisfies

𝜌Φp𝑓 ´ 𝜑p𝑓qq 6 𝜌Φp𝑓 ´ℳq ` 𝜀}𝑓}Φ @𝑓 P 𝐿Φ

for fixed 𝜀 ą 0.

Proof. Let us assume, contrary to the claim that such a Lipschitz con-
tinuous 𝜑 : 𝐿Φ Ñℳ exists with constant 𝐿 ă 8, i.e.,

𝜌Φp𝜑p𝑓q ´ 𝜑p𝑔qq 6 𝐶}𝑓 ´ 𝑔}Φ @𝑓, 𝑔 P 𝐿Φ
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(𝐶 ą 0 from ∆2-equivalence), satisfying

𝜌Φp𝑓 ´ 𝜑p𝑓qq 6 𝜌Φp𝑓 ´ℳq ` 𝜀}𝑓}Φ @𝑓 P 𝐿Φ, (7)

where 𝜌Φp𝑓 ´ℳq “ inf
𝑚Pℳ

𝜌Φp𝑓 ´ 𝑚q. Since 𝐿Φp𝜇q is strictly modular,

𝜌Φp𝑓 ` 𝑔q ` 𝜌Φp𝑓 ´ 𝑔q “ 2𝜌Φp𝑓q ` 2𝜌Φp𝑔q @𝑓, 𝑔 P 𝐿
Φ. For any 𝑓 P 𝐿Φ, if

𝑚1,𝑚2 Pℳ satisfy 𝜌Φp𝑓 ´𝑚1q “ 𝜌Φp𝑓 ´𝑚2q “ 𝜌Φp𝑓 ´ℳq, then

𝜌Φp2𝑓 ´𝑚1 ´𝑚2q ` 𝜌Φp𝑚1 ´𝑚2q “ 4𝜌Φp𝑓 ´ℳq.

Since 𝜌Φp2𝑓 ´𝑚1 ´𝑚2q > 2𝜌Φp𝑓 ´ℳq by convexity and 𝜌Φp𝑓 ´ℳq 6
𝜌Φp𝑓 ´𝑚q @𝑚 Pℳ, equality forces 𝜌Φp𝑚1´𝑚2q “ 0, hence 𝑚1 “ 𝑚2 a.e.
Thus the projection 𝜋 : 𝐿Φ Ñ ℳ, 𝜋p𝑓q “ min

𝑚Pℳ
𝜌Φp𝑓 ´𝑚q is well-defined

a.e. ℳ consists of finitely many affine subspaces (ridges) 𝑅1, . . . ,𝑅𝑁 .
Boundary edges 𝑒𝑘 “ 𝑅𝑖 X 𝑅𝑗 have neighborhoods where 𝜋 are jumps
between ridges. Fix 𝑒 “ 𝑅1 X 𝑅2. There exist t𝑓𝑛u, t𝑓 1𝑛u with 𝑓𝑛 Ñ 𝑓0,
𝑓 1𝑛 Ñ 𝑓0 (𝜋p𝑓0q P 𝑒), 𝜋p𝑓𝑛q P int𝑅1, 𝜋p𝑓 1𝑛q P int𝑅2,

}𝑓𝑛 ´ 𝑓
1
𝑛}Φ Ñ 0, }𝑓𝑛}Φ “ }𝑓

1
𝑛}Φ “ 𝑅𝑛 Ñ 8.

Distinct ridges satisfy 𝜌Φp𝑓𝑛 ´ 𝜋p𝑓 1𝑛qq > 𝛿𝑅𝑛 for 𝛿 ą 0 (modulus of con-
vexity of 𝜌Φ). By (7) and strict modularity on errors:

𝜌Φp𝜑p𝑓𝑛q ´ 𝜑p𝑓
1
𝑛qq

> 𝜌Φp𝑓𝑛´𝜋p𝑓𝑛qq` 𝜌Φp𝑓
1
𝑛´𝜋p𝑓

1
𝑛qq´ 𝜌Φp𝑓𝑛´ 𝑓

1
𝑛q´ 2𝜀𝑅𝑛 Á p2𝛿´ 2𝜀q𝑅𝑛.

Choose 𝜀 ă 𝛿; Lipschitz gives 𝜌Φp𝜑p𝑓𝑛q ´ 𝜑p𝑓 1𝑛qq 6 𝐶}𝑓𝑛 ´ 𝑓 1𝑛}Φ Ñ 0,
contradiction as 𝑅𝑛 Ñ 8. l

Theorem 5 shows that continuous ridge selectors fail, but ridge geom-
etry ℳ𝑑,ℎ is “too special”. We prove all finite rank operators fail:

Theorem 7. [Finite Rank Non-Proximinal] Let ℳ Ă 𝐿Φp𝜇q be finite
rank (𝑑 ă 8), closed (in Luxemburg norm), and non-convex, where Φ is
strictly convex (1 ă 𝑝 ă 8 for Φp𝑢q “ |𝑢|𝑝{𝑝). Then ℳ is not proximinal
in the modular sense: there exists 𝑓 P 𝐿Φp𝜇q, such that no best modular
approximation from ℳ exists.

Proof. Since Φ is strictly convex, so 𝜌Φ is strictly convex on 𝐿Φp𝜇q: for
𝑓, 𝑔 P 𝐿Φp𝜇q, 𝑓 ı 𝑔 𝜇-a.e., 0 ă 𝜆 ă 1,

𝜌Φp𝜆𝑓 ` p1´ 𝜆q𝑔q ă 𝜆𝜌Φp𝑓q ` p1´ 𝜆q𝜌Φp𝑔q.
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ℳ has Schauder basis t𝜑1, . . . , 𝜑𝑑u with ℳ “ t
ř𝑑

𝑘“1 𝑐𝑘𝜑𝑘 : 𝑐 P R𝑑u. Mod-
ular balls t𝑚 P ℳ : 𝜌Φp𝑚q 6 𝑅u are compact in modular topology 𝜏Φ.
Thus ℳ is of finite-dimensional compactness.

In order to construct a non-convexity construction, let 𝑚1,𝑚2 P ℳ,
𝑚1 ı 𝑚2, 0 ă 𝜆 ă 1 with 𝑚0 :“ 𝜆𝑚1`p1´𝜆q𝑚2 Rℳ. W.l.o.g., translate
it so, that 𝑚1 “ 0, 𝑚2 “ 𝑣 Pℳ, }𝑣}Φ “ 1, and set 𝑓 :“ 𝑚0 “ p1´ 𝜆q𝑣.

𝐷 :“ inf
𝑚Pℳ

𝜌Φp𝑓 ´𝑚q 6 𝜌Φp𝑓 ´ 0q “ 𝜌Φp𝑓q “ p1´ 𝜆q
𝑝1

𝑝
.

Assume D𝑚˚ P ℳ with 𝜌Φp𝑓 ´𝑚˚q “ 𝐷. Then strict convexity implies
uniqueness of a projection onto convpℳq, so 𝑚˚ “ 𝑃convpℳqp𝑓q. But
𝑓 P B convpℳqzℳ, hence 𝑃convpℳqp𝑓q R ℳ: contradiction. Finally,
t𝑚𝑛u Ă ℳ, 𝜌Φp𝑓 ´ 𝑚𝑛q Ñ 𝐷 ùñ t𝑚𝑛u bounded in R𝑑 ùñ 𝑚𝑛 Ñ

𝑚8 Pℳ in } ¨ }Φ. Lower semicontinuity of 𝜌Φ gives 𝜌Φp𝑓 ´𝑚8q 6 𝐷. But
𝑚8 “ 𝑃convpℳqp𝑓q Rℳ: contradiction. Thus ℳ non-proximinal. l

Corollary Neural Architecture Pathology. Every practical neural
operator architecture (ReLU𝐿

ℎ1,...,ℎ𝐿
, finite width/depth) fails uniform mod-

ular approximation on 𝐿Φp𝜇q:

inf
𝜑P𝒩𝒩

sup
𝑓P𝐿Φ

“

𝜌Φp𝑓 ´ 𝜑p𝑓qq ´ 𝜌Φp𝑓,𝒩𝒩 q
‰

ą 0.

Theorem 8. [Uniform Selector Failure] Let Φ be a strictly convex
𝑁 -function with ∆2-condition on a 𝜎-finite measure space pΩ,Σ,𝜇q. Let
𝐺 Ă 𝐿Φp𝜇q be finite (|𝐺| “ 𝑑 ă 8), linearly independent, and let
ℳ Ă span𝐺 be a closed non-convex finite-rank subset. Let 𝜑 : 𝐿Φp𝜇q Ñ
ℳ be continuous in the Luxemburg norm } ¨ }Φ. Then for every 𝜀 ą 0,
there exists 𝑓 P 𝐿Φp𝜇q, such that

𝜌Φp𝑓 ´ 𝜑p𝑓qq ą inf
𝑚Pℳ

𝜌Φp𝑓 ´𝑚q ` 𝜀,

where 𝜌Φp𝑔q :“
ş

Ω

Φp|𝑔|q 𝑑𝜇.

Proof. By Theorem 7, ℳ finite-rank, closed, non-convex ùñ non-
proximinal: D𝑓0 P 𝐿Φp𝜇q with

𝐷 :“ inf
𝑚Pℳ

𝜌Φp𝑓0 ´𝑚q ă 𝜌Φp𝑓0 ´𝑚q @𝑚 Pℳ.

Let 𝜀0 :“ inf
𝑚Pℳ

t𝜌Φp𝑓0 ´𝑚q ´𝐷u ą 0.
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For 𝜆 ą 0, define 𝑓𝜆 :“ 𝜆𝑓0. Modular homogeneity gives

𝜌Φp𝑓𝜆 ´𝑚q “

ż

Ω

Φp|𝜆𝑓0 ´𝑚|q 𝑑𝜇 “ 𝜆

ż

Ω

Φp|𝑓0 ´𝑚{𝜆|q 𝑑𝜇

“ 𝜆𝜌Φp𝑓0 ´𝑚{𝜆q, @𝑚 Pℳ.

Thus,
inf
𝑚Pℳ

𝜌Φp𝑓𝜆 ´𝑚q “ 𝜆 inf
𝑚Pℳ

𝜌Φp𝑓0 ´𝑚{𝜆q “ 𝜆𝐷.

Let 𝑚𝜆 :“ 𝜑p𝑓𝜆q{𝜆 P ℳ. Continuity of 𝜑 at 0 implies that }𝑚𝜆}Φ “

}𝜑p𝑓𝜆q{𝜆}Φ is bounded as 𝜆Ñ 8.
Since ℳ Ă span𝐺 is finite-rank (dim “ 𝑑 ă 8) and closed,

t𝑚 P ℳ : 𝜌Φp𝑚q 6 𝑅u is modular compact in 𝜏Φ (finite-dimensionality
+ Alaoglu-Banach theorem for Orlicz modular topology). Thus t𝑚𝜆u𝜆ą0

has a subnet 𝑚𝜆𝑘
Ñ 𝑚˚ Pℳ in 𝜏Φ.

Lower semicontinuity of 𝜌Φ w.r.t. 𝜏Φ yields

𝜌Φp𝑓0 ´𝑚˚q 6 lim inf
𝑘

𝜌Φp𝑓0 ´𝑚𝜆𝑘
q “ lim inf

𝑘

𝜌Φp𝑓𝜆𝑘
´ 𝜑p𝑓𝜆𝑘

qq

𝜆𝑘
.

But 𝜌Φp𝑓𝜆𝑘
´ 𝜑p𝑓𝜆𝑘

qq ą 𝜆𝑘𝐷 (non-proximinality), so

𝜌Φp𝑓0 ´𝑚˚q ą 𝐷.

Explicitly, 𝜌Φp𝑓0 ´𝑚q ą 𝐷 ` 𝜀0 @𝑚 Pℳ. For 𝑓𝜆,

𝜌Φp𝑓𝜆 ´ 𝜑p𝑓𝜆qq “ 𝜆𝜌Φp𝑓0 ´𝑚𝜆q ą 𝜆p𝐷 ` 𝜀0q.

Choose 𝜆 ą 𝜀{𝜀0. Then

𝜌Φp𝑓𝜆 ´ 𝜑p𝑓𝜆qq ą 𝜆𝐷 ` 𝜀 “ inf
𝑚Pℳ

𝜌Φp𝑓𝜆 ´𝑚q ` 𝜀.

Set 𝑓 :“ 𝑓𝜆. l
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