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Abstract. In this paper, we derive a new rational type common
fixed point theorem in a complete partial metric space considering
multi-valued mappings extending some existing concepts in litera-
ture. This work leads to a fixed point result which is utilized to
study the solution to nonlinear fractional delay differential inclusion
together with a periodic point result concerning the property P of
the mappings. A rational type interpolative fixed point theorem
is also included with application to fractional differential inclusion
with integral boundary condition. Suitable examples are provided
to demonstrate the results.
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1. Introduction. Rational type fixed point results have emerged
as a key generalization of the usual contraction principle. Rational type
fixed point theory is extensively used in solving differential equations, frac-
tional differential equations (FDEs), where solution operators show ratio-
nal growth. In [9], Gupta et al. used interpolative Boyd-Wong type and
Matkowski type contractions on partial b-metric space to establish some
fixed point theorems (FP7Ts). In 2023, Puvar et al. [14] discussed rational
type cyclic contraction via C-class functions in G-metric spaces with com-
mon fixed point result. In nonlinear analysis, delay fractional differential
inclusions (FDZs) have emerged as a significant area because they offer an
integrated framework for systems that feature memory, time delays, and
nonlinear phenomena. Delay FDEs are widely used in economic growth
model, population dynamics, signal processing, control systems, etc. In
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2025, Aldowah et al. [2] established rational type fixed point theorem to
provide an application to economic growth model. Kebede and Lakoud
[8] analyzed the existence and stability of solutions for a FDE model with
Atangana-Baleanu Caputo derivatives and vaccination in 2024. Further,
in 2025, El-Sayeed et al. [6] derived a unique solution to a constrained
problem of FDE and Hyers-Ulam stability result. Some more literature
can be found in [4], [7], [19], [20].

The use of multi-valued mappings in fixed point theory provides a
new scope considering different aspects mainly in optimization problem
with multiple solutions, control system with uncertain inputs, etc. The
discussion on fuzzy multi-valued mappings using graph theoretical aspects
in parametric metric space is done by Rafique et al. in [15]. Multi-valued
Kikkawa-Suzuki type FPT with stability analysis is studied in [22]. For
some detailed work in this direction, we refer to [13], [18].

In this paper, we focus on investigating the existence of solutions to
the Caputo fractional delay differential inclusion via rational type multi-
valued mapping with a variable coefficient given by

“Do(t) € Ao(t)e(t) + Ai(t)e(t — 7) + §(t, o(t), ot = 7)), t€[0,T]
with initial condition xz(t) = ¢(t), te[-7,0],

where “®¢ denotes the Caputo fractional derivative of order w. Here,
the Caputo fractional derivative describes memory effects or hereditary
effects, whereas delay terms represent the impact of past states after a
finite time delay.

In [21], Wang et al. discussed the existence and uniqueness of solution
to the above problem by considering Ay, A; as constant system matrices
of appropriate dimensions. As an extension of this work, in this paper
we consider Ag(-), A;(+) as functions dependent on time. This will help
us to deal with different time-dependent practical situations. For this, we
develop a rational type common FP7T in a complete partial metric space
(PMS), leading to a FPT, which is utilized to study the existence of
solution to different nonlinear problems. Although the nonlinear formula-
tion creates considerable challenges, yet it connects many areas including
fixed point theory, fractional differential equations, and multi-valued map-
pings. Following that, we also derive an interpolative hybrid FP7T, which
is used to investigate the solution to nonlinear FDZ with integral bound-
ary condition. The advantage of our rational type contraction condition
over classical contraction is that it is well-suited to the intrinsic structure
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of partial metric. Moreover, hybrid contractions frequently allow discon-
tinuous mappings that possess fixed points. Therefore, the results of the
paper are applicable to a larger family of operators dealing with real life
situations.

The study of periodic points is essential in nonlinear analysis to de-
scribe the repeated and cyclic behaviour of mappings. Moreover, analysing
periodic points gives a precise understanding of long-term dynamical sys-
tem and stability properties of nonlinear operators. In the last section of
the paper, we derive periodic point result considering the rational type
multi-valued mapping via property P.

For the convenience of the readers, we present the list of abbreviations
used throughout the discussion in the following manner:

FDE: Fractional differential equation;
FDI: Fractional differential inclusion;
FPT: Fixed point theorem;
PMS: Partial metric space.

2. Preliminaries. Before proceeding, let us revisit the key concepts
of the PMS.

For a non-empty set €, let p : Q x 0 — [0, 00) be a mapping satisfying
the following properties:

(i) 0<p(p,p) < plp,0),
(i) p(p,p) = p
(iii) p(p, o) = p(o, p),
(iv) p(p,n) < pp.o) +plo,n) — p(o,0),
for all p,o,n € Q. Here p is termed as a partial metric on {2 and the
pair (2, p) forms a PMS (refer to [12]). For example, on Q@ = R* u {0},
pi(e,9) = lo — 9] + lo| + 9], p2(e.¥) = [o — Y| + min{e,9} and
ps3(0,9) = |o — I + max{p,0} for all p, v € €2, are partial metrics.

In [12], Matthews defined the Cauchy sequence and convergence of

sequences in PMS. A sequence {o,} in (£2,p) is said to be Cauchy if and

only if lim p(o,,0,,) exists and is finite. A sequence {0, } is said to be
n, m— 00

(p,0) = p(o,0) if and only if p = o,

convergent to n in  if and only if lim p(o,,n) = lim p(o,,0,) = p(n,n).
n—aoo n—aoo

The pair (€2, p) is called complete if and only if every Cauchy sequence {0, }
in (£2, p) converges to some point 1 in Q, that is, p(n,n) = lim p(o,, o).
n, m—oo
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Given a PMS (€2, p), the induced metric p* : Q x Q@ — R in €, given
by p*(p,0) = 2p(p, o) — p(p, p) — p(o, o) for all p,o € Q, provides a metric
on 2 (refer to [5]).

Lemma 1.[5] Consider a PMS (2, p);
(i) A sequence {o,} is a Cauchy sequence in (2, p) if and only if {o,}
is a Cauchy sequence in the induced metric space (€1, p®).

(ii) (€, p) is complete if and only if the metric space (2, p*) is complete.
Moreover,

lim p®(o,,n) =0 iff p(n,n) = lim p(o,,n) = lm p(o,,on).
n—0o0

n—00 m, n—00

For a PMS (2, p), let P(2) denote the set of all subsets of 2 and
CBP(2) denote the set containing all non-empty closed and bounded sub-

sets of 2 with respect to p. For any A, B € CBP({), the partial Hausdorff
metric H,, is defined by

Hp(Av B) = maX{5P<A7 B)? 619(87 -’4)}’
where p(a, A) = inf{p(a,z) : x € A}, 0,(A,B) = sup{p(a,B) : a € A},
and 0,(B, A) = sup{p(b, A) : b € B} (refer to [3]).
Lemma 2. (3] Let (§2,p) be a PMS, A, B e CB(Q) and h > 1. For any
a € A, there exists b = b(a) € B, such that p(a,b) < hH,(A, B).
Next, we recall the basic definitions of FDE.

Definition 1. [10]| Given a function z € L*(]0, 1]), the Riemann-Liouville
fractional integral of order w > 0 is defined by

¢
o $(t— )2 2(s)d 0
I 2(t) = e §( ) tz(s)ds, w>

Z(t

~— =

, w=20.

Definition 2. [10| For a function z € AC"([0,1]), the Caputo fractional
derivative of order w > 0 is expressed as

t
1 t — g)n—w—1 (n) d 7 N
Cpe. s(t) = | T (S)( s) 2M(s)ds, w¢

M) (t), weN

I
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where 2™ (t) = %ﬁt) with n = |w|+ 1 and |w| represents the integer part

of real number w.

3. Main Results. First, we derive a rational type common FP7T in
a complete PMS.

Theorem 1. Suppose &,% : Q — CBP(Q) are two multi-valued map-
pings in a complete PMS (€2, p). For some k € |0, %), let & and ¥ satisfy
the condition:

p(o, &o)p(¥, V)
1+ p(o,9) ) (1)

for all o, € ). Then CF(&,%) # ¢, where CF(S,%) denotes the set of
common fixed point of & and ¥.

H, (S0, T0) < (max{p(o.), plo, So). (v, T9)} +

Proof. Suppose 0y € 2 and h € (1, i), k # 0 (for k = 0, we consider

h > 1). By Lemma 2, for po; € Sgy, there exists oo € T, such that
p(o1, 02) < WH,(S00,%01)

< hk (max{p(907 (Ql)7p<1907 6@0)717(4917‘:91)} +

(00, 600”(91501))

1+ p(00, 01)
< hk (max{p(go,gl),p@m 01),p(01,00)} + p(@o;?f;()){?éi);, Qz))
= hr(max{p(go, 01), p(01, 02)} + p(01, 02))- (2)

If (00, 01) <p(01,02), then from (2), p(o1, 02) <2hkp(01, 02), which gives
p(o1,02) = 0 and so, o1 = 0. Then p(0p, 01) = 0 and thus gy = o1 =
= 02 S CF(G,S)

If p(o1, 02) < p(o0,01), then p(o1,02) < hw{p(oo, 01) + p(01,02)}, i-e.,

hk
p(@h@?) < <1 — hlﬁ}>p(907gl> = 9]7(@07@1), where 0 =
Lemma 2, for g, € Tp; there exists o3 € Sp,, such that

p(02, 03) ShH,(To1, Go2) <hr(max{p(o1, 02), p(02, 03)} + P02, 03)). (3)

pr(@l? Q2) < p(@Za Q3)7 then from (3)7 p(@27 Q3> = 07 a’nd then p(gla QQ) = 0
Thus, 01 = 02 = 03 € CF(6,%).
Suppose  p(02,03) < ploi,02) From (3) we have

(o2, 03) < hrs{p(or, 02) +p(02, 05)}, 1. e, p(02, 03) <Op(o1, 02) <O?p(00, 01)-
Continuing in this way, we get a sequence {g,} in €, such that go,11 € Spa,

and 02,12 € 02,41 With

< 1. By
— hr

P(02n+1,09n+2) < hH (S 021, To2n+41)
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< hH(maX{p(QQna 02n+1 7p(Q2n+17 Q2n+2)} + p(QZn-i—la Q2n+2))'

)
If p(QQn; Q2n+1) < p(@2n+17 Q2n+2)7 then 02, = 02n+1 = O2n+2 € Cf<67 fs)-
Suppose p(02n+1, 02n+2) < P(02n, 02n+1). Then for n e N U {0},

(02011, 02ns2) < 0p(02n, 02ns1) < 07" 'p(00, 01)

and p(02n12, 02ns3) < 0*"?p(0o, 01). Thus, for each n € N U {0}, we have

P(0n;s 0nt1) < 0"p(00, 01)-

For all m,n € N, it is easy to see that p*(on, 0ntm) < 2(0n; Onsm)—0
as n — o and so, {0,} is a Cauchy sequence in ({2, p*). Using Lemma 1,
(2, p°) is complete, since (€2, p) is complete. So, there exists some u € €2,
such that gi_{rolops(gn,u) = 0. By Lemma 1

pu,u) = lim plon,u) = Hm p(en; om) = 0.
Now,
p<u7 6u> < p(ua Q2n+2) + Hp(Gua 592n+1>

< p(ua Q2n+2) + li[max{p(u, Q2n+1)7p<u7 6u)7p<92n+17 Q2n+2)}

p(u, Su)p(02n+1, 02n+2)]
L+ p(u, 02n+1)

Taking limit as n — o0, p(u, Su) < kp(u, Gu), i.e., p(u, Su) = 0 and so,
u e Gu.
Similarly, p(u,Tu) = 0, i.e., u € Tu. Consequently, u e CF(S,%). []
The following examples demonstrate the above theorem.

Example 1. Let Q = [0,1] and p(p,9) = max{p,9}. Then (€,p) is a
complete PMS. Let &,% : Q — CBP(2) be defined by

So = [0, g] and T = [0, g], 0eQ.
Now, for each g, ¢ € €Q,
: Y . v
sup inf p(u,v) ==, sup inf p(u,v) = —,
U,E[O,%] UE[O%] 6 UE[O,%] ue[ovg] 8

and

1
H,(So, TI) = max{g, g} < émax{g,ﬁ} = %, where v = max{p, J}.
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Also, p(o, 6p) = o, p(¥,%I) =9, p(o,¥) = v and so,

) = 1)

Thus, Theorem 1 is satisfied for % <K< % Clearly 0 € CF(6,%) here.

Example 2. Let Q = [0,1] and p(o,9) = |0 — 9| + |o| + |9, then (2, p)
is a complete PMS. Let two multi-valued mappings &,% : Q — CBP(Q)
be defined by Go = {%:neN}u{O} and Tp = {%:neN}u{O},
0 € (). For each p,9 € (), we have,

n(max{p(@, 9), (0, S0), p(0, TV)} + =

2 207 _ 2
- 2l 2
H,y(So, TI) max{ll, 13} <7 max{p, 0}.

Also, p(o,Sp) = 20, p(¥,TI) = 2¢9. Now, RHS of (1) is

400
L+ [o =9+ |of + |V

5(lo =91+ lof + 9] + ) > k(o = v+ lel + 19)).

2 1
So, for any value of k € [ﬁ’ 5), condition (1) is valid for all g, € .
Clearly, 0 € CF(6,%).

Corollary 1. Consider ¥ : Q — CBP(Q2) as a multi-valued mapping on
a complete PMS (Q,p). For 0 < k < %, if ¥ satisfies the condition

plo, To)p(V, TV)
1+ p(o,v)

for all p,9 € ), then F(%) # &, where F(¥) denotes the set of all fixed
points of T.

H, (S0, 50) < (max{p(o. V), plo, To), p(d, T0)} + ). @

Applying the above result, we now examine the solvability of a delay

FDI.
Consider the following Caputo FDZ with the variable coefficient:

Dy o(t) € Ao(t)o(t) + Ai(t)o(t — ) + F(t, 0(t), o(t — 7)), te[0,T] (5)

with initial condition o(t) = ¥(t), t € [-7,0], where “D% denotes the
Caputo fractional derivative of order 0 < w < 1, g : [-7,T] — R" is the

state vector, Ajg, A; are continuous and time dependent bounded linear
operators, § : [0,7] x R" x R* — CBP(R") is a multi-valued closed and
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bounded map and ¢ € C([—7, 0], R™) with ¢(0) # 0 € R™ is the past state

with the norm defined as [|¢)|| = sup W( )| (refer to [21]).
te[—T

The next lemma is similar to Theorem 3.1 of [21].

Lemma 3. If p: [—7,T] — R" is a continuously differentiable function,
such that

Y(t), te[-T,0]
o(t) = { ¥(0) + g5 §(t — s)*  [Ao(s)e(s) + Ai(s)o(s — 7)
+f(s,0(s),0(s —7))]ds, t € [0, T]

where f(s,0(s),0(s — 7)) € §(s,0(s),0(s — 7)), then o(t) is a solution to
the system (5).

Let Q = C([—7,T],R") with |o| = sup [o(t)||,0 € Q. Then Q is a

te[—7, T

O ey

complete PMS with p defined by
p(o,9) = llo = 9| + o] + [J] forall g, €. (6)

Theorem 2. For the FDZI (5), assume that the following conditions
hold:

(i) for all p,0 € Q and t € [0,T], f,(t) = f(t, 0(t),0(t — 7)),
fo(t) == f(t,9(t),9(t — 7)) € S(t o(t), o(t — 7‘)) be Lipschitz con-
tinuous with positive constant Ny, such that f(t,0,0) = 0 and for

any t € (0,71,

[£o(t) = Fo(®)] < Nollle(t) = d(@)] + lle(t — 7) = (¢ = 7)])-

(17) Ao, Ay : [0, T] — L(R™), (where L(R") is the space of all bounded
linear operators from R™ to R") be continuous and bounded opera-
tors with e4, = sup | Ao(t)|, ea, = sup [|Ai(t)| satisfying

te[0, T

te[0, T
£ (e, + €4, +2Ng) = 2|9
D(w + 1) 7o T o T 2R0n = A
Then the system (5) has a solution.
A I
Proof. Let M — ( ),h A= (ea +ea +2N0).
roof. Le 1\3psi0)] ~ where Tt 1)(6A0 eq 0)

Consider 2 and p as defined in (6). We take the closed and bounded subset
={oeQ:of < M}.



Rational type multi-valued mappings 9

Let T : Qa — CBP(Qp) be defined by

To=<u € Q:u(t) =< ¥(0)+ §(t—s)“’_1(Ao(s)g(s)+A1(s)g(s—T) , (7)
+f (s, 0(s), o(s — 7'))) ds, t€[0,T]
where f(s, 0(s),0(s — 7)) € §(s, 0(s), 0(s — 1)).
Let 0,9 € Q¢ be arbitrary. For u e Tp, ve TY and t € [0,T],

Ju(t) H [ Ao10t6) + Ar)ets =)+ 1) ds

———Jt—s HAo(8)0(s) + As(s)9(s — 7) + fols)) ds

1 w— 1
f?‘! — 5[ (| Ao (s)] (s) — B(s)]

+ [A(s)o(s — ) = 0(s = 1) + I fo(s) = fo(s)]]) ds

Taking sup over s € [0, 7], we get

Ju(t ju 1 ((eas + €ale — 9]
0

D(w)
+ sup_[No(lo(s) = 9(s)] + |e(s — 7) = d(s — 7)])]]) ds

s€(0,T

1
" Tw) f [t —s|“ " (e, + €a, +2No)|o— V| ds. (8)

w

2
F(w+1) (6A0+6A1+ ./\/E)),

Again, taking sup over ¢ € [0, 7] and using A =
we get,

[Nw+1)

(eay +ea, +2No)le =0 = Ale=9].  (9)

Ju =l <
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Also,

t

Ju(®)] < JL0)] + ﬁ f [t = 5“7 (1o ()] lo(s)]

+ [ Au(s)[le(s = ) + [ f(s)]) ds

t

[ 1= s ealeto)l + ealets = )l

<wmﬂ+ﬁ5

+ No(lle(s)] + lle(s = 7)) ds

So, [ul < [¥(0)] + Alel.
Similarly, [v] < ¢ (0)] + A[J]. Now,

Hp(T0,20) < sup plu,v) = sup (Jlu— o] + Juf + [of)

UET ,VETY UET,vETY
< Ap(e; 9) + 2[¢(0)]. (10)
. A .
Agam plo, ) < 2([of +[9]) < 4M = o) Lie, L+p(e,9) <

A

QW( Ik ie., 2P (0)] < T So, from (10):
A

H,(T0,29) < Ap(o, V) + w

(o, ‘Zg)p(ﬁ,‘w»
1+p(o,9) /°

Hence, condition (4) is satisfied for A = k. By Corollary 1, ¥ has a fixed
point, i.e., system (5) has a solution. []

< A((max{p(e. ¥). ploTe), p(?. TV)} +

Now, we illustrate the above result with the help of a numerical exam-
ple.

Example 3. Consider the following delay FDE:

C@ég(t) = <% + % sm(27rt)) o(t) + % cos(mt)o(t — 1)
+ % arctan(o(t)) + %sm(g(t))lcisif(t - 1)), te[0,1]
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with initial condition o(t) = %, te[—1,0].
Herenzl,Tzl,Tzl,wzé,
Aol) = —— + 2 Gn@rt), Ay(t) = - cos(rt),
751 625 975
folt) = g arctan(o(0)) + 5o AV HLEZD)_ py 1) o1 1)
and ¥(t) = 10;)0 We take 2 = C([—1, 1], R) with the sup-norm and the

complete partial metric on X' as defined by (6).
For each o,9 € Q and t € [0, 1]:

| fo(t)—fo(t)] < %| arctan o(t) — arctan 9(t)|

4
- 992(1 )
871IQ( ) = 9(@)] + @ (lo(t) = D(t)| + |o(t — 1) — O(t — 1)])
< 0.0160(t) — 9(t)| + 0.004]o(t — 1) — It — 1)]
<

0.016(]e(t) — 9()| + lo(t — 1) = 9(t = 1))).

So, for My = 0.016, condition (i) of Theorem 2 is satisfied. Clearly,
Ao, A; : [0,1] — L(R) are continuous and bounded linear operators with
e4, = 0.01, e4, = 0.009, and ||| = 0.001.
T(JJ
Also, m(e,% + e4, + 2No) = 0.57 > 2[¢(0)|, which shows that
w
condition (i7) is satisfied. Hence, by Theorem 2 the delay FDE has a
solution.
3.1. Rational type interpolative /PT and application to FDZ
with integral boundary condition.

| sin o(t) cos o(t — 1) — sin¥(t) cos I(t — 1)]

Theorem 3. Consider T : Q — CBP(2) as a multi-valued mapping on
a complete PMS (2, p). For k € [0,3) with 0 < v < 1, if T satisfies the
following condition:

H,(To, T9) < k(max{p(o,9), p(0,T0), p(¥, TI)})”
< (ple. 9)+ 2e Té’);p(ﬁ?w))l

(11)
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for all 9,9 € Q, then F(T) # <.
Proof. For oo € 2 and h € (1 L ) with k& # 0 (for k =0, we consider

) 2k
h>1), using Lemma 2, we generate a sequence {g,} in Q with o, € Tp,,_1,

n € N, such that
p(Qn7 Qn-i—l) < th((an—ly SQn)

By (11),

P(0n, 0nt1) < hu(max{p(on—1, 0n), P(0n; On+1)})”

P(0n—1,0n) ;p(en, 9n+1)>1—j (1)

X <p<Qn—17 on) +

If p(@n—l; Qn) < p(@na Qn-&-l)a then On—1 = On = On+1 is a fixed pOiIlt of T.
Suppose p(on, Ont1) < P(0n-1,0n). From (12),

P(0ns 0n+1) < hE(p(0n-1,0n))" (2D(0n-1, 0n))" "
= k"p(00, 01), where k = 2" 7hk.

Proceeding in a manner similar to Theorem 1, we can show that {g,} is a
Cauchy sequence in (£2,p), and for some u € §)

pluu) = lim p(e,,u) = lim_p(on, om) = 0. (13)
Now,

p(u, Tu) < Hp(u, ons1) + (Ton, Tu)
< p(u, 0pt1) + K(max{p(on, u), p(0n, Ton), p(u, Tu)})”

p(0n, Toy) + p(u, 3’%6))”
5 .

(p(@m u) +

Taking limit as n — oo,
1 1=y K
plu, Tu) < w(pu, T)) (Sp(w,Fu)) = Splu,Tu).
So, p(u, Tu) = 0, and thus u € Tu. []

Example 4. Consider €2, p and ¥ as in Example 1. Then #H,(Tp, TY) =
= £p(0, ) and (11) is satisfied for k€[4, 3). So, by Theorem 3, F(T) # .
Clearly 0 € F(%) here.
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Example 5. Suppose @ = {27 : n = 0,1,2,...} u {0} and
p(o0,0) = |o—v|+]|o|+|J| is such that (€2, p) is a complete PMS. Consider
T :Q — CBP(Q2) defined by

0 =0
go— 110h 0
2=+ 0}, 0=2"", n=0,1,2,...

For each o, € (2, we consider the following cases:
Case 1. When p = 9 = 0; then condition (11) is trivially true.
Case 2. When p =0, v =277,

1
sup inf p(u,v) =0 and sup inf p(u,v) = —.
ue{0} vET2T" veto—n ue{0} 2n

1
So, Hy(To, V) = 5o Again, plo,d) = 27", ple,Te) = 0 and
p(9, %) = 217", Thus,

r(max{p(e, V), p(e, To), p(ﬁ,msx)})v(p(g, 9) + oo ;p(ﬁ, w)>u
3\ 1=

= k(212N 4 27T = 2l (5) a4

For k = 55, v = 5 and using (14), we see that (11) is satisfied.
Case 3. When p =9 =277,

H, (T, 30) = max{zin, 2%} = ZL”

Also, p(o,9) = 2", p(o, To) = p(¥,TVI) = 2'~". Now,

k(max{p(o,9), p(o,%To), p(¥, TY)})" (p(Q, 9) + p(o,%o) J;p(a?, Tﬁ))l—v

= k(21722 = g2 (15)

Taking x = 5, v = 3 and using (15), condition (11) is satisfied. Thus, all
the conditions of Theorem 3 are fulfilled. Clearly, 0 € F(7T) here.

The following interpolative FPT of Hardy-Rogers type can also be
derived.
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Theorem 4. Let T : Q) — CBP(Q2) be a multi-valued mapping in a com-
plete PMS (2, p). For k € [0,1) and v € (0,1), T satisfies

p(o, T) +p(V, TQ)) 1=
1+ 2p(o0,9)

H,(To, T9) < w(max{p(o, ), p(o, To), p(ﬁafﬁ)})7<

Then ¥ has a fixed point.

The proof of the above result is analogous to Theorem 3.
Now, we apply Theorem 3 to the following nonlinear FDZ with integral
boundary conditions.

“Dio(t) e F(t,ot) O<t<l1l,1<w<?2)
£
with  0(0) =0, o(1) = Jx(s) ds (0<¢&<1).

Let Q = C([0, 1], R), which is a complete PMS with

ple,0) = o = V| + el + [,

for each p, 9 € Q, where [0 = sup |o(s)|. Define T : Q — CBP(Q) by

s€[0,1]
To = {u eN:u(t) = ﬁ J(t —8)* 1 f(s,0(s)) ds

1
_ wl
- e Ojl S F (5, ols)) ds

PSR (] —m)*~ f(m, o(m))dm ) ds, te[0,1]¢, (17)
e ([ ) |

where f(t, 0(t)) € (t, o(t)).
Theorem 5. Consider the FDZ (16). Assume that the following condi-

tion holds: for each g € §(t, o(t)) and o,9 €  with 1 < w < 2, such that
g(m,0) =0 and

MNw+1)

lg(m, o(m)) — g(m,¥(m))| < =

lo(m) —9(m)| for all m € [0,1].
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Then the system (16) has a solution.

Proof. Let T: Q — CBP(Q) be as given by (17) and o, € . For u € Ty,
v € T1¥, we have

JW*SV*Hﬂ&m@%ﬂ&W@N@

LA f<1_5>w1|f<s,g<s>>—f(sn9<s>)\ds

TE f(fb—mw*UWLMm»—f@uwm»mm)@)

1

(ﬁt 5 lefs) =0(s) s+ 52 [(1-91* oo~ 5] ds

0

+2?gf(fw—nw1mmw—wmnw0dg.

Taking sup over s € [0, 1],

ult) — ol0)) < S lo w<f| 1) ds

2t
(1—s)“" 1d$~|—

S

j(!smw1mﬁd9-

_|_

Again, taking sup over t € [0, 1],

1 T(w 1)<1+( 2 1 g1

=0l < Fo5 =3 2_5%;+X2_8%mu+n)w—ﬁh

1
Le, |u—v| < 5”@—19“. Also,
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1/ o o [
!MWéﬁ@(!Wﬂ>Ivﬁw@ﬂﬁ+2£4ﬁ—@ (s, (5)) | ds

+ 23—2216 (f |5 —m|*"![f(m, o(m))] dm> dS)

1

I T(w+ o1 2t 1 (s ds
<ﬁ5_———(!u 9 HMN%+(_f%y1 Y1 g(s)] d

+5?§f(fw—mw1MmﬂdeQ

féjﬁﬂi—-m(j| w1ds+@3%5juswlds

Taking sup over s € [0, 1] and then over t € [0, 1], we get

1 2¢v+1
SRl cere woest)

e, Jul < Yol Similarly, Jv] < ]9]. Now,

ol < el (5 +

1
H,(To,TY) < sup  plu,v) < <3P p(o,7)

UET ,vETY

< %(max{p(& ), plo, To), p(v), TV)}) <p<g7 ﬁ)+p(g, To) q;p(ﬁ,w))l_v

Thus, all the conditions of Theorem 3 are satisfied; so, the system (16)
has a solution. []

3.2. Rational type periodic point result. This section presents
a periodic point result for rational type multi-valued mapping. Here, we
require the following definition.

Definition 3. Let Q2 be a non-empty set and ¥ : Q — CBP(2) be a multi-
valued mapping. For n € N with n > 1, the n-th iterate " is defined by
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Tu= | ] Tv. IfF(T) = F(T") for all n € N, then T is said to have

veIn—1y

the property P (refer to [1]).

The property P is essential in fixed point theory and nonlinear analysis,
as it establishes a strong connection between fixed points and periodic
points of a mapping. The merit of property P lies in its ability to detect
all periodic points and to establish that there are no nontrivial cycles (refer
to [11], [16], [17] for more details).

Theorem 6. On a complete PMS (2, p), let a mapping T:Q—CB"(Q)
satisfies the condition (4). Then ¥ has the property P.

Proof. Suppose u € F(T") for some n > 1. We prove that u € Tu. Now,

p(Tu,u) < Hp(TT"u, TT" 1)
<k < max{H,(T"u, T u), H,y (T u, T ), Hp (T u, Tu)}

Hyp (T u, T U)H, (T, ‘I"u))
1+ Hy(Tru, Tr—1u)
< k(max{H, (T u, T u), Hy(T" u, Tu)} + Hp(Tu, T ).

If Hp, (T tu, T7u) < Hp(T u, 1) |, then
Hp (T, Tu) < 25 H, (T, Thu) < Hp (T, T),

which is a contradiction. Thus, H,(T" u, T"u) < H,(T"u, T 'u) and
S0,

K(Hp (T u, T ) + Hp (T 0, T )
i H, (T u, T 1)

< (5) Hy(Su,w).

Therefore,

K

P, u) < Hy(T 0, T0) < () Hy(Tu,w).

11—k

Taking limit as n — o0, we get p(FTu,u) =0, i.e., u € Tu. []
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Example 6. Let Q = [0,1] and p(o,9) = |o—9| + |o| + |V, 0,9 € X. Let
T : 0 — CBP(N) be defined by

[t el
gQ‘{{l}, -1

For u € [0,1), Tu = [0, g] and so, T?u = |0, ;—5] Continuing in a
similar manner, we get T"u = [O, 5%] for all n € N. Again,
1 5
Hy(To, T0Y) = gmax{g,ﬁ} =% where = max{p, ¥},

p(0,Fo) = 20, p(¥,TY) = 20 and p(p,¥) = 2max{p, ¥} = 23. Now,
R.H.S. of (4) is

/-i(max{Qﬁ, 20,20} + 1%1—926) = 2/4;(5 + 13_926)2 2K0.

Hence, Theorem 6 is satisfied for s € [%,%) and so, T has property P.

Clearly, for all n e N, F(¥) = F(T") = {0,1} here.

4. Future Problems. In the course of future work, the Ulam-Hyers
stability of delay FDZ can be studied with the help of Theorem 3. In
2025, Aldowah et al. [2] established the rational type FPT to provide an
application to the economic growth model. Therefore, to investigate the
stability of the economic growth model with delayed investment response
or delay in policy implementation via equation (5) is another scope for
future study. Furthermore, considering the broad research in fuzzy metric
spaces (refer to [15], [16]), the application of rational type contraction
conditions in fuzzy multi-valued mappings is a natural extension.

Acknowledgment. The authors are thankful to the reviewers for their
valuable comments and suggestions that significantly improved the article.
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