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Abstract. In this paper, we derive a new rational type common
fixed point theorem in a complete partial metric space considering
multi-valued mappings extending some existing concepts in litera-
ture. This work leads to a fixed point result which is utilized to
study the solution to nonlinear fractional delay differential inclusion
together with a periodic point result concerning the property 𝑃 of
the mappings. A rational type interpolative fixed point theorem
is also included with application to fractional differential inclusion
with integral boundary condition. Suitable examples are provided
to demonstrate the results.
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1. Introduction. Rational type fixed point results have emerged
as a key generalization of the usual contraction principle. Rational type
fixed point theory is extensively used in solving differential equations, frac-
tional differential equations (ℱ𝒟ℰs), where solution operators show ratio-
nal growth. In [9], Gupta et al. used interpolative Boyd-Wong type and
Matkowski type contractions on partial 𝑏-metric space to establish some
fixed point theorems (ℱ𝒫𝒯 s). In 2023, Puvar et al. [14] discussed rational
type cyclic contraction via 𝐶-class functions in 𝐺-metric spaces with com-
mon fixed point result. In nonlinear analysis, delay fractional differential
inclusions pℱ𝒟ℐ𝑠q have emerged as a significant area because they offer an
integrated framework for systems that feature memory, time delays, and
nonlinear phenomena. Delay ℱ𝒟ℰs are widely used in economic growth
model, population dynamics, signal processing, control systems, etc. In
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2025, Aldowah et al. [2] established rational type fixed point theorem to
provide an application to economic growth model. Kebede and Lakoud
[8] analyzed the existence and stability of solutions for a ℱ𝒟ℰ model with
Atangana-Baleanu Caputo derivatives and vaccination in 2024. Further,
in 2025, El-Sayeed et al. [6] derived a unique solution to a constrained
problem of ℱ𝒟ℰ and Hyers-Ulam stability result. Some more literature
can be found in [4], [7], [19], [20].

The use of multi-valued mappings in fixed point theory provides a
new scope considering different aspects mainly in optimization problem
with multiple solutions, control system with uncertain inputs, etc. The
discussion on fuzzy multi-valued mappings using graph theoretical aspects
in parametric metric space is done by Rafique et al. in [15]. Multi-valued
Kikkawa-Suzuki type ℱ𝒫𝒯 with stability analysis is studied in [22]. For
some detailed work in this direction, we refer to [13], [18].

In this paper, we focus on investigating the existence of solutions to
the Caputo fractional delay differential inclusion via rational type multi-
valued mapping with a variable coefficient given by

𝐶D𝜔
𝑡 𝜚p𝑡q P 𝒜0p𝑡q𝜚p𝑡q `𝒜1p𝑡q𝜚p𝑡´ 𝜏q ` Fp𝑡, 𝜚p𝑡q, 𝜚p𝑡´ 𝜏qq, 𝑡 P r0, 𝑇 s

with initial condition 𝑥p𝑡q “ 𝜓p𝑡q, 𝑡 P r´𝜏, 0s ,

where 𝑐D𝜔
𝑡 denotes the Caputo fractional derivative of order 𝜔. Here,

the Caputo fractional derivative describes memory effects or hereditary
effects, whereas delay terms represent the impact of past states after a
finite time delay.

In [21], Wang et al. discussed the existence and uniqueness of solution
to the above problem by considering 𝒜0,𝒜1 as constant system matrices
of appropriate dimensions. As an extension of this work, in this paper
we consider 𝒜0p¨q,𝒜1p¨q as functions dependent on time. This will help
us to deal with different time-dependent practical situations. For this, we
develop a rational type common ℱ𝒫𝒯 in a complete partial metric space
(𝒫ℳ𝒮), leading to a ℱ𝒫𝒯 , which is utilized to study the existence of
solution to different nonlinear problems. Although the nonlinear formula-
tion creates considerable challenges, yet it connects many areas including
fixed point theory, fractional differential equations, and multi-valued map-
pings. Following that, we also derive an interpolative hybrid ℱ𝒫𝒯 , which
is used to investigate the solution to nonlinear ℱ𝒟ℐ with integral bound-
ary condition. The advantage of our rational type contraction condition
over classical contraction is that it is well-suited to the intrinsic structure
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of partial metric. Moreover, hybrid contractions frequently allow discon-
tinuous mappings that possess fixed points. Therefore, the results of the
paper are applicable to a larger family of operators dealing with real life
situations.

The study of periodic points is essential in nonlinear analysis to de-
scribe the repeated and cyclic behaviour of mappings. Moreover, analysing
periodic points gives a precise understanding of long-term dynamical sys-
tem and stability properties of nonlinear operators. In the last section of
the paper, we derive periodic point result considering the rational type
multi-valued mapping via property 𝑃 .

For the convenience of the readers, we present the list of abbreviations
used throughout the discussion in the following manner:

ℱ𝒟ℰ : Fractional differential equation;
ℱ𝒟ℐ: Fractional differential inclusion;
ℱ𝒫𝒯 : Fixed point theorem;
𝒫ℳ𝒮: Partial metric space.

2. Preliminaries. Before proceeding, let us revisit the key concepts
of the 𝒫ℳ𝒮.

For a non-empty set Ω, let 𝑝 : ΩˆΩ Ñ r0,8q be a mapping satisfying
the following properties:

p𝑖q 0 6 𝑝p𝜌, 𝜌q 6 𝑝p𝜌, 𝜎q,
p𝑖𝑖q 𝑝p𝜌, 𝜌q “ 𝑝p𝜌, 𝜎q “ 𝑝p𝜎, 𝜎q if and only if 𝜌 “ 𝜎,
p𝑖𝑖𝑖q 𝑝p𝜌, 𝜎q “ 𝑝p𝜎, 𝜌q,
p𝑖𝑣q 𝑝p𝜌, 𝜂q 6 𝑝p𝜌, 𝜎q ` 𝑝p𝜎, 𝜂q ´ 𝑝p𝜎, 𝜎q,

for all 𝜌, 𝜎, 𝜂 P Ω. Here 𝑝 is termed as a partial metric on Ω and the
pair pΩ, 𝑝q forms a 𝒫ℳ𝒮 (refer to [12]). For example, on Ω “ R` Y t0u,
𝑝1p𝜚, 𝜗q “ |𝜚 ´ 𝜗| ` |𝜚| ` |𝜗|, 𝑝2p𝜚, 𝜗q “ |𝜚 ´ 𝜗| ` mint𝜚, 𝜗u and
𝑝3p𝜚, 𝜗q “ |𝜚´ 𝜗| `maxt𝜚,𝜗u for all 𝜚, 𝜗 P Ω, are partial metrics.

In [12], Matthews defined the Cauchy sequence and convergence of
sequences in 𝒫ℳ𝒮. A sequence t𝜎𝑛u in pΩ, 𝑝q is said to be Cauchy if and
only if lim

𝑛,𝑚Ñ8
𝑝p𝜎𝑛, 𝜎𝑚q exists and is finite. A sequence t𝜎𝑛u is said to be

convergent to 𝜂 in Ω if and only if lim
𝑛Ñ8

𝑝p𝜎𝑛, 𝜂q “ lim
𝑛Ñ8

𝑝p𝜎𝑛, 𝜎𝑛q “ 𝑝p𝜂, 𝜂q.
The pair pΩ, 𝑝q is called complete if and only if every Cauchy sequence t𝜎𝑛u
in pΩ, 𝑝q converges to some point 𝜂 in Ω, that is, 𝑝p𝜂, 𝜂q “ lim

𝑛,𝑚Ñ8
𝑝p𝜎𝑛, 𝜎𝑚q.
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Given a 𝒫ℳ𝒮 pΩ, 𝑝q, the induced metric 𝑝𝑠 : Ω ˆ Ω Ñ R in Ω, given
by 𝑝𝑠p𝜌, 𝜎q “ 2𝑝p𝜌, 𝜎q ´ 𝑝p𝜌, 𝜌q ´ 𝑝p𝜎, 𝜎q for all 𝜌, 𝜎 P Ω, provides a metric
on Ω (refer to [5]).

Lemma 1. [5] Consider a 𝒫ℳ𝒮 pΩ, 𝑝q;
(i) A sequence t𝜎𝑛u is a Cauchy sequence in pΩ, 𝑝q if and only if t𝜎𝑛u

is a Cauchy sequence in the induced metric space pΩ, 𝑝𝑠q.
(ii) pΩ, 𝑝q is complete if and only if the metric space pΩ, 𝑝𝑠q is complete.

Moreover,

lim
𝑛Ñ8

𝑝𝑠p𝜎𝑛, 𝜂q “ 0 iff 𝑝p𝜂, 𝜂q “ lim
𝑛Ñ8

𝑝p𝜎𝑛, 𝜂q “ lim
𝑚,𝑛Ñ8

𝑝p𝜎𝑛, 𝜎𝑚q.

For a 𝒫ℳ𝒮 pΩ, 𝑝q, let 𝒫pΩq denote the set of all subsets of Ω and
𝒞ℬ𝑝

pΩq denote the set containing all non-empty closed and bounded sub-
sets of Ω with respect to 𝑝. For any 𝒜,ℬ P 𝒞ℬ𝑝

pΩq, the partial Hausdorff
metric ℋ𝑝 is defined by

ℋ𝑝p𝒜,ℬq “ maxt𝛿𝑝p𝒜,ℬq, 𝛿𝑝pℬ,𝒜qu,

where 𝑝p𝑎,𝒜q “ inft𝑝p𝑎, 𝑥q : 𝑥 P 𝒜u, 𝛿𝑝p𝐴,𝐵q “ supt𝑝p𝑎,𝐵q : 𝑎 P 𝐴u,
and 𝛿𝑝p𝐵,𝐴q “ supt𝑝p𝑏, 𝐴q : 𝑏 P 𝐵u (refer to [3]).

Lemma 2. [3] Let pΩ, 𝑝q be a 𝒫ℳ𝒮, 𝒜,ℬ P 𝒞ℬ𝑝
pΩq and ℎ ą 1. For any

𝑎 P 𝒜, there exists 𝑏 “ 𝑏p𝑎q P ℬ, such that 𝑝p𝑎, 𝑏q 6 ℎℋ𝑝p𝒜,ℬq.
Next, we recall the basic definitions of ℱ𝒟ℰ .

Definition 1. [10] Given a function 𝑧 P 𝐿1pr0, 1sq, the Riemann-Liouville
fractional integral of order 𝜔 ą 0 is defined by

𝐼𝜔0`𝑧p𝑡q “

$

&

%

1
Γp𝜔q

𝑡
ş

0

p𝑡´ 𝑠q𝜔´1𝑧p𝑠q 𝑑𝑠 , 𝜔 ą 0

𝑧p𝑡q , 𝜔 “ 0 .

Definition 2. [10] For a function 𝑧 P 𝐴𝐶𝑛pr0,1sq, the Caputo fractional
derivative of order 𝜔 ą 0 is expressed as

𝐶D𝜔
0`𝑧p𝑡q “

$

&

%

1
Γp𝑛´𝜔q

𝑡
ş

0

p𝑡´ 𝑠q𝑛´𝜔´1𝑧p𝑛qp𝑠q 𝑑𝑠 , 𝜔 R N

𝑧p𝑛qp𝑡q , 𝜔 P N
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where 𝑧p𝑛qp𝑡q “ 𝑑𝑛𝑧p𝑡q
𝑑𝑡𝑛

with 𝑛 “ t𝜔u`1 and t𝜔u represents the integer part
of real number 𝜔.

3. Main Results. First, we derive a rational type common ℱ𝒫𝒯 in
a complete 𝒫ℳ𝒮.

Theorem 1. Suppose S,T : Ω Ñ 𝒞ℬ𝑝
pΩq are two multi-valued map-

pings in a complete 𝒫ℳ𝒮 pΩ, 𝑝q. For some 𝜅 P r0, 1
2
q, let S and T satisfy

the condition:

ℋ𝑝pS𝜚,T𝜗q6𝜅
´

maxt𝑝p𝜚,𝜗q, 𝑝p𝜚,S𝜚q, 𝑝p𝜗,T𝜗qu `
𝑝p𝜚,S𝜚q𝑝p𝜗,T𝜗q

1` 𝑝p𝜚, 𝜗q

¯

(1)

for all 𝜚, 𝜗 P Ω. Then 𝒞ℱpS,Tq ‰ H, where 𝒞ℱpS,Tq denotes the set of
common fixed point of S and T.

Proof. Suppose 𝜚0 P Ω and ℎ P
`

1, 1
2𝜅

˘

, 𝜅 ‰ 0 (for 𝜅 “ 0, we consider
ℎ ą 1). By Lemma 2, for 𝜚1 P S𝜚0, there exists 𝜚2 P T𝜚1, such that

𝑝p𝜚1, 𝜚2q 6 ℎℋ𝑝pS𝜚0,T𝜚1q

6 ℎ𝜅

ˆ

maxt𝑝p𝜚0, 𝜚1q, 𝑝p𝜚0,S𝜚0q, 𝑝p𝜚1,T𝜚1qu `
𝑝p𝜚0,S𝜚0q𝑝p𝜚1,T𝜚1q

1` 𝑝p𝜚0, 𝜚1q

˙

6 ℎ𝜅

ˆ

maxt𝑝p𝜚0,𝜚1q, 𝑝p𝜚0, 𝜚1q, 𝑝p𝜚1, 𝜚2qu `
𝑝p𝜚0, 𝜚1q𝑝p𝜚1, 𝜚2q

𝑝p𝜚0, 𝜚1q

˙

“ ℎ𝜅pmaxt𝑝p𝜚0, 𝜚1q, 𝑝p𝜚1, 𝜚2qu ` 𝑝p𝜚1, 𝜚2qq. (2)

If 𝑝p𝜚0, 𝜚1q6𝑝p𝜚1, 𝜚2q, then from (2), 𝑝p𝜚1, 𝜚2q62ℎ𝜅𝑝p𝜚1, 𝜚2q, which gives
𝑝p𝜚1, 𝜚2q “ 0 and so, 𝜚1 “ 𝜚2. Then 𝑝p𝜚0, 𝜚1q “ 0 and thus 𝜚0 “ 𝜚1 “
“ 𝜚2 P 𝒞ℱpS,Tq.

If 𝑝p𝜚1, 𝜚2q 6 𝑝p𝜚0, 𝜚1q, then 𝑝p𝜚1, 𝜚2q 6 ℎ𝜅t𝑝p𝜚0, 𝜚1q ` 𝑝p𝜚1, 𝜚2qu, i. e.,

𝑝p𝜚1, 𝜚2q 6
´ ℎ𝜅

1´ ℎ𝜅

¯

𝑝p𝜚0, 𝜚1q “ 𝜃𝑝p𝜚0, 𝜚1q, where 𝜃 “
ℎ𝜅

1´ ℎ𝜅
ă 1. By

Lemma 2, for 𝜚2 P T𝜚1 there exists 𝜚3 P S𝜚2, such that

𝑝p𝜚2, 𝜚3q6ℎℋ𝑝pT𝜚1,S𝜚2q6ℎ𝜅pmaxt𝑝p𝜚1, 𝜚2q, 𝑝p𝜚2, 𝜚3qu ` 𝑝p𝜚2, 𝜚3qq. (3)

If 𝑝p𝜚1, 𝜚2q 6 𝑝p𝜚2, 𝜚3q, then from (3), 𝑝p𝜚2, 𝜚3q “ 0, and then 𝑝p𝜚1, 𝜚2q “ 0.
Thus, 𝜚1 “ 𝜚2 “ 𝜚3 P 𝒞ℱpS,Tq.

Suppose 𝑝p𝜚2, 𝜚3q 6 𝑝p𝜚1, 𝜚2q. From (3) we have
𝑝p𝜚2, 𝜚3q 6 ℎ𝜅t𝑝p𝜚1, 𝜚2q`𝑝p𝜚2, 𝜚3qu, i. e., 𝑝p𝜚2, 𝜚3q6𝜃𝑝p𝜚1, 𝜚2q6𝜃2𝑝p𝜚0, 𝜚1q.
Continuing in this way, we get a sequence t𝜚𝑛u in Ω, such that 𝜚2𝑛`1 P S𝜚2𝑛
and 𝜚2𝑛`2 P T𝜚2𝑛`1 with

𝑝p𝜚2𝑛`1,𝜚2𝑛`2q 6 ℎℋ𝑝pS𝜚2𝑛,T𝜚2𝑛`1q
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6 ℎ𝜅pmaxt𝑝p𝜚2𝑛, 𝜚2𝑛`1q, 𝑝p𝜚2𝑛`1, 𝜚2𝑛`2qu ` 𝑝p𝜚2𝑛`1, 𝜚2𝑛`2qq.

If 𝑝p𝜚2𝑛, 𝜚2𝑛`1q 6 𝑝p𝜚2𝑛`1, 𝜚2𝑛`2q, then 𝜚2𝑛 “ 𝜚2𝑛`1 “ 𝜚2𝑛`2 P 𝒞ℱpS,Tq.
Suppose 𝑝p𝜚2𝑛`1, 𝜚2𝑛`2q 6 𝑝p𝜚2𝑛, 𝜚2𝑛`1q. Then for 𝑛 P NY t0u,

𝑝p𝜚2𝑛`1, 𝜚2𝑛`2q 6 𝜃𝑝p𝜚2𝑛, 𝜚2𝑛`1q 6 𝜃2𝑛`1𝑝p𝜚0, 𝜚1q

and 𝑝p𝜚2𝑛`2, 𝜚2𝑛`3q 6 𝜃2𝑛`2𝑝p𝜚0, 𝜚1q. Thus, for each 𝑛 P N Y t0u, we have
𝑝p𝜚𝑛, 𝜚𝑛`1q 6 𝜃𝑛𝑝p𝜚0, 𝜚1q.

For all 𝑚,𝑛 P N, it is easy to see that 𝑝𝑠p𝜚𝑛, 𝜚𝑛`𝑚q62𝑝p𝜚𝑛, 𝜚𝑛`𝑚qÑ0
as 𝑛 Ñ 8 and so, t𝜚𝑛u is a Cauchy sequence in pΩ, 𝑝𝑠q. Using Lemma 1,
pΩ, 𝑝𝑠q is complete, since pΩ, 𝑝q is complete. So, there exists some 𝑢 P Ω,
such that lim

𝑛Ñ8
𝑝𝑠p𝜚𝑛, 𝑢q “ 0. By Lemma 1

𝑝p𝑢, 𝑢q “ lim
𝑛Ñ8

𝑝p𝜚𝑛, 𝑢q “ lim
𝑛,𝑚Ñ8

𝑝p𝜚𝑛, 𝜚𝑚q “ 0.

Now,

𝑝p𝑢,S𝑢q 6 𝑝p𝑢, 𝜚2𝑛`2q `ℋ𝑝pS𝑢,T𝜚2𝑛`1q

6 𝑝p𝑢, 𝜚2𝑛`2q ` 𝜅
”

maxt𝑝p𝑢, 𝜚2𝑛`1q, 𝑝p𝑢,S𝑢q, 𝑝p𝜚2𝑛`1, 𝜚2𝑛`2qu

`
𝑝p𝑢,S𝑢q𝑝p𝜚2𝑛`1, 𝜚2𝑛`2q

1` 𝑝p𝑢, 𝜚2𝑛`1q

ı

.

Taking limit as 𝑛 Ñ 8, 𝑝p𝑢,S𝑢q 6 𝜅𝑝p𝑢,S𝑢q, i. e., 𝑝p𝑢,S𝑢q “ 0 and so,
𝑢 P S𝑢.

Similarly, 𝑝p𝑢,T𝑢q “ 0, i. e., 𝑢 P T𝑢. Consequently, 𝑢 P 𝒞ℱpS,Tq. l

The following examples demonstrate the above theorem.

Example 1. Let Ω “ r0,1s and 𝑝p𝜚,𝜗q “ maxt𝜚,𝜗u. Then pΩ, 𝑝q is a
complete 𝒫ℳ𝒮. Let S,T : Ω Ñ 𝒞ℬ𝑝

pΩq be defined by

S𝜚 “
“

0,
𝜚

6

‰

and T𝜚 “
“

0,
𝜚

8

‰

, 𝜚 P Ω.

Now, for each 𝜚, 𝜗 P Ω,

sup
𝑢Pr0, 𝜚

6
s

inf
𝑣Pr0,𝜗

8
s

𝑝p𝑢, 𝑣q “
𝜚

6
, sup

𝑣Pr0,𝜗
8
s

inf
𝑢Pr0, 𝜚

6
s
𝑝p𝑢, 𝑣q “

𝜗

8
,

and

ℋ𝑝pS𝜚,T𝜗q “ max
!𝜚

6
,
𝜗

8

)

6
1

6
maxt𝜚, 𝜗u “

𝜈

6
, where 𝜈 “ maxt𝜚, 𝜗u.
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Also, 𝑝p𝜚,S𝜚q “ 𝜚, 𝑝p𝜗,T𝜗q “ 𝜗, 𝑝p𝜚,𝜗q “ 𝜈 and so,

𝜅
´

maxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,S𝜚q, 𝑝p𝜗,T𝜗qu `
𝑝p𝜚,S𝜚q𝑝p𝜗,T𝜗q

1` 𝑝p𝜚, 𝜗q

¯

“𝜅
´

𝜈 `
𝜚𝜗

1` 𝜈

¯

.

Thus, Theorem 1 is satisfied for 1
6
6 𝜅 ă 1

2
. Clearly 0 P 𝒞ℱpS,Tq here.

Example 2. Let Ω “ r0, 1s and 𝑝p𝜚, 𝜗q “ |𝜚 ´ 𝜗| ` |𝜚| ` |𝜗|, then pΩ, 𝑝q
is a complete 𝒫ℳ𝒮. Let two multi-valued mappings S,T : Ω Ñ 𝒞ℬ𝑝

pΩq

be defined by S𝜚 “
! 𝜚

11𝑛
: 𝑛 P N

)

Y t0u and T𝜚 “
! 𝜚

13𝑛
: 𝑛 P N

)

Y t0u,
𝜚 P Ω. For each 𝜚, 𝜗 P Ω, we have,

ℋ𝑝pS𝜚,T𝜗q “ max
!2𝜚

11
,
2𝜗

13

)

6
2

11
maxt𝜚, 𝜗u.

Also, 𝑝p𝜚,S𝜚q “ 2𝜚, 𝑝p𝜗,T𝜗q “ 2𝜗. Now, RHS of (1) is

𝜅
´

|𝜚´ 𝜗| ` |𝜚| ` |𝜗| `
4𝜚𝜗

1` |𝜚´ 𝜗| ` |𝜚| ` |𝜗|

¯

ą 𝜅p|𝜚´ 𝜗| ` |𝜚| ` |𝜗|q.

So, for any value of 𝜅 P
” 2

11
,
1

2

¯

, condition (1) is valid for all 𝜚, 𝜗 P Ω.
Clearly, 0 P 𝒞ℱpS,Tq.
Corollary 1. Consider T : Ω Ñ 𝒞ℬ𝑝

pΩq as a multi-valued mapping on
a complete 𝒫ℳ𝒮 pΩ, 𝑝q. For 0 6 𝜅 ă 1

2
, if T satisfies the condition

ℋ𝑝pT𝜚,T𝜗q6𝜅
´

maxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗qu`
𝑝p𝜚,T𝜚q𝑝p𝜗,T𝜗q

1` 𝑝p𝜚, 𝜗q

¯

, (4)

for all 𝜚, 𝜗 P Ω, then ℱpTq ‰ H, where ℱpTq denotes the set of all fixed
points of T.

Applying the above result, we now examine the solvability of a delay
ℱ𝒟ℐ.

Consider the following Caputo ℱ𝒟ℐ with the variable coefficient:

𝐶D𝜔
𝑡 𝜚p𝑡q P 𝒜0p𝑡q𝜚p𝑡q `𝒜1p𝑡q𝜚p𝑡´ 𝜏q ` Fp𝑡, 𝜚p𝑡q, 𝜚p𝑡´ 𝜏qq, 𝑡 P r0, 𝑇 s (5)

with initial condition 𝜚p𝑡q “ 𝜓p𝑡q, 𝑡 P r´𝜏, 0s, where 𝐶D𝜔
𝑡 denotes the

Caputo fractional derivative of order 0 ă 𝜔 ă 1, 𝜚 : r´𝜏, 𝑇 s Ñ R𝑛 is the
state vector, 𝒜0,𝒜1 are continuous and time dependent bounded linear
operators, F : r0, 𝑇 s ˆ R𝑛 ˆ R𝑛 Ñ 𝒞ℬ𝑝

pR𝑛q is a multi-valued closed and
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bounded map and 𝜓 P 𝐶pr´𝜏, 0s,R𝑛q with 𝜓p0q ‰ 0 P R𝑛 is the past state
with the norm defined as }𝜓} “ sup

𝑡Pr´𝜏, 0s

}𝜓p𝑡q} (refer to [21]).

The next lemma is similar to Theorem 3.1 of [21].

Lemma 3. If 𝜚 : r´𝜏, 𝑇 s Ñ R𝑛 is a continuously differentiable function,
such that

𝜚p𝑡q “

$

’

’

’

&

’

’

’

%

𝜓p𝑡q, 𝑡 P r´𝜏, 0s

𝜓p0q ` 1
Γp𝜔q

𝑡
ş

0

p𝑡´ 𝑠q𝜔´1r𝐴0p𝑠q𝜚p𝑠q ` 𝐴1p𝑠q𝜚p𝑠´ 𝜏q

`𝑓p𝑠, 𝜚p𝑠q, 𝜚p𝑠´ 𝜏qqs 𝑑𝑠, 𝑡 P r0, 𝑇 s

where 𝑓p𝑠, 𝜚p𝑠q, 𝜚p𝑠 ´ 𝜏qq P Fp𝑠, 𝜚p𝑠q, 𝜚p𝑠 ´ 𝜏qq, then 𝜚p𝑡q is a solution to
the system (5).

Let Ω “ 𝐶pr´𝜏, 𝑇 s,R𝑛q with }𝜚} “ sup
𝑡Pr´𝜏, 𝑇 s

}𝜚p𝑡q}, 𝜚 P Ω. Then Ω is a

complete 𝒫ℳ𝒮 with 𝑝 defined by

𝑝p𝜚, 𝜗q “ }𝜚´ 𝜗} ` }𝜚} ` }𝜗} for all 𝜚, 𝜗 P Ω. (6)

Theorem 2. For the ℱ𝒟ℐ (5), assume that the following conditions
hold:
p𝑖q for all 𝜚, 𝜗 P Ω and 𝑡 P r0, 𝑇 s, 𝑓𝜚p𝑡q :“ 𝑓p𝑡, 𝜚p𝑡q, 𝜚p𝑡 ´ 𝜏qq,

𝑓𝜗p𝑡q :“ 𝑓p𝑡, 𝜗p𝑡q, 𝜗p𝑡 ´ 𝜏qq P Fp𝑡, 𝜚p𝑡q, 𝜚p𝑡 ´ 𝜏qq be Lipschitz con-
tinuous with positive constant 𝒩0, such that 𝑓p𝑡, 0, 0q “ 0 and for
any 𝑡 P r0, 𝑇 s,

}𝑓𝜚p𝑡q ´ 𝑓𝜗p𝑡q} 6 𝒩0p}𝜚p𝑡q ´ 𝜗p𝑡q} ` }𝜚p𝑡´ 𝜏q ´ 𝜗p𝑡´ 𝜏q}q.

p𝑖𝑖q 𝒜0,𝒜1 : r0, 𝑇 s Ñ ℒpR𝑛q, (where ℒpR𝑛q is the space of all bounded
linear operators from R𝑛 to R𝑛) be continuous and bounded opera-
tors with 𝑒𝒜0 “ sup

𝑡Pr0, 𝑇 s

}𝒜0p𝑡q}, 𝑒𝒜1 “ sup
𝑡Pr0, 𝑇 s

}𝒜1p𝑡q} satisfying

𝑇 𝜔

Γp𝜔 ` 1q
p𝑒𝒜0 ` 𝑒𝒜1 ` 2𝒩0q > 2}𝜓}.

Then the system (5) has a solution.

Proof. Let ℳ “
1

4

´ 𝜆

2|𝑝𝑠𝑖p0q}
´1

¯

, where 𝜆 “
𝑇 𝜔

Γp𝜔 ` 1q
p𝑒𝒜0`𝑒𝒜1`2𝒩0q.

Consider Ω and 𝑝 as defined in (6). We take the closed and bounded subset

Ωℳ “ t𝜚 P Ω : }𝜚} 6 ℳu.
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Let T : Ωℳ Ñ 𝒞ℬ𝑝
pΩℳq be defined by

T𝜚“

$

’

’

’

&

’

’

’

%

𝑢 P Ω:𝑢p𝑡q“

$

’

’

’

&

’

’

’

%

𝜓p𝑡q, 𝑡 P r´𝜏, 0s

𝜓p0q` 1
Γp𝜔q

𝑡
ş

0

p𝑡´𝑠q𝜔´1
`

𝒜0p𝑠q𝜚p𝑠q`𝒜1p𝑠q𝜚p𝑠´𝜏q

`𝑓p𝑠, 𝜚p𝑠q, 𝜚p𝑠´ 𝜏qq
˘

𝑑𝑠, 𝑡 P r0, 𝑇 s

,

,

/

/

/

.

/

/

/

-

(7)

where 𝑓p𝑠, 𝜚p𝑠q, 𝜚p𝑠´ 𝜏qq P Fp𝑠, 𝜚p𝑠q, 𝜚p𝑠´ 𝜏qq.
Let 𝜚, 𝜗 P Ωℳ be arbitrary. For 𝑢 P T𝜚, 𝑣 P T𝜗 and 𝑡 P r0, 𝑇 s,

}𝑢p𝑡q ´ 𝑣p𝑡q}“

›

›

›

›

1

Γp𝜔q

𝑡
ż

0

p𝑡´𝑠q𝜔´1p𝒜0p𝑠q𝜚p𝑠q `𝒜1p𝑠q𝜚p𝑠´𝜏q`𝑓𝜚p𝑠qq 𝑑𝑠

´
1

Γp𝜔q

𝑡
ż

0

p𝑡´ 𝑠q𝜔´1p𝒜0p𝑠q𝜗p𝑠q `𝒜1p𝑠q𝜗p𝑠´ 𝜏q ` 𝑓𝜗p𝑠qq 𝑑𝑠

›

›

›

›

6
1

Γp𝜔q

𝑡
ż

0

|𝑡´ 𝑠|𝜔´1
`

}𝒜0p𝑠q} }𝜚p𝑠q ´ 𝜗p𝑠q}

` }𝒜1p𝑠q} }𝜚p𝑠´ 𝜏q ´ 𝜗p𝑠´ 𝜏q} ` }𝑓𝜚p𝑠q ´ 𝑓𝜗p𝑠q}
˘

𝑑𝑠.

Taking sup over 𝑠 P r0, 𝑇 s, we get

}𝑢p𝑡q ´ 𝑣p𝑡q} 6
1

Γp𝜔q

𝑡
ż

0

|𝑡´ 𝑠|𝜔´1
`

p𝑒𝒜0 ` 𝑒𝒜1q}𝜚´ 𝜗}

` sup
𝑠Pr0, 𝑇 s

}𝒩0p}𝜚p𝑠q ´ 𝜗p𝑠q} ` }𝜚p𝑠´ 𝜏q ´ 𝜗p𝑠´ 𝜏q}q}
˘

𝑑𝑠

“
1

Γp𝜔q

𝑡
ż

0

|𝑡´ 𝑠|𝜔´1p𝑒𝒜0 ` 𝑒𝒜1 ` 2𝒩0q}𝜚´ 𝜗} 𝑑𝑠. (8)

Again, taking sup over 𝑡 P r0, 𝑇 s and using 𝜆 “
𝑇 𝜔

Γp𝜔 ` 1q
p𝑒𝒜0`𝑒𝒜1`2𝒩0q,

we get,

}𝑢´ 𝑣} 6
𝑇 𝜔

Γp𝜔 ` 1q
p𝑒𝒜0 ` 𝑒𝒜1 ` 2𝒩0q}𝜚´ 𝜗} “ 𝜆}𝜚´ 𝜗}. (9)
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Also,

}𝑢p𝑡q} 6 }𝜓p0q} `
1

Γp𝜔q

𝑡
ż

0

|𝑡´ 𝑠|𝜔´1p}𝒜0p𝑠q} }𝜚p𝑠q}

` }𝒜1p𝑠q} }𝜚p𝑠´ 𝜏q} ` }𝑓𝜚p𝑠q}q 𝑑𝑠

6 }𝜓p0q} `
1

Γp𝜔q

𝑡
ż

0

|𝑡´ 𝑠|𝜔´1p𝑒𝒜0}𝜚p𝑠q} ` 𝑒𝒜1}𝜚p𝑠´ 𝜏q}

`𝒩0p}𝜚p𝑠q} ` }𝜚p𝑠´ 𝜏q}qq 𝑑𝑠.

So, }𝑢} 6 }𝜓p0q} ` 𝜆}𝜚}.
Similarly, }𝑣} 6 }𝜓p0q} ` 𝜆}𝜗}. Now,

ℋ𝑝pT𝜚,T𝜗q 6 sup
𝑢PT𝜚,𝑣PT𝜗

𝑝p𝑢, 𝑣q “ sup
𝑢PT𝜚,𝑣PT𝜗

p}𝑢´ 𝑣} ` }𝑢} ` }𝑣}q

6 𝜆𝑝p𝜚, 𝜗q ` 2}𝜓p0q}. (10)

Again, 𝑝p𝜚, 𝜗q 6 2p}𝜚} ` }𝜗}q 6 4ℳ “
𝜆

2}𝜓p0q}
´ 1, i. e., 1` 𝑝p𝜚, 𝜗q 6

6
𝜆

2}𝜓p0q}
, i. e., 2}𝜓p0q} 6

𝜆

1` 𝑝p𝜚, 𝜗q
. So, from (10):

ℋ𝑝pT𝜚,T𝜗q 6 𝜆𝑝p𝜚, 𝜗q `
𝜆

1` 𝑝p𝜚,𝜗q

6 𝜆
´

maxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗qu `
𝑝p𝜚,T𝜚q𝑝p𝜗,T𝜗q

1` 𝑝p𝜚, 𝜗q

¯

.

Hence, condition (4) is satisfied for 𝜆 “ 𝜅. By Corollary 1, T has a fixed
point, i. e., system (5) has a solution. l

Now, we illustrate the above result with the help of a numerical exam-
ple.

Example 3. Consider the following delay ℱ𝒟ℰ :

𝐶D
1
2
𝑡 𝜚p𝑡q “

´ 3

751
`

4

625
sinp2𝜋𝑡q

¯

𝜚p𝑡q `
9

975
cosp𝜋𝑡q𝜚p𝑡´ 1q

`
11

871
arctanp𝜚p𝑡qq `

4

992

sinp𝜚p𝑡qq cosp𝜚p𝑡´ 1qq

1` 𝑡2
, 𝑡 P r0, 1s
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with initial condition 𝜚p𝑡q “ 𝑒𝑡

1000
, 𝑡 P r´1, 0s.

Here 𝑛 “ 1, 𝑇 “ 1, 𝜏 “ 1, 𝜔 “
1

2
,

𝒜0p𝑡q “
3

751
`

4

625
sinp2𝜋𝑡q, 𝒜1p𝑡q “

9

975
cosp𝜋𝑡q,

𝑓𝜚p𝑡q“
11

871
arctanp𝜚p𝑡qq `

4

992

sinp𝜚p𝑡qq cosp𝜚p𝑡´ 1qq

1` 𝑡2
“𝑓p𝑡, 𝜚p𝑡q, 𝜚p𝑡´ 1qq

and 𝜓p𝑡q “
𝑒𝑡

1000
. We take Ω “ 𝐶pr´1, 1s,Rq with the sup-norm and the

complete partial metric on 𝒳 as defined by (6).
For each 𝜚, 𝜗 P Ω and 𝑡 P r0, 1s:

}𝑓𝜚p𝑡q´𝑓𝜗p𝑡q} 6
11

871
| arctan 𝜚p𝑡q ´ arctan𝜗p𝑡q|

`
4

992p1` 𝑡2q
| sin 𝜚p𝑡q cos 𝜚p𝑡´ 1q ´ sin𝜗p𝑡q cos𝜗p𝑡´ 1q|

6
11

871
|𝜚p𝑡q ´ 𝜗p𝑡q| `

4

992
p|𝜚p𝑡q ´ 𝜗p𝑡q| ` |𝜚p𝑡´ 1q ´ 𝜗p𝑡´ 1q|q

6 0.016|𝜚p𝑡q ´ 𝜗p𝑡q| ` 0.004|𝜚p𝑡´ 1q ´ 𝜗p𝑡´ 1q|

6 0.016p|𝜚p𝑡q ´ 𝜗p𝑡q| ` |𝜚p𝑡´ 1q ´ 𝜗p𝑡´ 1q|q.

So, for 𝒩0 “ 0.016, condition p𝑖q of Theorem 2 is satisfied. Clearly,
𝒜0,𝒜1 : r0, 1s Ñ ℒpRq are continuous and bounded linear operators with
𝑒𝒜0 “ 0.01, 𝑒𝒜1 “ 0.009, and }𝜓} “ 0.001.

Also,
𝑇 𝜔

Γp𝜔 ` 1q
p𝑒𝒜0 ` 𝑒𝒜1 ` 2𝒩0q “ 0.57 > 2}𝜓p0q}, which shows that

condition p𝑖𝑖q is satisfied. Hence, by Theorem 2 the delay ℱ𝒟ℰ has a
solution.

3.1. Rational type interpolative ℱ𝒫𝒯 and application to ℱ𝒟ℐ
with integral boundary condition.

Theorem 3. Consider T : Ω Ñ 𝒞ℬ𝑝
pΩq as a multi-valued mapping on

a complete 𝒫ℳ𝒮 pΩ, 𝑝q. For 𝜅 P r0, 1
2
q with 0 ă 𝛾 ă 1, if T satisfies the

following condition:

ℋ𝑝pT𝜚,T𝜗q6𝜅pmaxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗quq𝛾

ˆ

´

𝑝p𝜚, 𝜗q`
𝑝p𝜚,T𝜚q`𝑝p𝜗,T𝜗q

2

¯1´𝛾

(11)
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for all 𝜚, 𝜗 P Ω, then ℱp𝒯 q ‰ H.

Proof. For 𝜚0 P Ω and ℎ P
`

1, 1
2𝜅

˘

with 𝑘 ‰ 0 (for 𝜅 “ 0, we consider
ℎą1), using Lemma 2, we generate a sequence t𝜚𝑛u in Ω with 𝜚𝑛 P T𝜚𝑛´1,
𝑛 P N, such that

𝑝p𝜚𝑛, 𝜚𝑛`1q 6 ℎℋ𝑝pT𝜚𝑛´1,T𝜚𝑛q.

By (11),

𝑝p𝜚𝑛, 𝜚𝑛`1q 6 ℎ𝜅pmaxt𝑝p𝜚𝑛´1, 𝜚𝑛q, 𝑝p𝜚𝑛, 𝜚𝑛`1quq
𝛾

ˆ

´

𝑝p𝜚𝑛´1, 𝜚𝑛q `
𝑝p𝜚𝑛´1, 𝜚𝑛q ` 𝑝p𝜚𝑛, 𝜚𝑛`1q

2

¯1´𝛾

. (12)

If 𝑝p𝜚𝑛´1, 𝜚𝑛q 6 𝑝p𝜚𝑛, 𝜚𝑛`1q, then 𝜚𝑛´1 “ 𝜚𝑛 “ 𝜚𝑛`1 is a fixed point of T.
Suppose 𝑝p𝜚𝑛, 𝜚𝑛`1q 6 𝑝p𝜚𝑛´1, 𝜚𝑛q. From (12),

𝑝p𝜚𝑛, 𝜚𝑛`1q 6 ℎ𝜅p𝑝p𝜚𝑛´1, 𝜚𝑛qq
𝛾
p2𝑝p𝜚𝑛´1, 𝜚𝑛qq

1´𝛾

“ 𝑘𝑛𝑝p𝜚0, 𝜚1q, where 𝑘 “ 21´𝛾ℎ𝜅.

Proceeding in a manner similar to Theorem 1, we can show that t𝜚𝑛u is a
Cauchy sequence in pΩ, 𝑝q, and for some 𝑢 P Ω

𝑝p𝑢,𝑢q “ lim
𝑛Ñ8

𝑝p𝜚𝑛, 𝑢q “ lim
𝑛,𝑚Ñ8

𝑝p𝜚𝑛, 𝜚𝑚q “ 0. (13)

Now,

𝑝p𝑢,T𝑢q 6 ℋ𝑝p𝑢, 𝜚𝑛`1q ` 𝑝pT𝜚𝑛,T𝑢q

6 𝑝p𝑢, 𝜚𝑛`1q ` 𝜅pmaxt𝑝p𝜚𝑛, 𝑢q, 𝑝p𝜚𝑛,T𝜚𝑛q, 𝑝p𝑢,T𝑢quq
𝛾

´

𝑝p𝜚𝑛, 𝑢q `
𝑝p𝜚𝑛,T𝜚𝑛q ` 𝑝p𝑢,T𝑢q

2

¯1´𝛾

.

Taking limit as 𝑛Ñ 8,

𝑝p𝑢,T𝑢q 6 𝜅p𝑝p𝑢,T𝑢qq𝛾
´1

2
𝑝p𝑢,T𝑢q

¯1´𝛾

“
𝜅

21´𝛾
𝑝p𝑢,T𝑢q.

So, 𝑝p𝑢,T𝑢q “ 0, and thus 𝑢 P T𝑢. l

Example 4. Consider Ω, 𝑝 and T as in Example 1. Then ℋ𝑝pT𝜚,T𝜗q “
“ 1

8
𝑝p𝜚, 𝜗q and (11) is satisfied for 𝜅Pr1

8
, 1
2
q. So, by Theorem 3, ℱpTq‰H.

Clearly 0 P ℱpTq here.
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Example 5. Suppose Ω “ t2´𝑛 : 𝑛 “ 0, 1, 2, . . .u Y t0u and
𝑝p𝜚, 𝜗q “ |𝜚´𝜗|`|𝜚|`|𝜗| is such that pΩ, 𝑝q is a complete 𝒫ℳ𝒮. Consider
T : Ω Ñ 𝒞ℬ𝑝

pΩq defined by

T𝜚 “

#

t0u, 𝜚 “ 0

t2´p𝑛`1q, 0u, 𝜚 “ 2´𝑛, 𝑛 “ 0, 1, 2, . . .

For each 𝜚, 𝜗 P Ω, we consider the following cases:
Case 1. When 𝜚 “ 𝜗 “ 0; then condition (11) is trivially true.
Case 2. When 𝜚 “ 0, 𝜗 “ 2´𝑛,

sup
𝑢Pt0u

inf
𝑣PT2´𝑛

𝑝p𝑢, 𝑣q “ 0 and sup
𝑣PT2´𝑛

inf
𝑢Pt0u

𝑝p𝑢, 𝑣q “
1

2𝑛
.

So, ℋ𝑝pT𝜚,T𝜗q “
1

2𝑛
. Again, 𝑝p𝜚, 𝜗q “ 21´𝑛, 𝑝p𝜚,T𝜚q “ 0 and

𝑝p𝜗,T𝜗q “ 21´𝑛. Thus,

𝜅pmaxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗quq𝛾
´

𝑝p𝜚, 𝜗q `
𝑝p𝜚,T𝜚q ` 𝑝p𝜗,T𝜗q

2

¯1´𝛾

“ 𝜅p21´𝑛
q
𝛾
p21´𝑛

` 2´𝑛q1´𝛾 “ 𝜅21´𝑛
´3

2

¯1´𝛾

. (14)

For 𝜅 “ 9
20

, 𝛾 “ 1
2

and using (14), we see that (11) is satisfied.
Case 3. When 𝜚 “ 𝜗 “ 2´𝑛,

ℋ𝑝pT𝜚,T𝜗q “ max
! 1

2𝑛
,

1

2𝑛

)

“
1

2𝑛
.

Also, 𝑝p𝜚, 𝜗q “ 21´𝑛, 𝑝p𝜚,T𝜚q “ 𝑝p𝜗,T𝜗q “ 21´𝑛. Now,

𝜅pmaxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗quq𝛾
´

𝑝p𝜚, 𝜗q `
𝑝p𝜚,T𝜚q ` 𝑝p𝜗,T𝜗q

2

¯1´𝛾

“ 𝜅p21´𝑛
q
𝛾
p22´𝑛

q
1´𝛾

“ 𝜅21´𝑛21´𝛾. (15)

Taking 𝜅 “ 9
20

, 𝛾 “ 1
2

and using (15), condition (11) is satisfied. Thus, all
the conditions of Theorem 3 are fulfilled. Clearly, 0 P ℱp𝒯 q here.

The following interpolative ℱ𝒫𝒯 of Hardy-Rogers type can also be
derived.
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Theorem 4. Let T : Ω Ñ 𝒞ℬ𝑝
pΩq be a multi-valued mapping in a com-

plete 𝒫ℳ𝒮 pΩ, 𝑝q. For 𝜅 P r0, 1q and 𝛾 P p0, 1q, T satisfies

ℋ𝑝pT𝜚,T𝜗q6𝜅pmaxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗quq𝛾
´𝑝p𝜚,T𝜗q`𝑝p𝜗,T𝜚q

1` 2𝑝p𝜚, 𝜗q

¯1´𝛾

.

Then T has a fixed point.

The proof of the above result is analogous to Theorem 3.
Now, we apply Theorem 3 to the following nonlinear ℱ𝒟ℐ with integral

boundary conditions.

𝑐D𝜔
𝑡 𝜚p𝑡q P Fp𝑡, 𝜚p𝑡qq p0 ă 𝑡 ă 1, 1 ă 𝜔 6 2q

with 𝜚p0q “ 0, 𝜚p1q “

𝜉
ż

0

𝑥p𝑠q 𝑑𝑠 p0 ă 𝜉 ă 1q.
(16)

Let Ω “ 𝐶pr0, 1s,Rq, which is a complete 𝒫ℳ𝒮 with

𝑝p𝜚, 𝜗q “ }𝜚´ 𝜗} ` }𝜚} ` }𝜗},

for each 𝜚, 𝜗 P Ω, where }𝜚} “ sup
𝑠Pr0,1s

|𝜚p𝑠q|. Define T : Ω Ñ 𝒞ℬ𝑝
pΩq by

T𝜚 “

"

𝑢 P Ω : 𝑢p𝑡q “
1

Γp𝜔q

𝑡
ż

0

p𝑡´ 𝑠q𝜔´1𝑓p𝑠, 𝜚p𝑠qq 𝑑𝑠

´
2𝑡

p2´ 𝜉2qΓp𝜔q

1
ż

0

p1´ 𝑠q𝜔´1𝑓p𝑠, 𝜚p𝑠qq 𝑑𝑠

`
2𝑡

p2´ 𝜉2qΓp𝜔q

𝜉
ż

0

ˆ

𝑠
ż

0

p𝑠´𝑚q𝜔´1𝑓p𝑚, 𝜚p𝑚qq 𝑑𝑚

˙

𝑑𝑠, 𝑡 P r0, 1s

*

, (17)

where 𝑓p𝑡, 𝜚p𝑡qq P Fp𝑡, 𝜚p𝑡qq.

Theorem 5. Consider the ℱ𝒟ℐ (16). Assume that the following condi-
tion holds: for each 𝑔 P Fp𝑡, 𝜚p𝑡qq and 𝜚, 𝜗 P Ω with 1 ă 𝜔 6 2, such that
𝑔p𝑚, 0q “ 0 and

|𝑔p𝑚, 𝜚p𝑚qq ´ 𝑔p𝑚,𝜗p𝑚qq| 6
Γp𝜔 ` 1q

5
|𝜚p𝑚q ´ 𝜗p𝑚q| for all 𝑚 P r0, 1s.
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Then the system (16) has a solution.

Proof. Let T : Ω Ñ 𝒞ℬ𝑝
pΩq be as given by (17) and 𝜚, 𝜗 P Ω. For 𝑢 P T𝜚,

𝑣 P T𝜗, we have

|𝑢p𝑡q ´ 𝑣p𝑡q| 6
1

Γp𝜔q

ˆ

𝑡
ż

0

|p𝑡´ 𝑠q𝜔´1| |𝑓p𝑠, 𝜚p𝑠qq ´ 𝑓p𝑠, 𝜗p𝑠qq| 𝑑𝑠

`
2𝑡

p2´ 𝜉2q

1
ż

0

p1´ 𝑠q𝜔´1|𝑓p𝑠, 𝜚p𝑠qq ´ 𝑓p𝑠, 𝜗p𝑠qq| 𝑑𝑠

`
2𝑡

p2´ 𝜉2q

𝜉
ż

0

ˆ

𝑠
ż

0

|𝑠´𝑚|𝜔´1|𝑓p𝑚, 𝜚p𝑚qq ´ 𝑓p𝑚,𝜗p𝑚qq| 𝑑𝑚

˙

𝑑𝑠

˙

6
Γp𝜔`1q

5Γp𝜔q

ˆ

𝑡
ż

0

|p𝑡´𝑠q𝜔´1| |𝜚p𝑠q´𝜗p𝑠q| 𝑑𝑠`
2𝑡

2´𝜉2

1
ż

0

p1´𝑠q𝜔´1|𝜚p𝑠qq´𝜗p𝑠q| 𝑑𝑠

`
2𝑡

2´ 𝜉2

𝜉
ż

0

ˆ

𝑠
ż

0

|𝑠´𝑚|𝜔´1|𝜚p𝑚q ´ 𝜗p𝑚q| 𝑑𝑚

˙

𝑑𝑠

˙

.

Taking sup over 𝑠 P r0, 1s,

|𝑢p𝑡q ´ 𝑣p𝑡q| 6
Γp𝜔 ` 1q

5Γp𝜔q
}𝜚´ 𝜗}

ˆ

𝑡
ż

0

|p𝑡´ 𝑠q𝜔´1| 𝑑𝑠

`
2𝑡

p2´ 𝜉2q

1
ż

0

p1´ 𝑠q𝜔´1 𝑑𝑠`
2𝑡

p2´ 𝜉2q

𝜉
ż

0

ˆ

𝑠
ż

0

|𝑠´𝑚|𝜔´1| 𝑑𝑚

˙

𝑑𝑠

˙

.

Again, taking sup over 𝑡 P r0, 1s,

}𝑢´ 𝑣} 6
1

Γp𝜔q

Γp𝜔 ` 1q

5

´ 1

𝜔
`

2

p2´ 𝜉2q

1

𝜔
`

2𝜉𝜔`1

p2´ 𝜉2q𝜔p𝜔 ` 1q

¯

}𝜚´ 𝜗},

i. e., }𝑢´ 𝑣} 6
1

2
}𝜚´ 𝜗}. Also,
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|𝑢p𝑡q|6
1

Γp𝜔q

ˆ

𝑡
ż

0

|p𝑡´𝑠q𝜔´1||𝑓p𝑠, 𝜚p𝑠qq| 𝑑𝑠`
2𝑡

2´𝜉2

1
ż

0

p1´𝑠q𝜔´1|𝑓p𝑠, 𝜚p𝑠qq| 𝑑𝑠

`
2𝑡

2´ 𝜉2

𝜉
ż

0

ˆ

𝑠
ż

0

|𝑠´𝑚|𝜔´1|𝑓p𝑚, 𝜚p𝑚qq| 𝑑𝑚

˙

𝑑𝑠

˙

6
1

Γp𝜔q

Γp𝜔 ` 1q

5

ˆ

𝑡
ż

0

|p𝑡´𝑠q𝜔´1||𝜚p𝑠q| 𝑑𝑠`
2𝑡

p2´ 𝜉2q

1
ż

0

p1´𝑠q𝜔´1|𝜚p𝑠q| 𝑑𝑠

`
2𝑡

2´ 𝜉2

𝜉
ż

0

ˆ

𝑠
ż

0

|𝑠´𝑚|𝜔´1|𝜚p𝑚q| 𝑑𝑚

˙

𝑑𝑠

˙

6
1

Γp𝜔q

Γp𝜔 ` 1q

5
}𝑥}

ˆ

𝑡
ż

0

|p𝑡´ 𝑠q𝜔´1| 𝑑𝑠`
2𝑡

p2´ 𝜉2q

1
ż

0

p1´ 𝑠q𝜔´1 𝑑𝑠

`
2𝑡

2´ 𝜉2

𝜉
ż

0

ˆ

𝑠
ż

0

|𝑠´𝑚|𝜔´1| 𝑑𝑚

˙

𝑑𝑠

˙

.

Taking sup over 𝑠 P r0, 1s and then over 𝑡 P r0, 1s, we get

}𝑢} 6
1

Γp𝜔q

Γp𝜔 ` 1q

5
}𝜚}

´ 1

𝜔
`

2

p2´ 𝜉2q

1

𝜔
`

2𝜉𝜔`1

p2´ 𝜉2q𝜔p𝜔 ` 1q

¯

,

i. e., }𝑢} 6 1
2
}𝜚}. Similarly, }𝑣} 6 1

2
}𝜗}. Now,

ℋ𝑝pT𝜚,T𝜗q 6 sup
𝑢PT𝜚,𝑣PT𝜗

𝑝p𝑢, 𝑣q 6
1

2
𝑝p𝜚, 𝜗q

6
1

2
pmaxt𝑝p𝜚, 𝜗q, 𝑝p𝜚,T𝜚q, 𝑝p𝜗,T𝜗quq𝛾

´

𝑝p𝜚, 𝜗q`
𝑝p𝜚,T𝜚q ` 𝑝p𝜗,T𝜗q

2

¯1´𝛾

.

Thus, all the conditions of Theorem 3 are satisfied; so, the system (16)
has a solution. l

3.2. Rational type periodic point result. This section presents
a periodic point result for rational type multi-valued mapping. Here, we
require the following definition.

Definition 3. Let Ω be a non-empty set and T : Ω Ñ 𝒞ℬ𝑝
pΩq be a multi-

valued mapping. For 𝑛 P N with 𝑛 ą 1, the 𝑛-th iterate T𝑛 is defined by
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T𝑛𝑢 “
ď

𝑣PT𝑛´1𝑢

T𝑣. If ℱpTq “ ℱpT𝑛q for all 𝑛 P N, then T is said to have

the property 𝑃 (refer to [1]).

The property 𝑃 is essential in fixed point theory and nonlinear analysis,
as it establishes a strong connection between fixed points and periodic
points of a mapping. The merit of property 𝑃 lies in its ability to detect
all periodic points and to establish that there are no nontrivial cycles (refer
to [11], [16], [17] for more details).

Theorem 6. On a complete 𝒫ℳ𝒮 pΩ, 𝑝q, let a mapping T :ΩÑ𝒞ℬ𝑝
pΩq

satisfies the condition (4). Then T has the property 𝑃 .

Proof. Suppose 𝑢 P ℱpT𝑛q for some 𝑛 ą 1. We prove that 𝑢 P T𝑢. Now,

𝑝pT𝑢, 𝑢q 6 ℋ𝑝pTT
𝑛𝑢,TT𝑛´1𝑢q

6 𝜅
´

maxtℋ𝑝pT
𝑛𝑢,T𝑛´1𝑢q,ℋ𝑝pT

𝑛𝑢,T𝑛`1𝑢q,ℋ𝑝pT
𝑛´1𝑢,T𝑛𝑢qu

`
ℋ𝑝pT

𝑛𝑢,T𝑛`1𝑢qℋ𝑝pT
𝑛´1𝑢,T𝑛𝑢q

1`ℋ𝑝pT𝑛𝑢,T𝑛´1𝑢q

¯

6 𝜅
`

maxtℋ𝑝pT
𝑛𝑢,T𝑛`1𝑢q,ℋ𝑝pT

𝑛´1𝑢,T𝑛𝑢qu `ℋ𝑝pT
𝑛𝑢,T𝑛`1𝑢q

˘

.

If ℋ𝑝pT
𝑛´1𝑢,T𝑛𝑢q 6 ℋ𝑝pT

𝑛𝑢,T𝑛`1𝑢q , then

ℋ𝑝pT
𝑛`1𝑢,T𝑛𝑢q 6 2𝜅ℋ𝑝pT

𝑛`1𝑢,T𝑛𝑢q ă ℋ𝑝pT
𝑛`1𝑢,T𝑛𝑢q,

which is a contradiction. Thus, ℋ𝑝pT
𝑛`1𝑢,T𝑛𝑢q 6 ℋ𝑝pT

𝑛𝑢,T𝑛´1𝑢q and
so,

ℋ𝑝pT
𝑛`1𝑢,T𝑛𝑢q 6 𝜅pℋ𝑝pT

𝑛𝑢,T𝑛´1𝑢q `ℋ𝑝pT
𝑛`1𝑢,T𝑛𝑢qq

6
𝜅

1´ 𝜅
ℋ𝑝pT

𝑛𝑢,T𝑛´1𝑢q

6
´ 𝜅

1´ 𝜅

¯𝑛

ℋ𝑝pT𝑢, 𝑢q.

Therefore,

𝑝pT𝑢, 𝑢q 6 ℋ𝑝pT
𝑛`1𝑢,T𝑛𝑢q 6

´ 𝜅

1´ 𝜅

¯𝑛

ℋ𝑝pT𝑢, 𝑢q.

Taking limit as 𝑛Ñ 8, we get 𝑝pT𝑢, 𝑢q “ 0, i. e., 𝑢 P T𝑢. l
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Example 6. Let Ω “ r0, 1s and 𝑝p𝜚, 𝜗q “ |𝜚´𝜗|` |𝜚|` |𝜗|, 𝜚, 𝜗 P 𝒳 . Let
T : Ω Ñ 𝒞ℬ𝑝

pΩq be defined by

T𝜚 “

#

tr0, 𝜚
5
su, 𝜚 P r0,1q

t1u, 𝜚 “ 1.

For 𝑢 P r0, 1q, T𝑢 “
“

0,
𝑢

5

‰

and so, T2𝑢 “
“

0,
𝑢

25

‰

. Continuing in a

similar manner, we get T𝑛𝑢 “
“

0,
𝑢

5𝑛

‰

for all 𝑛 P N. Again,

ℋ𝑝pT𝜚,T𝜗q “
1

5
maxt𝜚, 𝜗u “

𝛽

5
, where 𝛽 “ maxt𝜚, 𝜗u,

𝑝p𝜚,T𝜚q “ 2𝜚, 𝑝p𝜗,T𝜗q “ 2𝜗 and 𝑝p𝜚, 𝜗q “ 2 maxt𝜚, 𝜗u “ 2𝛽. Now,
R.H.S. of (4) is

𝜅
´

maxt2𝛽, 2𝜚, 2𝜗u `
4𝜚𝜗

1` 2𝛽

¯

“ 2𝜅
´

𝛽 `
2𝜚𝜗

1` 2𝛽

¯

> 2𝜅𝛽.

Hence, Theorem 6 is satisfied for 𝜅 P r 1
10
,1
2
q and so, T has property 𝑃 .

Clearly, for all 𝑛 P N, ℱpTq “ ℱpT𝑛q “ t0,1u here.

4. Future Problems. In the course of future work, the Ulam-Hyers
stability of delay ℱ𝒟ℐ can be studied with the help of Theorem 3. In
2025, Aldowah et al. [2] established the rational type ℱ𝒫𝒯 to provide an
application to the economic growth model. Therefore, to investigate the
stability of the economic growth model with delayed investment response
or delay in policy implementation via equation (5) is another scope for
future study. Furthermore, considering the broad research in fuzzy metric
spaces (refer to [15], [16]), the application of rational type contraction
conditions in fuzzy multi-valued mappings is a natural extension.

Acknowledgment. The authors are thankful to the reviewers for their
valuable comments and suggestions that significantly improved the article.
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