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LIPSCHITZ CLASS BY THE PRODUCT OF
NATARAJAN-EULER SUMMABILITY OF ITS FOURIER
SERIES

Abstract. In this paper, we explore the Natarajan-FEuler product
summability method and its applications to Fourier series. We es-
tablish several novel results concerning the degree of approximation
of Fourier series for functions belonging to the classes Lip(c,r) and
Lip({(t),r), where r > 1, and 0 < a < 1. The Lip(a, 7)-class con-
sists of functions satisfying the Lipschitz condition characterized
by « and r, while Lip({(t),r) extends this to variable moduli of
smoothness ((t). Using the Natarajan-Euler product means, we
develop new bounds and approximation properties, demonstrating
the effectiveness of this summability technique in refining Fourier
approximations for these function classes. The results contribute
to the deeper understanding of the interplay between summabil-
ity methods and functional smoothness, offering insights into both
theoretical and applied aspects of harmonic analysis and approxi-
mation theory.
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1. Introduction. The approximation of Fourier series plays a pivotal
role in Mathematics and Engineering, offering significant utility in di-
verse fields, such as signal analysis, image processing, and system design
in modern telecommunications. This classical area of harmonic analysis
has seen substantial growth since the early works of Fourier, who intro-
duced trigonometric series as a tool to solve heat conduction problems.
Over time, researchers extended his ideas to study convergence and ap-
proximation properties for various types of functions. The introduction
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of summability methods, such as Cesaro, Abel, and Euler, means further
enhanced the understanding of Fourier series convergence and divergence,
providing more general and practical tools for approximating functions.

Modern developments have focused on the degree of approximation
of Fourier series and conjugate Fourier series for 27 periodic functions in
various functional spaces. These include Lipschitz, Holder, Besov, and
Zygmund spaces (see [2], [3], [4], 7], [9], [10], and [14]), which general-
ize smoothness and regularity conditions. Summability techniques have
become indispensable in this context, offering refined convergence results
and error bounds. Studies have demonstrated their applications in signal
processing, where Fourier methods aid in filtering and reconstruction, and
in image processing for feature extraction and noise reduction (see [5], 8],
[11], [12], [13], [15]).

In line with these advancements, this paper investigates the degree
of approximation of Fourier series for functions in the Lipschitz class
Lip(a,r). Using the Natarajan-Fuler product means, we establish new
results that bridge summability techniques and functional smoothness.
These findings contribute to the growing body of research that connects
classical Fourier analysis with contemporary applications and theory.

Let > a, be a given infinite series with the sequence of partial sums
{sn}. The transformation

n n
b= > Ak = > MeSnck
5=0 k=0

defines the sequence {¢,} of Natarajan means of the sequence {s,} gen-
erated by the sequence of coefficients {\,}, where )\, is non-negative real
or complex numbers, such that > |\,| < oo. If ¢, — s, as n — w0, where
s is a finite number, then we say that the series ), a, is summable by
the Natarajan method or (M, \,)-summable to the sum s. It is known
that the necessary and sufficient condition for the regularity of Natarajan
method (M, \,) is that >\, = 1.

Let
1 " n
Ty = —— "
! (1+Q)"Z<k)q o

k=0

Then {7} defines the (E,q), the Euler method of sequence {s,}. If
T, — s, as n — oo, where s is a finite number, then we say that the
series Y| aj, is summable by the Euler method (£, q) to s. Clearly (E,q)
method is regular.
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Now, we define the (M, \,,) mean of the (E, q) transform or the product
Natarajan-Euler method (M, \,)(F, q) transform of the partial sum s, of
the series > a,. If 7, is the n-th (M, \,)(FE,q) transform of the series
> a,, then

$ = 1 ki k
= ST = Y N .
T, kz_;) kLK é k(1+q)n_k§)< 5 )s

If 7, > s, as n — o0, where s is a finite number, then the series > a, is
said to be (M, \,)(E, q) product summable to the sum s.

Let f(t) be the 2m-periodic function that is L-integrable over the in-
terval (0,27). Then the Fourier series of f(t) is given by

0
ao . o
f(x) ~ 5 + né_l a, cosnx + b, sinnx = En Ap(x). (1)

The p-norm ||.|, of a function of f € LP[0,2x] is defined as

171, = ( | |f<x>rpdx)”, po1
0

The degree of approximation of a function f € LP, usually denoted by
E,.(f), is given by
Bo(f) = win [, = fl,

where p,, is a trigonometric polynomial of degree n, called a trigonometric
approximation of f.
For 0 < a <1, if

[f(@+1) = fz)] = O(t]"), t >0,

then the function f is said to be of class Lip o or Lip(«).
If, for0O<a<l,r>1,t>0,

2w

[t +0) - sran? - oqe)

0

then the function f is said to be of class Lip(a, ).
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We use the following notation throughout this paper:
¢(x,t) = fz,t) + f(x — 1) — 2f(x)

and ,
1 (sin(n+ S

The n-th partial sum of the Fourier series (1) and

_i” n— n——w
Kn(t)_QWE 1+q"’“2( ) sin(§)

The motivation for this study stems from the need to refine approxima-
tion techniques for Fourier series, particularly for functions in the Lip(c, r)
and Lip(¢(t),r) classes. Traditional methods often struggle with captur-
ing the nuanced smoothness properties of these functions. By employing
the Natarajan-Euler product summability method, this research addresses
these limitations, offering sharper bounds and enhanced approximation
results. This approach bridges gaps in harmonic analysis and provides a
robust framework for studying summability’s impact on Fourier approxi-
mations in both theory and applications.

2. Known Results. Dealing with Degree of approximation of Fourier
series of a function of class Lip(a,r), r > 1 and Lip(¢(t),r), r = 1 by
(M, \,)(E, 1) transform, Das et al. [1] proved the following results.

Theorem 1. let (M, \,) be a regular Natarajan method defined by a
positive sequence {\,}, such that

(n+ DA = O(1) and E(Axk)zo(nil). 2)
k=0

Let f € L?[0,27] belong to the class Lip(a,r), r > 1; then the degree of
approximation of f by (M, \,)(E, 1) transform

n n—k
1 n—k
N SPW ( )
n n—k v
k=0 2 v=0 v

of its Fourier series satisfies

|¥E—ﬂﬂ®=@@ L ) Oty ) 0 < <1,

et o) o =1,

n=0,1,...
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Theorem 2. Let (M, \,) be a regular Natarajan method defined by a
positive sequence {\,} satisfying condition (2). Let f € LP|0,2x| belong
to the class Lip(((t),r), r > 1; then the degree of approximation of f by
tME of its Fourier series (1) is given by

[£2F = flz(¢) = O((n +1)? T«t)dt) * 0( f Ct_ )

3. Main Result. In this paper, we have established Theorems on
Degree of approximation of the function belonging to the class Lip(«,r)
and Lip(((t),r), r = 1 of the Fourier series (1) by the product Natarajan-
Euler mean in the following form.

Theorem 3. Let f be a 2n-periodic L-integrable and belong to the
class Lip(a,r), r > 1. Let (M, \,,) be a regular Natarajan method defined
by a positive sequence {\,} satisfying condition (2). Then the degree
of approximation of the Fourier series (1) by the product (M, \,)(E,q)
summability mean is given by

I = l1(0) = Oy )- 0<a <L )

Theorem 4. Let (M, \,) be a regular Natarajan method defined by a
positive sequence {\,} satisfying condition (2). Let f be a 2m-periodic,
L-integrable, and belong to the class Lip(((t),r), » > 1. Then the degree
of approximation of f by the product (M, \,)(E,q) method of Fourier
series (1) is given by

I — FI(O) :O((n+1 fg dt>+0<n+ f% ) (@)

4. Required Lemmas. We need the following lemmas for the proof
of the Theorem 3 and Theorem 4.

Lemma 1. For0 <t < %, | K, ()] =O0((n + 1)?).
n

t
Proof. We have, for 0 <t < T 1: sin nt < nt and sin (§> > —. So,

t
n + T
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1w Ak {n_k (n — k) L, Sin(v + %)t}'
K,t)| =—
[Kn(t)] om ];) (1+q)F VZ_: v sin(%)
ii Akl {”k<n—k> nky(2V+1)%}
e M OO ) Kl e AN 2 t
1 - 1 o n—k n—k—v 2
<Zk2\)\k](2(n—k)+1)(1 )”—’“Z( ) ) = O(n+1)"
=0 v=0
This completes the proof. []
1
Lemma 2. For —— <t< 7, | K (t)| = O(n+ )
n+1 t
i . (t t .
Proof. For <t < m, we have sin (—) > —,sinnt < 1 and
n+1 2 s
1] Ak ik . sin(v + 1)t
K] = 5| 3 e 3 (1) e
2 ,;) I+ VZ_;) v sin(5)
1 & A {"k(n—k> (T }
clg Il poier(7)
2 1;) (14 q)"F yz_;) v t
1O |\ {Z’“(n—k) k} 1 & n+1
mER _ b= Y = o(t)
2t = (14 q)nF = v 2t & t

The proof is completed. []

Lemma 3. [6] Let f € Lip(a,r), 0 < a <1, r > 1; then
2 1
([irworas) - oo
0
Lemma 4. [1] Let f € Lip(((t),r), r > 1; then

(Twmxwm)izomwy

5. Proof of the Main Theorems.
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Proof of Theorem 3. Using the Riemann-Lebesgue theorem for the
n-th partial sum s, (f, z) of the Fourier series (1) and following Titchmarsh
[16], we have

sn(f32) = —f¢ U 2 ()

If T,, denotes the n-th (F,q) mean of s,(f;x), then we have

Tn_f nz

k=0

1
2 (1 + q)»

( ) " el i) — 1)
ol

C—x

If 7,, denotes the Natarajan (M, \,) mean of {7}, then we have

7h_f@»=§]Miajfzy;gﬁﬂxﬂ{§f<n;k>¢lkVﬁ%%ééﬁ}ﬁ

v=0

-z [eo B B ()
_ f 7z, t) K (1) dt,

et (o) ([[feowinef )

J (ka z, t)|" dw) |K,(t)|dt (by generalized Minkowski inequality)
0



8 P. Parida, B. B. Jena, S. K. Paikray

f(’)(to‘)|Kn(t)| dt (using Lemma 4.3)
0

T
n+1 e

:o( f t°‘|Kn(t)|dt> +0( f t‘“|Kn(t)|dt)

T
0 n+1

n+1 s ta
=0 <(n +1)? Jtadt) +0O <(n +1) J 7dt) (using Lemmas 4.1 and 4.2)
O ™

~0(g/ ) o) = ()

Thus

1
I = f11(0) = Oy ) 0= @< L

The proof is completed.
Proof of Theorem 4. If f is a class of Lip(((t),r), r > 1, then we

have
dx) '

2T
|7 = f(@)[L(C (fm )| dx) = (J'ng(w,t)[( t)dt
J(J o(z,t)]" da:) |K,,(t)| dt (by generalized Minkowski inequality)
0

2
0

— f (t)| dt (using Lemma 4.4)
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R S
n+1

=O<(n+1)2 J g(t)dt) (n+1 fﬂCT )

0

Thus, we have

T
n+1

= 1@ =0((n+ 17 [ coit) +0 <n+1f<7 i)

This completes the proof.
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