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DEGREE APPROXIMATION OF SIGNALS OF CERTAIN
LIPSCHITZ CLASS BY THE PRODUCT OF

NATARAJAN-EULER SUMMABILITY OF ITS FOURIER
SERIES

Abstract. In this paper, we explore the Natarajan-Euler product
summability method and its applications to Fourier series. We es-
tablish several novel results concerning the degree of approximation
of Fourier series for functions belonging to the classes 𝐿𝑖𝑝p𝛼, 𝑟q and
𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q, where 𝑟 > 1, and 0 ă 𝛼 6 1. The 𝐿𝑖𝑝p𝛼, 𝑟q-class con-
sists of functions satisfying the Lipschitz condition characterized
by 𝛼 and 𝑟, while 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q extends this to variable moduli of
smoothness 𝜁p𝑡q. Using the Natarajan-Euler product means, we
develop new bounds and approximation properties, demonstrating
the effectiveness of this summability technique in refining Fourier
approximations for these function classes. The results contribute
to the deeper understanding of the interplay between summabil-
ity methods and functional smoothness, offering insights into both
theoretical and applied aspects of harmonic analysis and approxi-
mation theory.
Key words: Natarajan-Euler summability method; Product summa-
bility; Lipschitz class; Fourier series
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1. Introduction. The approximation of Fourier series plays a pivotal
role in Mathematics and Engineering, offering significant utility in di-
verse fields, such as signal analysis, image processing, and system design
in modern telecommunications. This classical area of harmonic analysis
has seen substantial growth since the early works of Fourier, who intro-
duced trigonometric series as a tool to solve heat conduction problems.
Over time, researchers extended his ideas to study convergence and ap-
proximation properties for various types of functions. The introduction
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of summability methods, such as Cesàro, Abel, and Euler, means further
enhanced the understanding of Fourier series convergence and divergence,
providing more general and practical tools for approximating functions.

Modern developments have focused on the degree of approximation
of Fourier series and conjugate Fourier series for 2𝜋 periodic functions in
various functional spaces. These include Lipschitz, Hölder, Besov, and
Zygmund spaces (see [2], [3], [4], [7], [9], [10], and [14]), which general-
ize smoothness and regularity conditions. Summability techniques have
become indispensable in this context, offering refined convergence results
and error bounds. Studies have demonstrated their applications in signal
processing, where Fourier methods aid in filtering and reconstruction, and
in image processing for feature extraction and noise reduction (see [5], [8],
[11], [12], [13], [15]).

In line with these advancements, this paper investigates the degree
of approximation of Fourier series for functions in the Lipschitz class
𝐿𝑖𝑝p𝛼, 𝑟q. Using the Natarajan-Euler product means, we establish new
results that bridge summability techniques and functional smoothness.
These findings contribute to the growing body of research that connects
classical Fourier analysis with contemporary applications and theory.

Let
ř

𝑎𝑛 be a given infinite series with the sequence of partial sums
t𝑠𝑛u. The transformation

𝑡𝑛 “
𝑛
ÿ

𝑘“0

𝜆𝑛´𝑘𝑠𝑘 “
𝑛
ÿ

𝑘“0

𝜆𝑘𝑠𝑛´𝑘

defines the sequence t𝑡𝑛u of Natarajan means of the sequence t𝑠𝑛u gen-
erated by the sequence of coefficients t𝜆𝑛u, where 𝜆𝑛 is non-negative real
or complex numbers, such that

ř

|𝜆𝑛| ă 8. If 𝑡𝑛 Ñ 𝑠, as 𝑛 Ñ 8, where
𝑠 is a finite number, then we say that the series

ř

𝑎𝑛 is summable by
the Natarajan method or p𝑀,𝜆𝑛q-summable to the sum 𝑠. It is known
that the necessary and sufficient condition for the regularity of Natarajan
method p𝑀,𝜆𝑛q is that

ř

𝜆𝑛 “ 1.
Let

𝑇𝑛 “
1

p1` 𝑞q𝑛

𝑛
ÿ

𝑘“0

ˆ

𝑛

𝑘

˙

𝑞𝑛´𝑘𝑠𝑘.

Then t𝑇𝑛u defines the p𝐸, 𝑞q, the Euler method of sequence t𝑠𝑛u. If
𝑇𝑛 Ñ 𝑠, as 𝑛 Ñ 8, where 𝑠 is a finite number, then we say that the
series

ř

𝑎𝑛 is summable by the Euler method p𝐸, 𝑞q to 𝑠. Clearly p𝐸, 𝑞q
method is regular.
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Now, we define the p𝑀,𝜆𝑛qmean of the p𝐸, 𝑞q transform or the product
Natarajan-Euler method p𝑀,𝜆𝑛qp𝐸, 𝑞q transform of the partial sum 𝑠𝑛 of
the series

ř

𝑎𝑛. If 𝜏𝑛 is the 𝑛-th p𝑀,𝜆𝑛qp𝐸, 𝑞q transform of the series
ř

𝑎𝑛, then

𝜏𝑛 “
𝑛
ÿ

𝑘“0

𝜆𝑘𝑇𝑛´𝑘 “

𝑛
ÿ

𝑘“0

𝜆𝑘
1

p1` 𝑞q𝑛´𝑘

𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑠𝜈 .

If 𝜏𝑛 Ñ 𝑠, as 𝑛 Ñ 8, where 𝑠 is a finite number, then the series
ř

𝑎𝑛 is
said to be p𝑀,𝜆𝑛qp𝐸, 𝑞q product summable to the sum 𝑠.

Let 𝑓p𝑡q be the 2𝜋-periodic function that is 𝐿-integrable over the in-
terval p0, 2𝜋q. Then the Fourier series of 𝑓p𝑡q is given by

𝑓p𝑥q «
𝑎0
2
`

8
ÿ

𝑛“1

𝑎𝑛 cos𝑛𝑥` 𝑏𝑛 sin𝑛𝑥 ”
ÿ

𝑛

𝐴𝑛p𝑥q. (1)

The p-norm }.}𝑝 of a function of 𝑓 P 𝐿𝑝r0, 2𝜋s is defined as

}𝑓}𝑝 “

ˆ

2𝜋
ż

0

|𝑓p𝑥q|𝑝𝑑𝑥

˙
1
𝑝

, 𝑝 > 1.

The degree of approximation of a function 𝑓 P 𝐿𝑝, usually denoted by
𝐸𝑛p𝑓q, is given by

𝐸𝑛p𝑓q “ min
𝑝𝑛
}𝑝𝑛 ´ 𝑓}𝑝,

where 𝑝𝑛 is a trigonometric polynomial of degree 𝑛, called a trigonometric
approximation of 𝑓 .

For 0 ă 𝛼 6 1, if

|𝑓p𝑥` 𝑡q ´ 𝑓p𝑥q| “ 𝒪p|𝑡|𝛼q, 𝑡 ą 0,

then the function 𝑓 is said to be of class 𝐿𝑖𝑝 𝛼 or 𝐿𝑖𝑝p𝛼q.
If, for 0 ă 𝛼 6 1, 𝑟 > 1, 𝑡 ą 0,

2𝜋
ż

0

p|𝑓p𝑥` 𝑡q ´ 𝑓p𝑥q|𝑟𝑑𝑥q
1
𝑟 “ 𝒪p|𝑡|𝛼q,

then the function 𝑓 is said to be of class 𝐿𝑖𝑝p𝛼, 𝑟q.
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We use the following notation throughout this paper:

𝜑p𝑥, 𝑡q “ 𝑓p𝑥, 𝑡q ` 𝑓p𝑥´ 𝑡q ´ 2𝑓p𝑥q

and

𝑠𝑛p𝑓 ;𝑥q “
1

2𝜋

2𝜋
ż

0

sinp𝑛` 1
2
q𝑢

sinp1
2
𝑢q

𝑓p𝑥` 𝑢q𝑑𝑢.

The 𝑛-th partial sum of the Fourier series (1) and

𝐾𝑛p𝑡q “
1

2𝜋

𝑛
ÿ

𝑘“0

𝜆𝑘

p1` 𝑞q𝑛´𝑘

𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
sinp𝜈 ` 1

2
q𝑡

sinp 𝑡
2
q

.

The motivation for this study stems from the need to refine approxima-
tion techniques for Fourier series, particularly for functions in the 𝐿𝑖𝑝p𝛼, 𝑟q
and 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q classes. Traditional methods often struggle with captur-
ing the nuanced smoothness properties of these functions. By employing
the Natarajan-Euler product summability method, this research addresses
these limitations, offering sharper bounds and enhanced approximation
results. This approach bridges gaps in harmonic analysis and provides a
robust framework for studying summability’s impact on Fourier approxi-
mations in both theory and applications.

2. Known Results. Dealing with Degree of approximation of Fourier
series of a function of class 𝐿𝑖𝑝p𝛼, 𝑟q, 𝑟 > 1 and 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q, 𝑟 > 1 by
p𝑀,𝜆𝑛qp𝐸, 1q transform, Das et al. [1] proved the following results.

Theorem 1. let p𝑀,𝜆𝑛q be a regular Natarajan method defined by a
positive sequence t𝜆𝑛u, such that

p𝑛` 1q𝜆𝑛 “ 𝒪p1q and
𝑛´1
ÿ

𝑘“0

p∆𝜆𝑘q “ 𝒪
´ 1

𝑛` 1

¯

. (2)

Let 𝑓 P 𝐿𝑝r0, 2𝜋s belong to the class 𝐿𝑖𝑝p𝛼, 𝑟q, 𝑟 > 1; then the degree of
approximation of 𝑓 by p𝑀,𝜆𝑛qp𝐸, 1q transform

𝑡𝑀𝐸
𝑛 “

𝑛
ÿ

𝑘“0

𝜆𝑘
1

2𝑛´𝑘

𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑠𝜈

of its Fourier series satisfies

}𝑡𝑀𝐸
𝑛 ´ 𝑓}𝑟𝐿p𝛼q“𝒪

´ 1

p𝑛` 1q𝛼´1

¯

`

$

&

%

𝒪
´

1
p𝑛`1q𝛼

¯

, 0 ă 𝛼 ă 1,

𝒪
´

𝑙𝑜𝑔p𝑛`1q
p𝑛`1q

¯

, 𝛼 “ 1,
𝑛“0, 1, . . .
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Theorem 2. Let p𝑀,𝜆𝑛q be a regular Natarajan method defined by a
positive sequence t𝜆𝑛u satisfying condition p2q. Let 𝑓 P 𝐿𝑝r0, 2𝜋s belong
to the class 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q, 𝑟 > 1; then the degree of approximation of 𝑓 by
𝑡𝑀𝐸
𝑛 of its Fourier series p1q is given by

}𝑡𝑀𝐸
𝑛 ´ 𝑓}𝑟𝐿p𝜁q “ 𝒪

ˆ

p𝑛` 1q2

𝜋
𝑛`1
ż

0

𝜁p𝑡q𝑑𝑡

˙

`𝒪
ˆ

1

𝑛` 1

𝜋
ż

𝜋
𝑛`1

𝜁p𝑡q

𝑡2
𝑑𝑡

˙

.

3. Main Result. In this paper, we have established Theorems on
Degree of approximation of the function belonging to the class 𝐿𝑖𝑝p𝛼, 𝑟q
and 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q, 𝑟 > 1 of the Fourier series p1q by the product Natarajan-
Euler mean in the following form.

Theorem 3. Let 𝑓 be a 2𝜋-periodic 𝐿-integrable and belong to the
class 𝐿𝑖𝑝p𝛼, 𝑟q, 𝑟 > 1. Let p𝑀,𝜆𝑛q be a regular Natarajan method defined
by a positive sequence t𝜆𝑛u satisfying condition p2q. Then the degree
of approximation of the Fourier series p1q by the product p𝑀,𝜆𝑛qp𝐸, 𝑞q
summability mean is given by

}𝜏𝑛 ´ 𝑓}𝑟𝐿p𝛼q “ 𝒪
´ 1

p𝑛` 1q𝛼´1

¯

, 0 ă 𝛼 6 1. (3)

Theorem 4. Let p𝑀,𝜆𝑛q be a regular Natarajan method defined by a
positive sequence t𝜆𝑛u satisfying condition p2q. Let 𝑓 be a 2𝜋-periodic,
𝐿-integrable, and belong to the class 𝐿𝑖𝑝p𝜁p𝑡q,𝑟q, 𝑟 > 1. Then the degree
of approximation of 𝑓 by the product p𝑀,𝜆𝑛qp𝐸, 𝑞q method of Fourier
series p1q is given by

}𝜏𝑛 ´ 𝑓}𝑟𝐿p𝜁q “ 𝒪
ˆ

p𝑛` 1q2

𝜋
𝑛`1
ż

0

𝜁p𝑡q𝑑𝑡

˙

`𝒪
ˆ

p𝑛` 1q

𝜋
ż

𝜋
𝑛`1

𝜁p𝑡q

𝑡
𝑑𝑡

˙

. (4)

4. Required Lemmas. We need the following lemmas for the proof
of the Theorem 3 and Theorem 4.

Lemma 1. For 0 ă 𝑡 6
𝜋

𝑛` 1
, |𝐾𝑛p𝑡q|=𝒪

`

p𝑛` 1q2
˘

.

Proof. We have, for 0 6 𝑡 6
𝜋

𝑛` 1
: sin𝑛𝑡 6 𝑛𝑡 and sin

´ 𝑡

2

¯

>
𝑡

𝜋
. So,



6 P. Parida, B. B. Jena, S. K. Paikray

|𝐾𝑛p𝑡q| “
1

2𝜋

ˇ

ˇ

ˇ

ˇ

𝑛
ÿ

𝑘“0

𝜆𝑘

p1` 𝑞q𝑛´𝑘

" 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
sinp𝜈 ` 1

2
q𝑡

sinp 𝑡
2
q

*
ˇ

ˇ

ˇ

ˇ

6
1

2𝜋

𝑛
ÿ

𝑘“0

|𝜆𝑘|

p1` 𝑞q𝑛´𝑘

" 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
p2𝜈 ` 1q 𝑡

2

𝑡

*

6
1

4

𝑛
ÿ

𝑘“0

|𝜆𝑘|p2p𝑛´ 𝑘q ` 1q
1

p1` 𝑞q𝑛´𝑘

𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈 “ 𝒪p𝑛` 1q2.

This completes the proof. l

Lemma 2. For
𝜋

𝑛` 1
6 𝑡 6 𝜋, |𝐾𝑛p𝑡q| “ 𝒪

´𝑛` 1

𝑡

¯

.

Proof. For
𝜋

𝑛` 1
6 𝑡 6 𝜋, we have sin

´ 𝑡

2

¯

>
𝑡

𝜋
, sin𝑛𝑡 6 1 and

|𝐾𝑛p𝑡q| “
1

2𝜋

ˇ

ˇ

ˇ

ˇ

𝑛
ÿ

𝑘“0

𝜆𝑘

p1` 𝑞q𝑛´𝑘

" 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
sinp𝜈 ` 1

2
q𝑡

sinp 𝑡
2
q

*
ˇ

ˇ

ˇ

ˇ

6
1

2𝜋

𝑛
ÿ

𝑘“0

|𝜆𝑘|

p1` 𝑞q𝑛´𝑘

" 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
´𝜋

𝑡

¯

*

“
1

2𝑡

𝑛
ÿ

𝑘“0

|𝜆𝑘|

p1` 𝑞q𝑛´𝑘

" 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
*

“
1

2𝑡

𝑛
ÿ

𝑘“0

|𝜆𝑘| “ 𝒪
´𝑛` 1

𝑡

¯

.

The proof is completed. l

Lemma 3. [6] Let 𝑓 P 𝐿𝑖𝑝p𝛼, 𝑟q, 0 ă 𝛼 6 1, 𝑟 > 1; then

ˆ

2𝜋
ż

0

|𝑓p𝑥, 𝑡q|𝑟𝑑𝑥

˙
1
𝑟

“ 𝒪p|𝑡|𝛼q.

Lemma 4. [1] Let 𝑓 P 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q, 𝑟 > 1; then

ˆ

2𝜋
ż

0

|𝜑p𝑥, 𝑡q|𝑟𝑑𝑥

˙
1
𝑟

“ 𝒪p𝜁p𝑡qq.

5. Proof of the Main Theorems.
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Proof of Theorem 3. Using the Riemann-Lebesgue theorem for the
n-th partial sum 𝑠𝑛p𝑓, 𝑥q of the Fourier series p1q and following Titchmarsh
[16], we have

𝑠𝑛p𝑓 ;𝑥q ´ 𝑓p𝑥q “
1

2𝜋

𝜋
ż

0

𝜑p𝑥, 𝑡q
sinp𝑛` 1

2
q𝑡

sin 𝑡
2

𝑑𝑡. (5)

If 𝑇𝑛 denotes the n-th p𝐸, 𝑞q mean of 𝑠𝑛p𝑓 ;𝑥q, then we have

𝑇𝑛 ´ 𝑓p𝑥q “
1

p1` 𝑞q𝑛

𝑛
ÿ

𝑘“0

ˆ

𝑛

𝑘

˙

𝑞𝑛´𝑘p𝑠𝑘p𝑓 ;𝑥q ´ 𝑓p𝑥qq

“
1

2𝜋p1` 𝑞q𝑛

𝜋
ż

0

𝜑p𝑥, 𝑡q

" 𝑛
ÿ

𝑘“0

ˆ

𝑛

𝑘

˙

𝑞𝑛´𝑘
sinp𝑘 ` 1

2
q𝑡

sinp 𝑡
2
q

*

𝑑𝑡.

If 𝜏𝑛 denotes the Natarajan p𝑀,𝜆𝑛q mean of t𝑇𝑛u, then we have

𝜏𝑛´ 𝑓p𝑥q“
𝑛
ÿ

𝑘“0

𝜆𝑘
1

2𝜋p1` 𝑞q𝑛´𝑘

𝜋
ż

0

𝜑p𝑥, 𝑡q

"𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
sinp𝜈` 1

2
q𝑡

sinp 𝑡
2
q

*

𝑑𝑡

“
1

2𝜋

𝜋
ż

0

𝜑p𝑥, 𝑡q

" 𝑛
ÿ

𝑘“0

𝜆𝑘

p1`𝑞q𝑛´𝑘

ˆ 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
sinp𝜈` 1

2
q𝑡

sinp 𝑡
2
q

*̇

𝑑𝑡

“

ż

0

𝜋𝜑p𝑥, 𝑡q𝐾𝑛p𝑡q𝑑𝑡,

where

𝐾𝑛p𝑡q “
1

2𝜋

𝑛
ÿ

𝑘“0

𝜆𝑘

p1` 𝑞q𝑛´𝑘

" 𝑛´𝑘
ÿ

𝜈“0

ˆ

𝑛´ 𝑘

𝜈

˙

𝑞𝑛´𝑘´𝜈
sinp𝜈 ` 1

2
q𝑡

sinp 𝑡
2
q

*

.

Now,

}𝜏𝑛 ´ 𝑓}𝑟𝐿p𝛼q “

ˆ

2𝜋
ż

0

|𝜏𝑛 ´ 𝑓p𝑥q|𝑟𝑑𝑥

˙
1
𝑟

“

ˆ

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

𝜋
ż

0

𝜑p𝑥, 𝑡q𝐾𝑛p𝑡q 𝑑𝑡

ˇ

ˇ

ˇ

ˇ

𝑟

𝑑𝑥

˙
1
𝑟

6

𝜋
ż

0

ˆ

2𝜋
ż

0

|𝜑p𝑥, 𝑡q|𝑟 𝑑𝑥

˙
1
𝑟

|𝐾𝑛p𝑡q|𝑑𝑡 (by generalized Minkowski inequality)
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“

𝜋
ż

0

𝒪p𝑡𝛼q|𝐾𝑛p𝑡q| 𝑑𝑡 (using Lemma 4.3)

“ 𝒪
ˆ

𝜋
𝑛`1
ż

0

𝑡𝛼|𝐾𝑛p𝑡q|𝑑𝑡

˙

`𝒪
ˆ

𝜋
ż

𝜋
𝑛`1

𝑡𝛼|𝐾𝑛p𝑡q|𝑑𝑡

˙

“𝒪
ˆ

p𝑛` 1q2

𝜋
𝑛`1
ż

0

𝑡𝛼𝑑𝑡

˙

`𝒪
ˆ

p𝑛` 1q

𝜋
ż

𝜋
𝑛`1

𝑡𝛼

𝑡
𝑑𝑡

˙

pusing Lemmas 4.1 and 4.2q

“ 𝒪
´

p𝑛` 1q2

p𝑛` 1q𝛼`1

¯

`𝒪
´ 𝑛` 1

p𝑛` 1q𝛼

¯

“ 𝒪
´ 1

p𝑛` 1q𝛼´1

¯

.

Thus

}𝜏𝑛 ´ 𝑓}𝑟𝐿p𝛼q “ 𝒪
´ 1

p𝑛` 1q𝛼´1

¯

, 0 ă 𝛼 6 1.

The proof is completed.
Proof of Theorem 4. If 𝑓 is a class of 𝐿𝑖𝑝p𝜁p𝑡q, 𝑟q, 𝑟 > 1, then we

have

}𝜏𝑛 ´ 𝑓p𝑥q}𝑟𝐿p𝜁q“

ˆ

2𝜋
ż

0

|𝜏𝑛 ´ 𝑓p𝑥q|𝑟𝑑𝑥

˙
1
𝑟

“

ˆ

2𝜋
ż

0

ˇ

ˇ

ˇ

ˇ

𝜋
ż

0

𝜑p𝑥, 𝑡q𝐾𝑛p𝑡q𝑑𝑡

ˇ

ˇ

ˇ

ˇ

𝑟

𝑑𝑥

˙
1
𝑟

6

𝜋
ż

0

ˆ

2𝜋
ż

0

|𝜑p𝑥, 𝑡q|𝑟 𝑑𝑥

˙
1
𝑟

|𝐾𝑛p𝑡q| 𝑑𝑡 (by generalized Minkowski inequality)

“

𝜋
ż

0

𝒪p𝜁p𝑡qq|𝐾𝑛p𝑡q| 𝑑𝑡 (using Lemma 4.4)

“ 𝒪
ˆ

𝜋
𝑛`1
ż

0

p𝜁p𝑡q|𝐾𝑛p𝑡q|𝑑𝑡

˙

`𝒪
ˆ

𝜋
ż

𝜋
𝑛`1

𝜁p𝑡q|𝐾𝑛p𝑡q|𝑑𝑡

˙

“ 𝒪
ˆ

𝜋
𝑛`1
ż

0

𝜁p𝑡qp𝑛` 1q2𝑑𝑡

˙

`𝒪
ˆ

𝜋
ż

𝜋
𝑛`1

𝜁p𝑡qp
𝑛` 1

𝑡
q𝑑𝑡

˙
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“ 𝒪
ˆ

p𝑛` 1q2

𝜋
𝑛`1
ż

0

𝜁p𝑡q𝑑𝑡

˙

`𝒪
ˆ

p𝑛` 1q

𝜋
ż

𝜋
𝑛`1

𝜁p𝑡q

𝑡
𝑑𝑡

˙

.

Thus, we have

}𝜏𝑛 ´ 𝑓p𝑥q}𝑟𝐿p𝜁q“𝒪
ˆ

p𝑛` 1q2

𝜋
𝑛`1
ż

0

𝜁p𝑡q𝑑𝑡

˙

`𝒪
ˆ

p𝑛` 1q

𝜋
ż

𝜋
𝑛`1

𝜁p𝑡q

𝑡
𝑑𝑡

˙

.

This completes the proof.
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[5] Kambak Ç., Çanak İ. Necessary and sufficient Tauberian conditions under
which convergence follows from summability 𝐴𝑟, 𝑝. Probl. Anal. Issues Anal.
2021, vol. 10(28), no. 2, pp. 44 – 53.
DOI: https://doi.org/10.15393/j3.art.2021.10110

[6] Lal S., Mishra A. Approximation of signals of generalized Lipschitz class by
p𝑁, 𝑝𝑛qp𝐸, 1q summability means of Fourier series. Pacific J. Appl. Math.
2013, vol. 5, pp. 69 – 80.

[7] Lal S., Singh P. N. Degree of approximation of 𝐿𝑖𝑝p𝛼, 𝑝q function by
p𝐶, 1qp𝐸, 1q of conjugate Fourier series. Tamkang J. Math. 2002, vol. 33,
pp. 269–274. DOI: https://doi.org/10.5556/j.tkjm.33.2002.269-274

https://doi.org/10.1002/mma.7074
https://doi.org/10.5269/bspm.v38i6.39280
https://doi.org/10.1186/s13660-023-02927-z
https://doi.org/10.1002/mma.8832
https://doi.org/10.15393/j3.art.2021.10110
https://doi.org/10.5556/j.tkjm.33.2002.269-274


10 P. Parida, B. B. Jena, S. K. Paikray

[8] Nath J., Tripathy B. C., Bhattacharya B. On strongly almost convergence
of double sequences via complex uncertain variable. Probl. Anal. Issues
Anal. 2022, vol. 11 (29), no. 1, pp. 102 – 121.
DOI: https://doi.org/10.15393/j3.art.2022.10450

[9] Nigam H. K. On p𝐶, 1qp𝐸, 1q product means of Fourier series and its con-
jugate Fourier series. Ultra Sci. Phys. Sci. 2010, vol. 22, pp. 419 – 428.

[10] Nigam H. K., Sharma K. Degree of approximation of a class of function by
p𝐶, 1qp𝐸, 𝑞q mean of Fourier series. Int. J. Appl. Math. 2011, vol. 41, pp.
1 – 5.

[11] Proakis J. G. Digital Communications. McGraw-Hill, New York, 1985.
[12] Psarakis E. Z., Moustakides G. V. An 𝐿2-based method for the design of

1-D zero phase FIR digital filters. IEEE Trans. Circuits Syst. I Fundam.
Theory Appl. 1997, vol. 44, pp. 591 – 601.

[13] Sahoo J., Jena B. B., Paikray S. K. On strong summability of the Fourier
series via deferred Riesz mean. Probl. Anal. Issues Anal. 2024, vol. 13 (31),
no. 2, pp. 128 – 143.
DOI: https://doi.org/10.15393/j3.art.2024.15090

[14] Sonker S., Devi N., Jena B. B., Paikray S. K. Approximation and simulation
of signals via harmonic Banach summable factors of Fourier series. Math.
Methods Appl. Sci. 2023, vol. 46, pp. 13411 – 13422.
DOI: https://doi.org/10.1002/mma.9260

[15] Sonker S., Devi N., Jena B. B., Paikray S. K. Analysis of Euler-Banach
operator to approximate the function using its Fourier series. Probl. Anal.
Issues Anal. 2025, vol. 14 (32), no. 3, pp. 117 – 126.
DOI: https://doi.org/10.15393/j3.art.2025.17770

[16] Titchmarsh E. C. The theory of Functions. Oxford University Press, 2nd
ed., 1939.

Received April 15, 2026.
In revised form, April 27, 2026.
Accepted July 2, 2026.
Published online August 15, 2026.

Priyadarsini Parida
Department of Mathematics, Kuntala Kumari Sabat Women’s College,
Balasore 756003, Odisha, India
E-mail: priyadarsiniparida1@gmail.com

https://doi.org/10.15393/j3.art.2022.10450
https://doi.org/10.15393/j3.art.2024.15090
https://doi.org/10.1002/mma.9260
https://doi.org/10.15393/j3.art.2025.17770


Degree Approximation of Signals 11

Bidu Bhusan Jena
Faculty of Science (Mathematics), Sri Sri University
Cuttack 754006, Odisha, India
E-mail: bidumath.05@gmail.com

Susanta Kumar Paikray
Department of Mathematics, Veer Surendra Sai University of Technology
Burla 768018, Odisha, India
E-mail: skpaikray_math@vssut.ac.in


