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POLYANALYTIC EQUATION IN A RECTANGULAR
DOMAIN

Abstract. In this paper, we consider the Dirichlet boundary-value
problem for higher-order polyanalytic equations in a rectangular
domain. First, the parqueting-reflection principle is used to con-
struct an explicit solution to the Dirichlet problem. The boundary
behavior of the related integral operators is then studied in detail.
Moreover, we investigate the Dirichlet boundary-value problems
for both homogeneous and inhomogeneous Cauchy—Riemann equa-
tions. Finally, we discuss the solvability conditions and solve the
Dirichlet boundary-value problem for the inhomogeneous polyana-
lytic equation in a rectangular domain.

Key words: boundary-value problem, Dirichlet problem, polyana-
lytic equation, rectangular domain

2020 Mathematical Subject Classification: 30E25, 31A10,
35C15, 35F15, 35J25, 45E05

1. Introduction. Boundary-value problems for partial differential
equations constitute a fundamental area of mathematical research, with
important applications in diverse fields, such as complex analysis, func-
tional analysis, potential theory, elasticity theory, shell theory, quantum
mechanics, thermodynamics, and [1]-[21]. In general, a boundary-value
problem consists of determining a solution to a partial differential equation
that satisfies prescribed conditions on the boundary of a given domain.
Due to its significant role in both theory and applications, this topic has
remained an active area of research, especially in the context of complex
partial differential equations. The primary objectives in this field include
establishing the existence and uniqueness of solutions, as well as investi-
gating their qualitative behavior under various boundary conditions.

Among higher-order differential operators, the polyanalytic operator
0% is of particular importance, as it represents a natural generalization of

(©) Petrozavodsk State University, 2026



2 A. Darya, N. Taghizadeh

the classical Cauchy—Riemann operator d;. The Cauchy—Riemann oper-
ator forms the foundation of complex analysis and the theory of analytic
functions, whereas the polyanalytic operator extends this framework to a
broader class of functions known as polyanalytic functions. Owing to its
rich mathematical structure, this operator plays an important role in the
analysis of boundary-value problems and has found numerous applications
in mathematical analysis and mathematical physics [3], [4].

In recent years, many researchers have investigated boundary-value
problems for polyanalytic equations in various domains [5]-[14]. For ex-
ample, in [5], Begehr discussed the Dirichlet boundary-value problem for
the polyanalytic equation in the unit disc. The Dirichlet problem for the
polyanalytic equation in the circular ring was presented by Begehr and
Shupeyeva [6]. Furthermore, in [7|, Gokgoz studied the Dirichlet problem
for the polyanalytic equation in the upper half plane. In our previous
works [8], 9], [10], [11], we investigated Schwarz boundary value prob-
lems for polyanalytic equations in different domains and obtained their
solutions using properties of Schwarz-type and T-type operators.

In this paper, we extend the boundary conditions and consider the
Dirichlet problem for the polyanalytic equation in the rectangular domain.
The parqueting-reflection principle is used to construct explicit solutions
of Dirichlet boundary-value problem for the generalized Cauchy-Riemann
equations. In other words, in addition to the description of the rectangular
domain, we want to express the reflections, coverages, and points we gain
at each stage and obtain a unique solution to the Dirichlet problem for
the Cauchy-Riemann equation. We also investigate the boundary behavior
of integral operators, with particular emphasis on their behavior at the
corner points of the rectangular domain. Finally, we discuss the solvability
conditions and present an explicit solution to the Dirichlet boundary-value
problem for the inhomogeneous polyanalytic equation in the rectangular
domain.

2. Integral representation for the rectangular domain. The
parqueting-reflection principle provides a powerful and effective framework
for solving boundary-value problems associated with complex partial dif-
ferential equations, particularly in domains bounded by circular arcs and
composed of circular polygons and straight-line segments [15], [16]. When
the boundary of a domain possesses these geometric characteristics, a new
planar region can be generated by reflecting the original domain across
its boundary. Repeated reflections of the resulting regions across their
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respective boundaries produce an expanding collection of planar domains.
By iterating this process, one obtains a family of regions whose union
forms a covering of the complex plane. Depending on the geometry of
the domain, this covering may be generated through a single reflection,
a finite sequence of reflections, or an infinite reflection process. Conse-
quently, successive reflections of the domain across its boundary yield a
covering structure for the complex plane C. The points generated by the
parqueting-reflection principle constitute a fundamental tool for the con-
struction of solutions and the development of special kernel functions in
the context of boundary-value problems.

In what follows, we introduce a rectangular domain D, whose boundary
consists of four circular arcs meeting at four corner points. The domain
is precisely defined as follows.

Let D be the rectangular domain in the complex plane C,, defined by

D={seC: |2 +1] < V2 < |z %3]}

with boundary 0D that consists of the four circular arcs, each contained
in one of the circles

C’jz{ze(C: |z — aj] =\/§}, J=123/4,

where a; = 1, ay = —1, a3 = iv/3, ay = —i+/3 and

3-1
b = *f2 (£1+1), j=1,2,3,4,

are the corner points of . The aim of this paper is to present an explicit
solution and solvability conditions for the higher-order Dirichlet boundary-
value problem in the rectangular domain.

In this section, by using the parqueting-reflection principle for the
introduced domain 1D, we achieve coverage for the entire complex plane C.
This cover is gained from reflections with eleven repetitions.

Reflection of any z = z; € D across Cj, j = 1,2, 3,4 gives

ajz — aja; + 2

2=l =V2= (2 —a) (G -T) = 2=z, = T
zZ — CLj
The principle works as follows. The rectangular domain is reflected
across its four sides. The four resulting areas are reflected across their
sides, etc. The reflection of the point z € D with respect to (', is given by
zZ+1
z—1
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and produces area
D, = {ze C: |z —as] < V2, |z — a1 > V2, |2z —as] > V2, |z —ay| > \/5}

The reflection of the point z € D with respect to Cy, is given by

—z+1
z+1

and produces area
D, = {ZGCZ |z —ay| < V2, |z —as] > V2, |z —as] > V2, |z —a4] > \/5}

The reflection of the point z € D with respect to Cjs, is given by
iv3z — 1
Z4+iV3
and produces area
D3 = {ze C:lz—as| < V2, [z—a1] < V2, |z —as] < V2, |z —a4| > \/5}
The reflection of the point z € D with respect to Cy, is given by
—iv/3z -1
zZ—iv3 '
and produces area
D, = {ze C: |z —as) < V2, |z —a1] < V2, |2 —as] <2, |z —as| > \/5}
i3z — 1
Z+i4/3
(1—iv3)z —1—1i/3
—(14+1iv/3)z — 1 +i/3’

The reflection of the point e D3 with respect to (1, is given by

and produces area

Dy = {ZG(C: |z —as| < V2, |z —as| < V2, |z — a1 > V2, |z — a4 >\/§}
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i3z — 1
7103

(1+iv3)z+1—iV3
(1—iv3)z — 1 — i3

The reflection of the point € D3 with respect to C, is given by

and produces area

Dg = {ZE(C: lz—ay| < V2, |z —as| < V2, |z —as] > V2, |2 — a4 >\/§}
i3z -1

The reflection of the point i— e Dy with respect to Cf, is given
by

(1+iv3)z —1+iV3

(iv3— 1)z — 1 — i3

and produces area

D, = {zeC: |z —ag| < V2, |z — a4 < V2, |2 —ai] > V2, |2z —a >\/§}.
i3z —1

The reflection of the point —
by

€ D, with respect to Cj, is given

(1—iv3)z+1+iV3
(141iv3)z — 1 +i/3’

and produces area
Dy = {ze(C: |z —ay| < V2, |z —ay| < V2, |z —as] > V2, |z —as| > \@}
(1+iv3)z —1+iV3
(ivV3—1)z—1—iV3

Z+i/3
1 —iy32’

The reflection of the point € Dg with respect to Cf,

is given by

and produces area

Dy = {ZE(CZ |z —as| < V2, |z—a1| > V2, |z —as]| > V2, |z — a4 >\/§}
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(1+ivV3)z —1+iV/3

(ivV3—1)z —1—i/3
Z—iy/3
i3z + 1

The reflection of the point € D; with respect to Cy,

is given by

and produces area

Do = {ZE(CZ lz—as] < V2, |z—a1]| > V2, |z —as] > V2, |z —as| > \@}

. .o z+1 . .
And finally, the reflection of the point — 1 € ID; with respect to (s, is
Z J—

given by
1

z
and produces area

Dy = {ZE(C: lz—a1] > V2, |z—as] > V2, |z —as| > V2, |z —a4| > \@}

The union of closures of domains I, Dy, Dy, D3, Dy, D5, Dy, D7, Dy,
Dy, D19, D17 are a cover for the complex domain. In other words,

C=DuD;uD,uD;uUD;UDsUDg UD; UDgUDg U DU Dy

The corresponding reflected points are given by

R (1—iv3)z—1-iv3  (1+iV3)z+1—1iV3

2 T A i3 1r i3 T A —iv3)r— 1 V3
(1+iv3)z —1+i3 (1—iV3)z+1+iV3 z+1
(V3—1)2—1-i3 " (A+ivd)z—1+iv3 | z2-1
—z+1 iv3z — 1 —i\/3z -1
5-1-1’29:2—#1[’10: z— i3
Z—1i/3 z+z\f

Wizl 2T 1yt

These reflections generate a parqueting of the entire complex plane C,
and the corresponding points will also be essential for constructing integral
operators and the development of special kernel functions in the context
of boundary-value problems.

25 =

8 =

211 =
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One of the fundamental tools for solving boundary-value problems for
inhomogeneous Cauchy—Riemann equations is the integral representation
formula. In particular, this formula provides an explicit solution to the
Dirichlet boundary-value problem. In the following, we derive an integral
representation formula in the rectangular domain.

Theorem 1. Anywe C'(D,C) n C(D,C) can be represented as

w(2) = 5 [ @G (=0 — [ w06 e, (1)
oD D
S|
where G1(z,() = ;m and ( = & +in.
}ljroof. According to the Cauchy—Pompeiu formula [17], for z; € D, we
ave
w@>=§%mw@§€%;—§éwaoj?ﬁ. )

Since the points obtained through the parqueting-reflection principle
are outside the domain D, the Cauchy—Pompeiu integral formula vanishes
at each of these points. Therefore, since 2o, 23, 24, 25 and zg ¢ D, we have

L u-% —1f%xﬁm“ 2<k<6  (3)

T omi C—2z, w C—z
oD D

Adding the resulting above relations leads to the claimed integral rep-
resentation formula. []

Formula (1) provides a solution to the Dirichlet boundary-value prob-
lem for the inhomogeneous Cauchy—Riemann equation in the rectangular
domain.

3. Dirichlet problem in the rectangular domain. In this sec-
tion, we investigate the Dirichlet boundary-value problem for complex
partial differential equations in the rectangular domain. As the first step,
we consider the homogeneous Cauchy-Riemann equation and study the
corresponding Dirichlet problem. Particular attention is devoted to the
boundary behavior of its solution.
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Theorem 2. The Dirichlet problem for the homogeneous Cauchy—Riemann
equation in the rectangular domain

{ﬁzw(z) =0, inD,

W(C) = 7(()7 on 0D, (4>

with given v € C(JD;C), is solvable if and only if for z € D

o= | 106z i = 0 )
oD
and its solution is
wlz) = 5 [ WGz Qe ()
oD

6 12
1

1 )
where Gy(z,() = ;m, Ga(z,¢) = ;::7 = and ¢ = & + 1.

Proof. First, the condition in (5) is shown to be necessary. Let w be the
solution to the Dirichlet problem for the homogeneous Cauchy-Riemann
equation. Then it follows that

w(¢) =7(¢) on D (7)

Let us consider the function ¢(z) given by

1
8(2) = 5 [ QGO ©)
oD
and take the difference
L G d L G d
w(2) = 0(2) = +5 [ €GO~ 5 [ H0Galz e
oD D
_ L C—ay 5__1_ ¢ —ay E__]_
_Z;(Qm‘ J 7<O[C—Zl+§—_1 1+C—Z2+C_— %2 !
J oDAC;
¢ — aj C_—@_ ¢ —ay 5_71_
+(—Z3+§—_3 1+C—Z4+§— 4 !
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Sl A Sk S U Sl B Sl —1] % ) (9)
C—2 (—2 C—2 (— % ¢ —a
The boundary of the rectangular domain is composed of four distinct
components. Consequently, the boundary integral is evaluated by exam-
ining the contribution from each component separately.
As an example, let 7 € dD n Cy, where |r — 1| = /2. Then, for
¢ € 0D n (Y, it follows that

77_(6_1)_ %)%) _7‘-{-1
G+l (EDEh+1 Gl
which means : 5 .
<_22+§—_2_1:O’
also,
((iV3—=1)7 —1—i/3)({ — 1)
C(IVB-1)T —1-iV3) = (1 +iV3)T + 1 - V3
= 2(iv/3 — 1)
(= +iV3)T =1+ 0V3) + (W3 = )T + 1 + i3’
(1 +iv3)7 — 1 +iv/3)(C — 1)
C((144V3)7 —1+4V3) + (13— 1)7F — 1 —iV/3
= —2(1 +i+/37)
C((1=—iV3)T—1—iv3) — (1 +i/3)z — 1+ iy/3
(—(1+iv3)7 — 1 +i/3)({ — 1)
CV3 =17 = 1+iV3) + (iV3 = 1)T + 1 +iv3
_ —2(1 +iV3)
C(V3 =17 =1 —iv3) = (1 +iV3)7 + 1 —v/3’
and

(1-iv3)7—1-iV3)(( - 1)
C((1—iV3)T —1—iv3) — (1 +iy/3)7 — 1 +1i+/3
B 2(iv/37 — 1)
(43T —14iV3) + (V3 —1)r — 1 — i3
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By repeating the same computations carried out above, for 7 € dDNC},
(j = 1? 27 3; 4) , We obtain

1 —a; (—a; d
EEM@ﬂW»jE%;JVQF %+€%—4Zi—
oDnNC

where
7)) ¢(edDnCj,
0 (e C;\(dD n Cj).

From the properties of the Poisson kernel for C; [17], it follows that

lim (=) — 6(2) = 1(0),
for all t € D n Cj, except at the corner points b; of the rectangular
domain . At these points, continuity of T may fail, unless v vanishes
there accidentally.

We now study the boundary behavior at the corner points. Let v = 1.
Since 0D consists of four circular arcs, a direct computation of the integral
operator on 0D gives

=1 IDAC;
(—a; (—a . (—a (—a
+C—23+§—_73 1+C—Z4+C—_4 !
C—a; C—a; | C-a; C(—a o dC
+<_Z5+5—75 1+<_Z6+§—76 1]C—a]>

Multiplying this relation by 7v(b;) and subtracting the resulting equa-
tion from (w(z) — ¢(z)), we obtain, for 7 € oD n C},
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where §(¢) = 7(¢) — 7(b;) and 5(b;) = 0. So,
lim (w(z) = ¢(z) —7(b;)) = 0.

Zﬁbj

Therefore,
lim (w(z) — &(2)) = v(t), te D. (10)

z—t

Hence, by (7) and (9), we obtain

lim ¢(z) =0, t e JD.

z—t

Since ¢(z) is analytic in D, the maximum modulus principle implies
that ¢(z) = 0, for all z € D, which is precisely condition (5). We now
verify that condition (5) is sufficient. If condition (5) holds, then

6(2) = —— [ 4(0)Galz.0)dc = 0.

271
oD

Therefore, the analytic function w can be written as

w(z) = w(z) — 6(2) = —— | UG (2, ) — —= [ 1(Q)Ca(z O)dc.

2 271
oD oD

Consequently,
lim w(z) = v(¢), ¢ € dD.

z—(
Therefore, the proof is complete. []

Next, we investigate the Dirichlet problem for the inhomogeneous
Cauchy-Riemann equation in the rectangular domain. By using the defini-
tion and properties of the Pompeiu operator, we reduce the inhomogeneous
problem to a homogeneous one and examine the associated solvability con-
dition.

Theorem 3. The Dirichlet boundary-value problem for the inhomoge-
neous Cauchy—-Riemann equation in the rectangular domain

osw(z) = f(z), zeD, feL,(D;C), p>2,
W(C) = 7(()7 C € a]Da Y E C((?]D, C)v (11)
we CY(D;C) n C(D;C).
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is solvable if and only if for z € D,

o | 1€z 0 = 1 [ £ Gtz dzan, 12

271
oD D

and its solution can be uniquely expressed as

w(2) = 5 [ €06 O~ 1 [ FOG= Qdean (1)

271
oD

Proof. Based on Vekua’s method [21], and Theorem 1, if the Dirichlet
boundary-value problem (10) is solvable, then its solution can be repre-
sented as (12). Let

o(z) = w(z) = Tf(2)
where

:__Jf déd", feL,D,C),p>2

is the classical Pompeiu operator [21]. Applying the operator s to ¢, we

obtain
Ozp = 0w —0:Tf=dzp=f—[=0,

Hence, ¢ is analytic in ID. Moreover, since w = v on JD, we have
p=~v—Tf, on JD.
Therefore, we obtain the equivalent boundary-value problem
Ozp =0, ze D,

(P:/Y_Tf7 gea]D)u

(14)

which is equivalent to (10). From Theorem 2, the solvability condition is

given by .
50 | (1Q) = TF(Q) Galz,¢)d¢ =0, (15)

oD
Expanding this condition, we obtain

L 060 dc = 2

21

Tf(¢) Ga(z,¢) dC.

27TZ
oD oD
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Since the points obtained from the parqueting-reflection principle lie out-
side D, by the definition of the operator 7" and Fubini’s theorem, we have

LGz e = X f FO)-- f Ga(z.0) Cdc i

271 T 271
oD D oD

Hence, we obtain

o | 106z ¢ = [ 101Gz, dé

271
oD D

which is precisely condition (11). Conversely, if the condition of solvability
(11) is satisfied, (12) can be rewritten as

w(z) = = [ 1(O)Gi (2 Qde — 2= [ 1(O)Galz Qe

271 271
oD

oD
+ 2 [ £OGa(e Qagan - 1 [ £©)Gu(z Oagan (10

For the boundary behavior of the area integral, let H(z,() = G1(2,() —
Ga(z,(). Then for t € 0D, we have H(t,{) = 0. Hence, the area integral
tends to 0 as z — t, where t € JD. It then follows from the proof of
Theorem 2 that (15) implies

limw(z) = v(t), t € ID.

z—t

To establish the uniqueness of the solution to the Dirichlet problem,
suppose that w and 1 are two solutions satisfying

O:w=f inD, w=-y on dD,

and
oz = f in D, = on dD.

Define u = w — 1. By subtracting the two equations, we obtain
agu =0 inD.

Hence, u is analytic in ID. Moreover, since both solutions satisfy the same
boundary condition, it follows that

u=w—1v =0 on JD.
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By the maximum modulus principle for analytic functions, the only
analytic function that vanishes on the boundary D is the trivial function.
Therefore,

u=0 in D.

Consequently,
w =1 in D,

which proves the uniqueness of the solution to the Dirichlet problem. []

Theorem 3 establishes the solvability of the Dirichlet problem for the
inhomogeneous Cauchy—Riemann equation and provides an explicit inte-
gral representation of its solution. This theorem corresponds to the case

= 1 in the theory of polyanalytic equations and constitutes a funda-
mental result for the study of higher-order polyanalytic boundary-value
problems. In the next step, we study the Dirichlet problem for higher-
order polyanalytic equation in the rectangular domain.

Theorem 4. The Dirichlet boundary-value problem for the inhomoge-
neous polyanalytic equation in the rectangular domain

(zw) (2) = f(2), z€D, [feL,(DC), p>2,

(%%w) (¢) = (), ¢e€dD, ;e C(aD;C), (17)
we C"(D;C) nC"(D;C), k=0,1,2,...,n—1,
is solvable if and only if for k = 0,1,2,...,n—1, and z € D

- 1)k C_ ) -k
Z 27m J C)(C(l_—)k)!Gz(z,C)d(

n k (s _ Nn—1-k
E [ r0 S Gt Qagan =0, 19
D

and its solution can be written as

j O =2 e

oD

G1(z,Q)dédn.  (19)
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Proof. The necessary and sufficient solvability condition, together with

the corresponding integral representation of the solution, follows directly

from Theorem 3. Hence, the statement of the theorem is valid for n = 1.
For convenience, define

ukzézkw, 0<k<n,
so that

while
up, =y ondD, 0<k<n—1.

Thus the original problem is equivalent to the system

aEukzuk+17 Z€D7 O<k<H—17

Up = Vs zedD, 0<k<n—1, (20)
u, = f.
Since B
we C"(D;C) n C" HD;C),
we have

u, € C"F(D;C) n C"FID;C), 0<k<n—1.

We shall solve the system (19) successively, starting with u,_; and
proceeding downwards to uy = w.
For 0 < k < n —1, define

-1 -k
o (=R (C—2)
Ur(z) = l;; s (i %(OWGl(Z’ ¢)d¢
) f 10D oy dedn. (21
T (n—1—Fk1 7 T
D
We first show that
65Uk ZUk_H, 0<k<n—2, (22)

and
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Since G1(z, () is analytic,
0:G1(z,¢) = 0.

Moreover, )
=(C(=2)" =-n((=2)"

Therefore, differentiating (20) with respect to z, we obtain

o) = % S (=) f HOT— 2™ e 0

I=k+1
. (—173”‘ <_ Z:;:k )Jf 2R (2, ¢) dedn,
Hence,
S il DN (S N
e = 3 6£%<C) e LS
+#Jﬂg)%(ﬁ(2,§) dgdn.

The right-hand side is precisely Ug41(z). Thus (21) follows.
For k = n — 1, all boundary terms except | = n — 1 disappear, and

1) = g |G e = = [ QG e
oD D

By Theorem 3, 0;U,,_1 = f if and only if

1

i
oD

(G2, dC — - [ F(OGa(z O dgan 0. (24

This is exactly the asserted solvability condition for k =n — 1.

We now determine the compatibility condition at an arbitrary level k.
Suppose that Uy has already been constructed. By (21), Uy has to solve
the inhomogeneous Cauchy-Riemann problem

{aEUk = Uk+17 z € D? (25)

Uk = Yk, z € oD.
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Theorem 3 implies that (24) is solvable if and only if

o vk@)G?(z,odc—HUkH(c)GQ(z,Odfdn:o. (26)
oD D

By the representation formula for Uy, 1,

I—k—1

(@) = 3 S [0S e e
I=k+1 D :
—~ n—k—2
P [0S e déan, en

where é = f—k ).
Substituting (26) into (25), and using the integral identities relating
G1 and G5 from Theorem 3, we obtain

= [ Vst dan -

D

n—1 (_1)l—k—1 . (C—Z) o
lg_lz—mjryl(()mGg(z,g)dC

oD
. (—1);‘ - Jﬂé)%(lg(z,f)dédﬁ. (28)

Consequently, condition (25) becomes

0 % ()Gl C) dC
oD

-3 B [0S a0

l=k+1 oD
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Since —(—1)"7%71 = (=1)""% and —(—1)""*"! = (=1)""*, we arrive at

0= 3 S [0S et o
- oD
—k Tn—l—k
S [0\ et den. @9)

This is precisely the condition stated in the theorem. Thus, the com-
patibility condition at every level £ = 0,...,n — 1, is necessary and suffi-
cient for the successive Cauchy-Riemann problems (24) to be solvable.

Conversely, suppose that the compatibility conditions of the theorem
hold for all £ =0,...,n — 1. Define Uy, by (20) as shown above:

85Uk = Uk+1, nggn—Q, (30)
and by Theorem 3, together with the compatibility condition for k = n—1
0:Up 1 = f. (31)

Moreover, applying Theorem 3, successively and using the compatibil-
ity condition at each level k, we obtain

U= ondD, k=0,....n—1.
Therefore, setting w = Uy, we obtain
Tw=f, inD, Fw=mv, ondD, k=0,...,n—1

Hence the original Dirichlet problem is solvable. []
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