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INEQUALITIES FOR THE RIEMANN–STIELTJES
INTEGRAL OF S-DOMINATED INTEGRATORS WITH

APPLICATIONS. I

Abstract. Assume that u, v : [a, b] → R are monotonic nonde-
creasing on the interval [a, b] . We say that the complex-valued
function h : [a, b]→ C is S -dominated by the pair (u, v) if

|h (y)− h (x)|2 ≤ [u (y)− u (x)] [v (y)− v (x)]

for any x, y ∈ [a, b] . In this paper we show amongst other that∣∣∣∣∫ b

a

f (t) dh (t)

∣∣∣∣2 ≤ ∫ b

a

|f (t)| du (t)

∫ b

a

|f (t)| dv (t) ,

for any continuous function f : [a, b] → C. Applications for the
trapezoidal and midpoint inequalities are given. New inequali-
ties for some Čebyšev and (CBS)-type functionals are presented.
Natural applications for continuous functions of selfadjoint and
unitary operators on Hilbert spaces are provided as well.

Key words: Riemann–Stieltjes integral, functions of bounded
variation, cumulative variation, selfadjoint operators, unitary ope-
rators, trapezoid and midpoint inequalities, Čebyšev and (CBS)-
type functionals
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1. Introduction. One of the most important properties of the

Riemann–Stieltjes integral
∫ b
a
f (t) dg (t) is the fact that this integral exists

if one of the functions is of bounded variation while the other is continuous.
The following sharp inequality holds∣∣∣∣∣

∫ b

a

f (t) dg (t)

∣∣∣∣∣ ≤ max
t∈[a,b]

|f (t)|
b∨
a

(g) ,
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provided that f : [a, b]→ C is continuous on [a, b] and g : [a, b]→ C is of

bounded variation on this interval. Here
b∨
a

(g) denotes the total variation

of g on [a, b] .
When g is Lipschitzian with the constant L > 0, i. e.,

|g (t)− g (s)| ≤ L |t− s|

for any t, s ∈ [a, b] , then we have∣∣∣∣∣
∫ b

a

f (t) dg (t)

∣∣∣∣∣ ≤ L
∫ b

a

|f (t)| dt

for any Riemann integrable function f : [a, b]→ C.
Moreover, if the integrator g is monotonic nondecreasing on the in-

terval [a, b] and f : [a, b] → C is continuous, then we have the modulus
inequality ∣∣∣∣∣

∫ b

a

f (t) dg (t)

∣∣∣∣∣ ≤
∫ b

a

|f (t)| dg (t) .

The above inequalities have been used by many authors to derive various
integral inequalities. We provide here some simple examples.

The following generalized trapezoidal inequality for the function of
bounded variation f : [a, b] → C was obtained in 1999 by the author
[1, Proposition 1]∣∣∣∣∣

∫ b

a

f (t) dt− (x− a) f (a)− (b− x) f (b)

∣∣∣∣∣ ≤ (1)

≤
[

1

2
(b− a) +

∣∣∣∣x− a+ b

2

∣∣∣∣] b∨
a

(f) ,

where x ∈ [a, b] . The constant 1
2 cannot be replaced by a smaller quantity.

See also [2] for a different proof and other details.
The best inequality one can derive from (1) is the trapezoid inequality∣∣∣∣∣

∫ b

a

f (t) dt− f (a) + f (b)

2
(b− a)

∣∣∣∣∣ ≤ 1

2
(b− a)

b∨
a

(f) .

Here the constant 1
2 is also the best possible.
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For related results, see [3]–[27].
In order to extend the classical Ostrowski’s inequality for differen-

tiable functions with bounded derivatives to the larger class of functions
of bounded variation, the author obtained in 1999 (see [1] or the RGMIA
preprint version of [28]) the following result∣∣∣∣∣

∫ b

a

f (t) dt− f (x) (b− a)

∣∣∣∣∣ ≤
[

1

2
(b− a) +

∣∣∣∣x− a+ b

2

∣∣∣∣] b∨
a

(f) , (2)

for any x ∈ [a, b] and f : [a, b] → C is a function of bounded variation

on [a, b] . Here
∨b
a (f) denotes the total variation of f on [a, b] and the

constant 1
2 is the best possible in (2). The best inequality one can obtain

from (2) is the midpoint inequality, namely∣∣∣∣∣
∫ b

a

f (t) dt− f
(
a+ b

2

)
(b− a)

∣∣∣∣∣ ≤ 1

2
(b− a)

b∨
a

(f) ,

for which the constant 1
2 is also sharp.

For related results, see [29]–[57].
Motivated by the above results, we establish in this paper a bound for

the quantity ∣∣∣∣∣
∫ b

a

f (t) dg (t)

∣∣∣∣∣
in the case when the integrand f is continuous while the function of
bounded variation g is S-dominated by a pair of monotonic functions in
the sense presented at the beginning of the next section. The applications
for the trapezoidal and midpoint inequalities are given. New inequalities
for some Čebyšev and (CBS)-type functionals are presented. Natural app-
lications for continuous functions of selfadjoint and unitary operators on
Hilbert spaces are provided as well.

2. Some General Inequalities. Assume that u, v : [a, b] → R are
monotonic nondecreasing on the interval [a, b] . We say that the complex-
valued function h : [a, b]→ C is S -dominated by the pair (u, v) if

|h (y)− h (x)|2 ≤ [u (y)− u (x)] [v (y)− v (x)] (S)

for any x, y ∈ [a, b] .
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We observe that by the monotonicity of the functions u and v and by
the symmetry of the inequality (S) over x and y we can assume that (S)
is satisfied only for y > x with x, y ∈ [a, b] .

We can give numerous examples of such functions.
For instance, if we take f, g ∈ L2 [a, b] , where L2 [a, b] is the Hilbert

space of all complex-valued functions that are square-Lebesgue integrable,
and denote

h (x) :=

∫ x

a

f (t) g (t) dt, u (x) :=

∫ x

a

|f (t)|2 dt and v (x) :=

∫ x

a

|g (t)|2 dt,

then we observe that u and v are monotonic nondecreasing on [a, b] and
by Cauchy–Bunyakovsky–Schwarz integral inequality we have

|h (y)− h (x)|2 =

∣∣∣∣∫ y

x

f (t) g (t) dt

∣∣∣∣2 ≤ ∫ y

x

|f (t)|2 dt
∫ y

x

|g (t)|2 dt ≤

≤ [u (y)− u (x)] [v (y)− v (x)] .

for any y > x with x, y ∈ [a, b] .
Now, for p, q > 0 if we consider f (t) := tp and g (t) := tq for t ≥ 0,

then

hp,q (x) :=

∫ x

0

tp+qdt =
1

p+ q + 1
xp+q+1

and

up (x) :=

∫ x

0

t2pdt =
1

2p+ 1
x2p+1, vq (x) :=

∫ x

0

t2qdt =
1

2q + 1
x2q+1.

Taking into account the above comments we observe that the function
hp,q is S -dominated by the pair (up, vq) on any subinterval of [0,∞) .

Proposition 1. If h : [a, b] → C is S-dominated by the pair (u, v) , then
h is of bounded variation on any subinterval [c, d] ⊂ [a, b] and[

d∨
c

(h)

]2
≤ [u (d)− u (c)] [v (d)− v (c)] . (3)

Proof. Consider a division δ of the interval [c, d] given by

δ : c = x0 < x1 < ... < xn−1 < xn = b.
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Since h : [a, b]→ C is S-dominated by the pair (u, v) then we have

|h (xi+1)− h (xi)| ≤ [u (xi+1)− u (xi)]
1/2

[v (xi+1)− v (xi)]
1/2

for any i ∈ {0, ..., n− 1} .
Summing this inequality over i from 0 to n − 1 and utilizing the

Cauchy–Bunyakovsky–Schwarz discrete inequality we have

n−1∑
i=1

|h (xi+1)− h (xi)| ≤ (4)

≤
n−1∑
i=1

[u (xi+1)− u (xi)]
1/2

[v (xi+1)− v (xi)]
1/2 ≤

≤

(
n−1∑
i=1

[u (xi+1)− u (xi)]

)1/2(n−1∑
i=1

[v (xi+1)− v (xi)]

)1/2

=

= [u (d)− u (c)]
1/2

[v (d)− v (c)]
1/2

.

Taking the supremum over δ we deduce the desired result (3). �

Corollary 1. If h : [a, b]→ C is S-dominated by the pair (u, v) , then the
cumulative variation function V : [a, b]→ [0,∞) defined by

V (x) :=

x∨
a

(h)

is also S-dominated by the pair (u, v) .

Theorem 1. Assume that u, v : [a, b]→ R are monotonic nondecreasing
on the interval [a, b] . If h : [a, b]→ C is S-dominated by the pair (u, v) and
f : [a, b]→ C is a continuous function on [a, b] , then the Riemann–Stieltjes

integral
∫ b
a
f (t) dh (t) exists and∣∣∣∣∣
∫ b

a

f (t) dh (t)

∣∣∣∣∣
2

≤
∫ b

a

|f (t)| du (t)

∫ b

a

|f (t)| dv (t) . (5)

Proof. Since the Riemann–Stieltjes integral
∫ b
a
f (t) dh (t) exists, then for

any sequence of partitions

I(n)n : a = t
(n)
0 < t

(n)
1 < · · · < t

(n)
n−1 < t(n)n = b
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with the norm

v
(
I(n)n

)
:= max

i∈{0,...,n−1}

(
t
(n)
i+1 − t

(n)
i

)
→ 0 as n→∞,

and for any intermediate points ξ
(n)
i ∈ [t

(n)
i , t

(n)
i+1], i ∈ {0, . . . , n− 1} we

have:∣∣∣∣∣
∫ b

a

f (t) dh (t)

∣∣∣∣∣ = (6)

=

∣∣∣∣∣∣ lim
v
(
I
(n)
n

)
→0

n−1∑
i=0

f
(
ξ
(n)
i

) [
h
(
t
(n)
i+1

)
− h

(
t
(n)
i

)]∣∣∣∣∣∣ ≤
≤ lim
v
(
I
(n)
n

)
→0

n−1∑
i=0

∣∣∣f (ξ(n)i

)∣∣∣ ∣∣∣h(t(n)i+1

)
− h

(
t
(n)
i

)∣∣∣ ≤
≤ lim
v
(
I
(n)
n

)
→0

n−1∑
i=0

∣∣∣f (ξ(n)i

)∣∣∣ [u(t(n)i+1

)
− u

(
t
(n)
i

)] 1
2
[
v
(
t
(n)
i+1

)
− v

(
t
(n)
i

)] 1
2 ≤

≤ lim
v
(
I
(n)
n

)
→0

(
n−1∑
i=0

∣∣∣f (ξ(n)i

)∣∣∣ [u(t(n)i+1

)
− u

(
t
(n)
i

)])1/2

×

× lim
v
(
I
(n)
n

)
→0

(
n−1∑
i=0

∣∣∣f (ξ(n)i

)∣∣∣ [v (t(n)i+1

)
− v

(
t
(n)
i

)])1/2

=

=

(∫ b

a

|f (t)| du (t)

)1/2(∫ b

a

|f (t)| dv (t)

)1/2

,

where for the last inequality we employed the Cauchy–Bunyakovsky–
Schwarz weighted discrete inequality

n∑
k=1

mkakbk ≤

(
n∑
k=1

mka
2
k

)1/2( n∑
k=1

mkb
2
k

)1/2

,

where mk, ak, bk ≥ 0 for k ∈ {1, ..., n} . �

3. Trapezoid and Midpoint Inequalities. We can use the
inequality (5) to derive various inequalities of trapezoidal and midpoint
type as follows.
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Theorem 2. Assume that u, v : [a, b]→ R are monotonic nondecreasing
on the interval [a, b] . If h : [a, b] → C is S-dominated by the pair (u, v) ,
then ∣∣∣∣∣h (a) + h (b)

2
(b− a)−

∫ b

a

h (t) dt

∣∣∣∣∣
2

≤ (7)

≤

[
1

2
(b− a) [u (b)− u (a)]−

∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt

]
×

×

[
1

2
(b− a) [v (b)− v (a)]−

∫ b

a

sgn

(
t− a+ b

2

)
v (t) dt

]
≤

≤ 1

4
(b− a)

2
[u (b)− u (a)] [v (b)− v (a)] .

Proof. Integrating by parts in the Riemann–Stieltjes integral, we have

h (a) + h (b)

2
(b− a)−

∫ b

a

h (t) dt =

∫ b

a

(
t− a+ b

2

)
dh (t) . (8)

Applying the inequality (5) we have∣∣∣∣∣
∫ b

a

(
t− a+ b

2

)
dh (t)

∣∣∣∣∣
2

≤
∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ du (t)

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ dv (t) .

(9)
Integrating by parts in the Riemann–Stieltjes integral we also have∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ du (t) = (10)

=

∫ a+b
2

a

(
a+ b

2
− t
)
du (t) +

∫ b

a+b
2

(
t− a+ b

2

)
du (t) =

=

(
a+ b

2
− t
)
u (t)

∣∣∣∣ a+b
2

a

+

∫ a+b
2

a

u (t) dt+

+

(
t− a+ b

2

)
u (t)

∣∣∣∣b
a+b
2

−
∫ b

a+b
2

u (t) dt =

= −b− a
2

u (a) +

∫ a+b
2

a

u (t) dt+
b− a

2
u (b)−

∫ b

a+b
2

u (t) dt =
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=
1

2
(b− a) [u (b)− u (a)]−

∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt

and a similar relation for v.

By the Čebyšev inequality for monotonic nondecreasing functions F,
G that states that

1

b− a

∫ b

a

F (t)G (t) dt ≥ 1

b− a

∫ b

a

F (t) dt · 1

b− a

∫ b

a

G (t) dt

we also have ∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt ≥ (11)

≥ 1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
dt

∫ b

a

u (t) dt = 0

and a similar result for v.

Utilizing (8)–(11) we deduce the desired result (7). �

Theorem 3. Assume that u, v : [a, b]→ R are monotonic nondecreasing
on the interval [a, b] . If h : [a, b] → C is S-dominated by the pair (u, v) ,
then ∣∣∣∣∣h

(
a+ b

2

)
(b− a)−

∫ b

a

h (t) dt

∣∣∣∣∣
2

≤ (12)

≤
∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt

∫ b

a

sgn

(
t− a+ b

2

)
v (t) dt ≤

≤ 1

4
(b− a)

2
[u (b)− u (a)] [v (b)− v (a)] .

Proof. Integrating by parts in the Riemann–Stieltjes integral we have

h

(
a+ b

2

)
(b− a)−

∫ b

a

h (t) dt = (13)

=

∫ a+b
2

a

(t− a) dh (t)−
∫ b

a+b
2

(b− t) dh (t) .
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Taking the modulus in (13) we have∣∣∣∣∣h
(
a+ b

2

)
(b− a)−

∫ b

a

h (t) dt

∣∣∣∣∣ ≤ (14)

≤

∣∣∣∣∣
∫ a+b

2

a

(t− a) dh (t)

∣∣∣∣∣+

∣∣∣∣∣
∫ b

a+b
2

(b− t) dh (t)

∣∣∣∣∣ .
Applying the inequality (5) twice, we have∣∣∣∣∣
∫ a+b

2

a

(t− a) dh (t)

∣∣∣∣∣ ≤
(∫ a+b

2

a

(t− a) du (t)

)1/2(∫ a+b
2

a

(t− a) dv (t)

)1/2

and∣∣∣∣∣
∫ b

a+b
2

(b− t) dh (t)

∣∣∣∣∣ ≤
(∫ b

a+b
2

(b− t) du (t)

)1/2(∫ b

a+b
2

(b− t) dv (t)

)1/2

.

Summing these inequalities and utilizing the elementary result

αβ + λδ ≤
(
α2 + λ2

)1/2 (
β2 + δ2

)1/2
where α, β, λ, δ ≥ 0, we have∣∣∣∣∣

∫ a+b
2

a

(t− a) dh (t)

∣∣∣∣∣+

∣∣∣∣∣
∫ b

a+b
2

(b− t) dh (t)

∣∣∣∣∣ ≤ (15)

≤

(∫ a+b
2

a

(t− a) du (t)

)1/2(∫ a+b
2

a

(t− a) dv (t)

)1/2

+

+

(∫ b

a+b
2

(b− t) du (t)

)1/2(∫ b

a+b
2

(b− t) dv (t)

)1/2

≤

≤

(∫ a+b
2

a

(t− a) du (t) +

∫ b

a+b
2

(b− t) du (t)

)1/2

+

+

(∫ a+b
2

a

(t− a) dv (t) +

∫ b

a+b
2

(b− t) dv (t)

)1/2

.
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Integrating by parts in the Riemann–Stieltjes integral we have∫ a+b
2

a

(t− a) du (t) +

∫ b

a+b
2

(b− t) du (t) = (16)

= (t− a)u (t)|
a+b
2

a −
∫ a+b

2

a

u (t) dt+ (b− t)u (t)|ba+b
2

+

∫ b

a+b
2

u (t) dt =

=
1

2
(b− a)u

(
a+ b

2

)
−
∫ a+b

2

a

u (t) dt−

− 1

2
(b− a)u

(
a+ b

2

)
+

∫ b

a+b
2

u (t) dt =

=

∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt

and the last integral is nonnegative as shown in the proof of Theorem 2.
The same equality holds for v as well.
Utilising the Grüss integral inequality∣∣∣∣∣ 1

b− a

∫ b

a

F (t)G (t) dt− 1

b− a

∫ b

a

F (t) dt · 1

b− a

∫ b

a

G (t) dt

∣∣∣∣∣ ≤ (17)

≤ 1

4
(M −m) (N − n)

that holds for the Lebesgue integrable functions F and G that satisfy the
conditions

m ≤ F (t) ≤M and n ≤ G (t) ≤ N

for almost every t ∈ [a, b] , we have

0 ≤ 1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt =

=
1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt−

− 1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
dt · 1

b− a

∫ b

a

u (t) dt ≤

≤ 1

2
[u (b)− u (a)]
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which implies that∫ b

a

sgn

(
t− a+ b

2

)
u (t) dt ≤ 1

2
(b− a) [u (b)− u (a)] . (18)

A similar result holds for v.

Making use of the inequalities (14), (15), (16) and (18) we deduce the
desired result (12). �

4. Applications for Čebyšev and (CBS)-Type Functionals.
The following lemma is of interest in itself.

Lemma 1. Let F : [a, b] × [a, b] → C be continuous on the rectangle
[a, b]× [a, b] and let h : [a, b]→ C be an S-dominated function by the pair
(u, v) which are monotonic nondecreasing on [a, b] . Then we have∣∣∣∣∣

∫ b

a

(∫ b

a

F (x, y) dh (y)

)
dh (x)

∣∣∣∣∣
2

≤ (19)

≤

(∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
du (x)

)1/2

×

×

(∫ b

a

(∫ b

a

|F (x, y)| dv (y)

)
dv (x)

)1/2

×

×

(∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
dv (x)

)1/2

×

×

(∫ b

a

(∫ b

a

|F (x, y)| dv (y)

)
du (x)

)1/2

.

Proof. Assume that x is fixed in [a, b] . If we apply Theorem 1 for the
S-dominated function h : [a, b]→ C we have

∣∣∣∣∣
∫ b

a

F (x, y) dh (y)

∣∣∣∣∣ ≤
(∫ b

a

|F (x, y)| du (y)

)1/2(∫ b

a

|F (x, y)| dv (y)

)1/2

.

(20)
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Applying again Theorem 1 and utilizing (20) we have∣∣∣∣∣
∫ b

a

(∫ b

a

F (x, y) dh (y)

)
dh (x)

∣∣∣∣∣
2

≤ (21)

≤
∫ b

a

∣∣∣∣∣
∫ b

a

F (x, y) dh (y)

∣∣∣∣∣ du (x)

∫ b

a

∣∣∣∣∣
∫ b

a

F (x, y) dh (y)

∣∣∣∣∣ dv (x) ≤

≤
∫ b

a

(∫ b

a

|F (x, y)| du (y)

)1/2(∫ b

a

|F (x, y)| dv (y)

)1/2

du (x)×

×
∫ b

a

(∫ b

a

|F (x, y)| du (y)

)1/2(∫ b

a

|F (x, y)| dv (y)

)1/2

dv (x) .

On making use of the Cauchy–Bunyakovsky–Schwarz inequality for the
Riemann–Stieltjes integral of monotonic nondecreasing integrators we have
for the integrator u∫ b

a

(∫ b

a

|F (x, y)| du (y)

)1/2(∫ b

a

|F (x, y)| dv (y)

)1/2

du (x) ≤ (22)

≤

(∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
du (x)

)1/2

×

×

((∫ b

a

|F (x, y)| dv (y)

)
du (x)

)1/2

and for the integrator v∫ b

a

(∫ b

a

|F (x, y)| du (y)

)1/2(∫ b

a

|F (x, y)| dv (y)

)1/2

dv (x) ≤ (23)

≤

(∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
dv (x)

)1/2

×

×

((∫ b

a

|F (x, y)| dv (y)

)
dv (x)

)1/2

.

Utilising (21)–(23) we deduce the desired result (19). �
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When no confusion is possible, we write
∫ b
a
fdu instead of

∫ b
a
f (x) du (x) .

For the complex-valued functions p, f, g and h, ` defined on the interval
[a, b] we define the following Čebyšev type functionals

C (p, f, g;h) :=

∫ b

a

pdh

∫ b

a

pfgdh−
∫ b

a

pfdh

∫ b

a

pgdh (24)

and

C (p, f, g;h, `) =

∫ b

a

pd`

∫ b

a

pfgdh+

∫ b

a

pdh

∫ b

a

pfgd`− (25)

−
∫ b

a

pfd`

∫ b

a

pgdh−
∫ b

a

pfdh

∫ b

a

pgd`

provided that all the Riemann–Stieltjes integrals involved above exist.
We observe that

C (p, f, g;h, h) = 2C (p, f, g;h)

and
C (p, f, g;h, `) = C (p, f, g; `, h) .

Theorem 4. Let f, g : [a, b] → R be continuous and synchronous on
[a, b] , i. e.,

(f (x)− f (y)) (g (x)− g (y)) ≥ 0

for any x, y ∈ [a, b] . If h : [a, b] → C is an S-dominated function by
the pair (u, v) which are monotonic nondecreasing on [a, b] , then for any
continuous nonnegative function p : [a, b]→ [0,∞) we have

|C (p, f, g;h)|2 ≤ 1

2
C (p, f, g;u, v) [C (p, f, g;u)]

1/2
[C (p, f, g; v)]

1/2
.

(26)

Proof. Define the function F : [a, b]× [a, b]→ R by

F (x, y) := p (x) p (y) (f (x)− f (y)) (g (x)− g (y)) = (27)

= p (y) p (x) f (x) g (x) + p (x) p (y) f (y) g (y)−
− p (x) f (x) p (y) g (y)− p (y) f (y) p (x) g (x) .

We observe that, since p is nonnegative and f, g are synchronous, then
F (x, y) ≥ 0 for any x, y ∈ [a, b] . The function F is also continuous on the
rectangle [a, b]× [a, b] .
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By simple calculation with the Riemann–Stieltjes integral we have∫ b

a

(∫ b

a

F (x, y) dh (y)

)
dh (x) = 2C (p, f, g;h) ,

∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
du (x) = 2C (p, f, g;u) ≥ 0,

∫ b

a

(∫ b

a

|F (x, y)| dv (y)

)
dv (x) = 2C (p, f, g; v) ≥ 0

and∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
dv (x) =

∫ b

a

(∫ b

a

|F (x, y)| dv (y)

)
du (x) =

= C (p, f, g;u, v) ≥ 0.

Utilising inequality (19) we have

[2C (p, f, g;h)]
2 ≤ [2C (p, f, g;u)]

1/2
[2C (p, f, g; v)]

1/2×

× [C (p, f, g;u, v)]
1/2

[C (p, f, g;u, v)]
1/2

,

which is clearly equivalent to (26). �

For the complex-valued functions p, f, g and h, ` defined on the interval
[a, b] we define the following (CBS)-type functionals

B (p, f, g;h, `) :=

∫ b

a

p |f |2 dh
∫ b

a

p |g|2 d`+

∫ b

a

p |g|2 dh
∫ b

a

p |f |2 d`−

(28)

−
∫ b

a

pfgdh

∫ b

a

pfgd`−
∫ b

a

pfgdh

∫ b

a

pfgd`

and

B (p, f, g;h) :=
1

2
B (p, f, g;h, h) = (29)



Inequalities for the Riemann–Stieltjes integral. I 25

=

∫ b

a

p |f |2 dh
∫ b

a

p |g|2 dh−

− 1

2

(∫ b

a

pfgdh

)2

+

(∫ b

a

pfgdh

)2
 .

If p is nonnegative and h is real-valued, then(∫ b

a

pfgdh

)2

=

(∫ b

a

pfgdh

)2

,

which implies that

B (p, f, g;h) =

∫ b

a

p |f |2 dh
∫ b

a

p |g|2 dh− Re

(∫ b

a

pfgdh

)2

.

Also, if p is nonnegative and f, g are real-valued, then

B (p, f, g;h) =

∫ b

a

pf2dh

∫ b

a

pg2dh−

(∫ b

a

pfgdh

)2

.

The following result also holds.

Theorem 5. Let f, g : [a, b] → C be continuous on [a, b] . If h : [a, b] →
→ C is an S-dominated function by the pair (u, v) , which are monotonic
nondecreasing on [a, b] , then for any continuos nonnegative function p :
[a, b]→ [0,∞) we have

|B (p, f, g;h)|2 ≤ 1

2
B (p, f, g;u, v) [B (p, f, g;u)]

1/2
[B (p, f, g; v)]

1/2
.

(30)

Proof. Define the function F : [a, b]× [a, b]→ R by

F (x, y) := p (x) p (y)
∣∣∣f (x) g (y)− g (x) f (y)

∣∣∣2 = (31)

= p (y) p (x)
[
|f (x)|2 |g (y)|2 + |f (y)|2 |g (x)|2−

−f (x) g (x)f (y) g (y)− f (x)g (x) f (y)g (y)
]
.
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We observe that, since p is nonnegative, then F (x, y) ≥ 0 for any x, y ∈
∈ [a, b] . The function F is also continuous on the rectangle [a, b]× [a, b] .

By simple calculation with the Riemann–Stieltjes integral we have∫ b

a

(∫ b

a

F (x, y) dh (y)

)
dh (x) = 2B (p, f, g;h) ,

∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
du (x) = 2B (p, f, g;u) ≥ 0,

∫ b

a

(∫ b

a

|F (x, y)| dv (y)

)
dv (x) = 2B (p, f, g; v) ≥ 0

and∫ b

a

(∫ b

a

|F (x, y)| du (y)

)
dv (x) =

∫ b

a

(∫ b

a

|F (x, y)| dv (y)

)
du (x) =

= B (p, f, g;u, v) ≥ 0.

Utilising the inequality (19) we have

[2B (p, f, g;h)]
2 ≤ [2B (p, f, g;u)]

1/2
[2B (p, f, g; v)]

1/2×

× [B (p, f, g;u, v)]
1/2

[B (p, f, g;u, v)]
1/2

,

which is clearly equivalent to (30). �

5. Applications for Selfadjoint Operators. We denote by B (H)
the Banach algebra of all bounded linear operators on a complex Hilbert
space (H; 〈·, ·〉) . Let A ∈ B (H) be selfadjoint and let ϕλ be defined for
all λ ∈ R as follows

ϕλ (s) :=

 1, for −∞ < s ≤ λ,

0, for λ < s < +∞.

Then for every λ ∈ R the operator

Eλ := ϕλ (A)

is a projection which reduces A.
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The properties of these projections are collected in the following fun-
damental result concerning the spectral representation of bounded selfad-
joint operators in Hilbert spaces, see for instance [58, p. 256]:

Let A be a bounded selfadjoint operator on the Hilbert space H.

Denote m = min {λ |λ ∈ Sp (A)} =: min Sp (A) and

M = max {λ |λ ∈ Sp (A)} =: max Sp (A) .

Then there exists a family of projections {Eλ}λ∈R, called the spectral
family of A, with the following properties:

a) Eλ ≤ Eλ′ for λ ≤ λ′;
b) Em−0 = 0, EM = I and Eλ+0 = Eλ for all λ ∈ R.

We have the representation

A =

∫ M

m−0
λdEλ.

More generally, for any continuous complex-valued function ϕ defined
on R and for any ε > 0 there exists a δ > 0 such that∥∥∥∥∥ϕ (A)−

n∑
k=1

ϕ (λ′k)
[
Eλk
− Eλk−1

]∥∥∥∥∥ ≤ ε
whenever 

λ0 < m = λ1 < ... < λn−1 < λn = M,

λk − λk−1 ≤ δ for 1 ≤ k ≤ n,

λ′k ∈ [λk−1, λk] for 1 ≤ k ≤ n

this means that

ϕ (A) =

∫ M

m−0
ϕ (λ) dEλ,

where the integral is of the Riemann–Stieltjes type.
With the above assumptions for A, Eλ and ϕ we have the representa-

tions

ϕ (A)x =

∫ M

m−0
ϕ (λ) dEλx for all x ∈ H
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and

〈ϕ (A)x, y〉 =

∫ M

m−0
ϕ (λ) d 〈Eλx, y〉 for all x, y ∈ H.

In particular,

〈ϕ (A)x, x〉 =

∫ M

m−0
ϕ (λ) d 〈Eλx, x〉 for all x ∈ H.

Moreover, we have the equality

‖ϕ (A)x‖2 =

∫ M

m−0
|ϕ (λ)|2 d ‖Eλx‖2 for all x ∈ H.

Utilising Theorem 1 we can prove easily the following Schwarz type
inequality:

Proposition 2. Let A be a bounded selfadjoint operator on the Hilbert
space H. Denote m := min {λ |λ ∈ Sp (A)} = min Sp (A) and M :=
:= max {λ |λ ∈ Sp (A)} = max Sp (A) . If f : R → C is a continuous
function on [m,M ] , then we have the inequality

|〈f (A)x, y〉|2 ≤ 〈|f (A)|x, x〉 〈|f (A)| y, y〉 (32)

for any x, y ∈ H.

Proof. Assume ε > 0 and for fixed x, y ∈ H define the functions h, u, v :
[m− ε,M ]→ C given by

h (t) := 〈Etx, y〉 , u (t) := 〈Etx, x〉 and v (t) := 〈Ety, y〉

where {Eλ}λ∈R is the spectral family of the bounded selfadjoint operator
A.

For t, s ∈ [m− ε,M ] with t > s by utilizing the Schwarz inequality for
nonnegative operators P

|〈Px, y〉|2 ≤ 〈Px, x〉 〈Py, y〉 ,

we have
|h (t)− h (s)|2 = |〈(Et − Es)x, y〉|2 ≤

≤ 〈(Et − Es)x, x〉 〈(Et − Es) y, y〉 = (u (t)− u (s)) (v (t)− v (s)) ,
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which shows that h is S-dominated by the monotonic nondecreasing func-
tions (u, v) on [m− ε,M ] .

Applying Theorem 1 to f, h, u and v on [m− ε,M ] we have∣∣∣∣∣
∫ M

m−ε
f (t) d (〈Etx, y〉)

∣∣∣∣∣
2

≤
∫ M

m−ε
|f (t)| d (〈Etx, x〉)

∫ M

m−ε
|f (t)| d (〈Ety, y〉)

(33)
for any x, y ∈ H.

Letting ε→ 0+ in (33) and utilizing the representation of continuous
functions of selfadjoint operators, we deduce the desired result (32). �

For continuous functions p, f, g, the selfadjoint operator A and x, y ∈
∈ H we define the functionals

C (p, f, g;A, x, y) := 〈p (A)x, y〉 〈p (A) f (A) g (A)x, y〉−
− 〈p (A) f (A)x, y〉 〈p (A) g (A)x, y〉 ,

C (p, f, g;A, x) := C (p, f, g;A, x, x) =

= 〈p (A)x, x〉 〈p (A) f (A) g (A)x, x〉−
− 〈p (A) f (A)x, x〉 〈p (A) g (A)x, x〉 ,

and
D (p, f, g;A, x, y) :=

:= 〈p (A)x, x〉 〈p (A) f (A) g (A) y, y〉+〈p (A) y, y〉 〈p (A) f (A) g (A)x, x〉−

− 〈p (A) g (A)x, x〉 〈p (A) f (A) y, y〉 − 〈p (A) g (A) y, y〉 〈p (A) f (A)x, x〉 .

The following result holds:

Proposition 3. Let A be a bounded selfadjoint operator on the Hilbert
space H. Denote m := min {λ |λ ∈ Sp (A)} = min Sp (A) and M :=
:= max {λ |λ ∈ Sp (A)} = max Sp (A) . Assume that f, g : R → R are
continuous and synchronous functions on [m,M ] and p : R → R is a
nonnegative continuous function on [m,M ] . Then for any x, y ∈ H we
have

|C (p, f, g;A, x, y)|2 ≤ (34)

≤ 1

2
D (p, f, g;A, x, y) [C (p, f, g;A, x)]

1/2
[C (p, f, g;A, y)]

1/2
.



30 S. S. Dragomir

The proof is similar to the one from Proposition 2 may be obtained by
utilizing the integral inequality from Theorem 4. The details are omitted.

A simpler version of the above inequality (34) is as follows:

Corollary 2. Let the assumptions of Proposition 3 for A, f and g be
valid. Then for any x, y ∈ H with ‖x‖ = ‖y‖ = 1 we have

|〈x, y〉 〈f (A) g (A)x, y〉 − 〈f (A)x, y〉 〈g (A)x, y〉|2 ≤ (35)

≤ 1

2
[〈f (A) g (A) y, y〉+ 〈f (A) g (A)x, x〉−

− 〈g (A)x, x〉 〈f (A) y, y〉 − 〈g (A) y, y〉 〈f (A)x, x〉]×

× [〈f (A) g (A)x, x〉 − 〈f (A)x, x〉 〈g (A)x, x〉]1/2×

× [〈f (A) g (A) y, y〉 − 〈f (A) y, y〉 〈g (A) y, y〉]1/2 .

Remark 1. If we take, as an example, f (t) = tp and g (t) = tq for
p, q > 0 then for any positive operator A we have from (35) the inequality∣∣〈x, y〉 〈Ap+qx, y〉− 〈Apx, y〉 〈Aqx, y〉∣∣2 ≤
≤ 1

2

[〈
Ap+qy, y

〉
+
〈
Ap+qx, x

〉
− 〈Aqx, x〉 〈Apy, y〉 − 〈Aqy, y〉 〈Apx, x〉

]
×

×
[〈
Ap+qx, x

〉
− 〈Apx, x〉 〈Aqx, x〉

]1/2 [〈
Ap+qy, y

〉
− 〈Apy, y〉 〈Aqy, y〉

]1/2
,

for any x, y ∈ H with ‖x‖ = ‖y‖ = 1.

6. Applications for Unitary Operators. Let (H, 〈·, ·〉) be a
complex Hilbert space. We recall that the bounded linear operator U :
H → H on H is unitary iff U∗ = U−1.

It is well known that (see for instance [58, pp. 275–276]), if U is a
unitary operator, then there exists a family of projections {Eλ}λ∈[0,2π],
called the spectral family of U with the following properties:

a) Eλ ≤ Eµ for 0 ≤ λ ≤ µ ≤ 2π;

b) E0 = 0 and E2π = 1H (the identity operator on H);

c) Eλ+0 = Eλ for 0 ≤ λ < 2π;

d) U =
∫ 2π

0
eiλdEλ where the integral is of the Riemann–Stieltjes type.

Moreover, if {Fλ}λ∈[0,2π] is a family of projections satisfying the re-

quirements a)-d) above for the operator U, then Fλ = Eλ for all λ ∈
∈ [0, 2π] .
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Also, for each continuous complex-valued function f : C (0, 1)→ C on
the complex unit circle C (0, 1), we have

f (U) =

∫ 2π

0

f
(
eiλ
)
dEλ,

where the integral is taken in the Riemann–Stieltjes sense.
In particular, we have the equalities

f (U)x =

∫ 2π

0

f
(
eiλ
)
dEλx,

〈f (U)x, y〉 =

∫ 2π

0

f
(
eiλ
)
d 〈Eλx, y〉

and

‖f (U)x‖2 =

∫ 2π

0

∣∣f (eiλ)∣∣2 d ‖Eλx‖2 ,
for any x, y ∈ H.

Proposition 4. Let U be a unitary operator on a Hilbert space H. Then
for each continuous complex-valued function f : C (0, 1)→ C on the com-
plex unit circle C (0, 1), we have

|〈f (U)x, y〉|2 ≤ 〈|f (U)|x, x〉 〈|f (U)| y, y〉 (36)

for any x, y ∈ H.

Proof. Let {Eλ}λ∈[0,2π] be the spectral family of the unitary operator U.

For fixed x, y ∈ H define the functions h, u, v : [0, 2π]→ C given by

h (t) := 〈Etx, y〉 , u (t) := 〈Etx, x〉 and v (t) := 〈Ety, y〉 .

For t, s ∈ [0, 2π] , with t > s, by utilizing the Schwarz inequality for
nonnegative operators P

|〈Px, y〉|2 ≤ 〈Px, x〉 〈Py, y〉 ,

we have
|h (t)− h (s)|2 = |〈(Et − Es)x, y〉|2 ≤

≤ 〈(Et − Es)x, x〉 〈(Et − Es) y, y〉 = (u (t)− u (s)) (v (t)− v (s)) ,
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which shows that h is S-dominated by the monotonic nondecreasing func-
tions (u, v) on [0, 2π] .

Applying Theorem 1 to f
(
eit
)
, h, u and v on [0, 2π] we have∣∣∣∣∫ 2π

0

f
(
eit
)
d (〈Etx, y〉)

∣∣∣∣2 ≤
≤
∫ 2π

0

∣∣f (eit)∣∣ d (〈Etx, x〉)
∫ 2π

0

∣∣f (eit)∣∣ d (〈Ety, y〉)

for any x, y ∈ H.
Utilising the representation of continuous functions of unitary opera-

tors, we deduce the desired result (36). �

For the complex-valued functions f, g defined on the complex unit
circle C (0, 1) and the unitary operator U on the Hilbert space H we define
the following functionals:

D (f, g;U, x, y) :=

:=
〈
|f (U)|2 x, x

〉〈
|g (U)|2 y, y

〉
+
〈
|g (U)|2 x, x

〉〈
|f (U)|2 y, y

〉
−

− 〈f (U) g (U)x, x〉 〈f (U) g (U) y, y〉 −
〈
f (U) g (U)x, x

〉 〈
f (U) g (U) y, y

〉
,

B (f, g;U, x, y) :=
〈
|f (U)|2 x, y

〉〈
|g (U)|2 x, y

〉
−

−1

2

[
〈f (U) g (U)x, y〉2 +

〈
f (U) g (U)x, y

〉2]
and

B (f, g;U, x) := B (f, g;U, x, x) =

=
〈
|f (U)|2 x, x

〉〈
|g (U)|2 x, x

〉
− Re 〈f (U) g (U)x, x〉2 ,

where x, y ∈ H.

Proposition 5. Let U be a unitary operator on a Hilbert space H. Then
for every continuous complex-valued functions f, g : C (0, 1) → C on the
complex unit circle C (0, 1), we have

|B (f, g;U, x, y)|2 ≤ 1

2
D (f, g;U, x, y) [B (f, g;U, x)]

1/2
[B (f, g;U, y)]

1/2

(37)for any x, y ∈ H.
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The proof follows from Theorem 5 applied to the functions f
(
eit
)
,

g
(
eit
)
, p (t) = 1, h (t) := 〈Etx, y〉 , u (t) := 〈Etx, x〉 and v (t) := 〈Ety, y〉

where {Eλ}λ∈[0,2π] is the spectral family of the unitary operator U and

t ∈ [0, 2π] . The details are omitted.
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[26] Ujević N. On perturbed mid-point and trapezoid inequalities and applica-
tions. Kyungpook Math. J., 2003, vol. 43, pp. 327–334.
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