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INTEGRAL INEQUALITIES OF HERMITE – HADAMARD
TYPE FOR ((α,m), log)-CONVEX FUNCTIONS ON

CO–ORDINATES

Abstract. The convexity of functions is a basic concept in ma-
thematics and it has been generalized in various directions. Es-
tablishing integral inequalities of Hermite – Hadamard type for
various convex functions is one of the main topics in the theory
of convex functions and attracts a number of mathematicians for
several centuries. Currently an amount of literature on integral
inequalities of Hermite – Hadamard type for various convex func-
tions has been accumulated. In the paper the authors introduce
a new concept “((α,m), log)–convex functions on the co–ordina-
tes on the rectangle of the plane” and establish new integral ine-
qualities of the Hermite – Hadamard type for ((α,m), log)-convex
functions on the co–ordinates on the rectangle of the plane.
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1. Introduction. The convexity of functions is a very important and
fundamental concept in mathematics and mathematical sciences. It has
been being generalized to various forms and there is an amount of litera-
ture on integral inequalities of the Hermite – Hadamard type for various
convex functions.

Let us recall some definitions and related conclusions.

Definition 1. Let I ⊆ R = (−∞,∞) be an interval. A function f :
I → R is said to be convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

holds for all x, y ∈ I and λ ∈ [0, 1].
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Let f : I ⊆ R→ R be a convex function and a, b ∈ I with a < b. Then

f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f(a) + f(b)

2

is valid. This double inequality is well known in the literature as the
Hermite – Hadamard integral inequality for convex functions.

Definition 2. If a positive function f : I ⊆ R→ R+ = (0,∞) satisfies

f(λx+ (1− λ)y) ≤ fλ(x)f1−λ(y)

for all λ ∈ [0, 1], then we call f a logarithmically convex function on I.

Remark 1. It is well known that logarithmic convexity of a function f
is equivalent to convexity of the function ln f or loga f for a > 1.

Definition 3. [1] Let f : [0, b]→ R and m ∈ (0, 1]; if

f(λx+m(1− λ)y) ≤ λf(x) +m(1− λ)f(y)

is valid for all x, y ∈ [0, b] and λ ∈ [0, 1], then we say that f is an m-convex
function on [0, b].

Remark 2. The 1-convexity is equivalent to the ordinary convexity de-
fined by Definition 1.

Theorem 1. [2] Let f : R0 = [0,∞) → R be m-convex and m ∈ (0, 1].
If f ∈ L1([a, b]) for 0 ≤ a < b <∞, then

1

b− a

b∫
a

f(x)dx ≤ min

{
f(a) +mf(b/m)

2
,
mf(a/m) + f(b)

2

}
.

Definition 4. [3] Let f : [0, b]→ R and (α,m) ∈ (0, 1]× (0, 1]; if

f(λx+m(1− λ)y) ≤ λαf(x) +m(1− λα)f(y)

is valid for all x, y ∈ [0, b] and λ ∈ [0, 1], then we say that f is an (α,m)-
convex function on [0, b].

Remark 3. The (1,m)-convexity is equivalent to m-convexity. Any con-
vex function for which f(0) ≤ 0 is m-convex for any m ∈ (0, 1].
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Theorem 2. [4, Theorem 3.1] Let I ⊇ R0 be an open real interval and
let f : I → R be a differentiable function on I such that f ′ ∈ L([a, b]) for
0 ≤ a < b <∞. If (f ′)q is (α,m)-convex on [a, b] for some given numbers
α,m ∈ (0, 1] and q ≥ 1, then

∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ b− a
2

(
1

2

)1−1/q

min

{[
v1[f ′(a)]q+

+ v2m

[
f ′
(
b

m

)]q]1/q
,

[
v2m

[
f ′
(
a

m

)]q
+ v1[f ′(b)]q

]1/q}
,

where v1 = 1
(α+1)(α+2)

(
α+ 1

2α

)
and v2 = 1

(α+1)(α+2)

(
α2+α+2

2 − 1
2α

)
.

Definition 5. [5, 6] A function f : ∆ → R is said to be convex on the
co–ordinates ∆ = [a, b] × [c, d] ⊆ R2 with a < b and c < d, if the partial
mappings

fy : [a, b]→ R, fy(u) = f(u, y) and fx : [c, d]→ R, fx(v) = f(x, v)

are convex for all fixed x ∈ (a, b) and y ∈ (c, d).

Remark 4. A formal definition for convex functions on the co–ordinates
may be restated [5, 6] as follows. A function f : ∆ → R is said to be
convex on the co–ordinates ∆ = [a, b]× [c, d] with a < b and c < d, if

f(tx+ (1− t)z, λy + (1− λ)w) ≤ tλf(x, y) + t(1− λ)f(x,w)+

+ (1− t)λf(z, y) + (1− t)(1− λ)f(z, w)

holds for all t, λ ∈ [0, 1] and (x, y), (z, w) ∈ ∆.

Definition 6. [7] For some (α1,m1), (α2,m2) ∈ (0, 1]2, a function f :
[0, b]× [0, d]→ R is said to be (α1,m1)-(α2,m2)-convex on the co–ordina-
tes [0, b]× [0, d], if

f(ta+m1(1− t)b, λc+m2(1− λ)d) ≤ tα1λα2f(a, c)+

+m2t
α1(1− λα2)f(a, d) +m1(1− tα1)λα2f(b, c)+

+m1m2(1− tα1)(1− λα2)f(b, d)

holds for all t, λ ∈ [0, 1] and (x, y), (z, w) ∈ [0, b]× [0, d].
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Definition 7. [8] For m1,m2, α ∈ (0, 1] and s ∈ [−1, 1], a function f :
[0, b]× [0, d]→ R0 is called (α,m1)-(s,m2)-convex on co–ordinates if

f(tx+m1(1− t)z, λy +m2(1− λ)w) ≤ tαλsf(x, y)+

+m1(1− tα)λsf(z, y) +m2t
α(1− λ)sf(x,w)+

+m1m2(1− tα)(1− λ)sf(z, w)

holds for all (t, λ) ∈ [0, 1]× (0, 1) and (x, y), (z, w) ∈ [0, b]× [0, d].

Theorem 3. [5, 6, Theorem 2.2] Let f : ∆ = [a, b]× [c, d]→ R be convex
on the co–ordinates ∆ = [a, b]× [c, d] with a < b and c < d. Then

f

(
a+ b

2
,
c+ d

2

)
≤ 1

2

[
1

b− a

∫ b

a

f

(
x,
c+ d

2

)
dx+

+
1

d− c

∫ d

c

f

(
a+ b

2
, y

)
dy

]
≤

≤ 1

(b− a)(d− c)

∫ b

a

∫ d

c

f(x, y)dy dx ≤

≤ 1

4

[
1

b− a

(∫ b

a

f(x, c)dx+

∫ b

a

f(x, d)dx

)
+

+
1

d− c

(∫ d

c

f(a, y)dy +

∫ d

c

f(b, y)dy

)]
≤

≤ 1

4

[
f(a, c) + f(b, c) + f(a, d) + f(b, d)

]
.

For more information on integral inequalities of the Hermite – Hadamard
type for convex functions on the co–ordinates, please refer to [9]–[12] and
closely related references therein.

In this paper, we will introduce a new concept “((α,m), log)-convex
functions on the co–ordinates on the rectangle of the plane” and estab-
lish some new integral inequalities of the Hermite – Hadamard type for
((α,m), log)-convex functions on the co–ordinates on the rectangle of the
plane.

2. A definition and a lemma. Now we introduce the definition
as follows.

Definition 8. A mapping f : [0, b]×[c, d]→ R+ is said to be ((α,m), log)-
convex on co–ordinates [0, b]× [c, d] with c, d ∈ R, c < d, and b > 0 if
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f(tx+m(1− t)z, λy + (1− λ)w) ≤
≤ tα[f(x, y)]λ[f(x,w)]1−λ +m(1− tα)[f(z, y)]λ[f(z, w)]1−λ

holds for all t, λ ∈ [0, 1] and (x, y), (z, w) ∈ [0, b]× [c, d] and some m,α ∈
∈ (0, 1].

Remark 5. The Definition 8 implies

f(tx+m(1− t)z, λy + (1− λ)w) ≤ tα[f(x, y)]λ[f(x,w)]1−λ+

+m(1− tα)[f(z, y)]λ[f(z, w)]1−λ ≤
≤ tαλf(x, y) + tα(1− λ)f(x,w)+

+m(1− tα)λf(z, y) +m(1− tα)(1− λ)f(z, w).

If the function f is ((α,m), log)-convex on co–ordinates [0, b]× [c, d], then
it is (α,m)-(1, 1)-convex on co–ordinates [0, b] × [c, d] (with (α1,m1) =
= (α,m) and (α2,m2) = (1, 1) in Definition 6 or with (α,m1) = (α,m)
and (s,m2) = (1, 1) in Definition 7).

In order to prove our main results, we need the following lemma.

Lemma 1. Let f : ∆ = [a, b]× [c, d] ⊆ R2 → R have partial derivatives
of the second order. If f ′′xy ∈ L1(∆), then

J(f,∆) ,
1

(b− a)(d− c)

{
4f(a, c)− 2f(a, d)− 2f(b, c) + f(b, d)−

− 1

b− a

∫ b

a

[2f(x, c)− f(x, d)]dx− 1

d− c

∫ d

c

[2f(a, y)− f(b, y)]dy+

+
1

(b− a)(d− c)

∫ d

c

∫ b

a

f(x, y)dx dy

}
=

=

∫ 1

0

∫ 1

0

(1 + t)(1 + λ)f ′′xy(ta+ (1− t)b, λc+ (1− λ)d)dt dλ. (1)

Proof. Integration by parts gives∫ 1

0

∫ 1

0

(1 + t)(1 + λ)f ′′xy(ta+ (1− t)b, λc+ (1− λ)d)dt dλ =

=
1

a− b

∫ 1

0

(1 + λ)

[
(1 + t)f ′y(ta+ (1− t)b, λc+ (1− λ)d)

∣∣t=1

t=0
−
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−
∫ 1

0

f ′yf(ta+ (1− t)b, λc+ (1− λ)d)dt

]
dλ =

=
1

(a− b)(c− d)

[
4f(a, c)− 2f(b, c)− 2f(a, d) + f(b, d)−

− 2

∫ 1

0

f(a, λc+ (1− λ)d)dλ+

∫ 1

0

f(b, λc+ (1− λ)d)dλ−

− 2

∫ 1

0

f(ta+ (1− t)b, c)dt+

∫ 1

0

f(ta+ (1− t)b, d)dt+

+

∫ 1

0

∫ 1

0

f(ta+ (1− t)b, λc+ (1− λ)d)dt dλ

]
.

Using substitutions x = ta+ (1− t)b and y = λc+ (1−λ)d for t, λ ∈ [0, 1],
we obtain (1). Lemma 1 is thus proved. 2

3. Some integral inequalities of the Hermite – Hadamard type.
Now we are in a position to establish some new integral inequalities of the
Hermite – Hadamard type for differentiable ((α,m), log)-convex functions
on the co–ordinates on rectangle of the plane R0 × R.

The first main result is Theorem 4.

Theorem 4. Let f : R0 × R → R be a partially differentiable function
on R0 × R and f ′′xy ∈ L1([a, bm ] × [c, d]) with 0 ≤ a < b, c < d, and

m ∈ (0, 1]. If
∣∣f ′′xy∣∣q is ((α,m), log)-convex on co–ordinates [0, bm ] × [c, d]

for q ≥ 1 and some α ∈ (0, 1], then

|J(f,∆)| ≤
(

3

2

)2(1−1/q)[
1

2(α+ 1)(α+ 2)

]1/q
×

×
{

2(2α+ 3)F
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+

+mα(3α+ 5)F

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

,

where

F (u, v) =


L(u, v)− L(u, v)− u

ln v − lnu
, u 6= v,

3

2
u, u = v.
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Proof. By Lemma 1 and Hölder’s integral inequality, we have

|J(f,∆)| ≤
∫ 1

0

∫ 1

0

(1 + t)(1 + λ)
∣∣f ′′xy(ta+ (1− t)b, λc+ (1− λ)d)

∣∣dt dλ ≤
≤
(∫ 1

0

∫ 1

0

(1 + t)(1 + λ)dt dλ

)1−1/q[∫ 1

0

∫ 1

0

(1 + t)×

×(1 + λ)
∣∣f ′′xyf(ta+ (1− t)b, λc+ (1− λ)d)

∣∣qdt dλ]1/q. (2)

Using the ((α,m), log)-convexity of
∣∣f ′′xy∣∣q, we have∫ 1

0

∫ 1

0

(1 + t)(1 + λ)
∣∣f ′′xyf(ta+ (1− t)b, λc+ (1− λ)d)

∣∣qdt dλ ≤
≤
∫ 1

0

∫ 1

0

(1 + t)(1 + λ)

[
tα
∣∣f ′′xy(a, c)

∣∣qλ∣∣f ′′xy(a, d)
∣∣q(1−λ)+

+m(1− tα)

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)]dt dλ =

=

[∫ 1

0

(1 + t)tαdt

] ∫ 1

0

(1 + λ)
∣∣f ′′xy(a, c)

∣∣qλ∣∣f ′′xy(a, d)
∣∣q(1−λ)dλ+m

[∫ 1

0

(1+

+t)(1− tα)dt

] ∫ 1

0

(1 + λ)

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)dλ. (3)

Note that ∫ 1

0

∫ 1

0

(1 + t)(1 + λ)dt dλ =

(
3

2

)2

,∫ 1

0

(1 + t)tαdt =
2α+ 3

(α+ 1)(α+ 2)
,∫ 1

0

(1 + t)(1− tα)dt =
α(3α+ 5)

2(α+ 1)(α+ 2)
.

1) If
∣∣f ′′xy(a, c)

∣∣q =
∣∣f ′′xy(a, d)

∣∣q and
∣∣f ′′xy( bm , c)∣∣q =

∣∣f ′′xy( bm , d)∣∣q, we
have ∫ 1

0

(1 + λ)
∣∣f ′′xy(a, c)

∣∣qλ∣∣f ′′xy(a, d)
∣∣q(1−λ)dλ =

3

2

∣∣f ′′xy(a, c)
∣∣q,∫ 1

0

(1 + λ)

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)dλ =
3

2

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q.
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2) If ξ ,

∣∣f ′′
xy(a,c)

∣∣q∣∣f ′′
xy(a,d)

∣∣q 6= 1 and η ,

∣∣f ′′
xy(

b
m ,c)

∣∣q∣∣f ′′
xy(

b
m ,d)

∣∣q 6= 1, integrating by parts,

we can write∫ 1

0

(1 + λ)
∣∣f ′′xy(a, c)

∣∣qλ∣∣f ′′xy(a, d)
∣∣q(1−λ)dλ =

=
∣∣f ′′xy(a, d)

∣∣q ∫ 1

0

(1 + λ)ξλdλ =

∣∣f ′′xy(a, d)
∣∣q

ln ξ

[
2ξ − 1−

∫ 1

0

ξλdλ

]
=

=

∣∣f ′′xy(a, d)
∣∣q

ln ξ

[
2ξ − 1− ξ − 1

ln ξ

]
= F

(∣∣f ′′xy(a, c)
∣∣q, ∣∣f ′′xy(a, d)

∣∣q)
and∫ 1

0

(1 + λ)

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)dλ =

=

∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q ∫ 1

0

(1 + λ)ηλdλ =

∣∣f ′′xy( bm , d)∣∣q
ln η

[
2ξ − 1−

∫ 1

0

ηλdλ

]
=

=

∣∣f ′′xy( bm , d)∣∣q
ln ξ

[
2η − 1− ξ − 1

ln η

]
= F

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q).
(4)

By utilizing (2), (3), and (4), we obtain

|J(f,∆)| ≤
1∫

0

1∫
0

(1 + t)(1 + λ)
∣∣f ′′xy(ta+ (1− t)b, λc+ (1− λ)d)

∣∣dt dλ+

+ (1− t)b, λc+ (1− λ)d)
∣∣qdt dλ)1/q

≤

≤
(

3

2

)2(1−1/q)(
1

2(α+ 1)(α+ 2)

)1/q{
2(2α+ 3)F

(∣∣f ′′xy(a, c)
∣∣q,

∣∣f ′′xy(a, d)
∣∣q)+mα(3α+ 5)F

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

.

This completes the proof of Theorem 4. 2

If taking q = 1 in Theorem 4, we can derive the following corollary.
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Corollary 1. Under the conditions of Theorem 4, if q = m = α = 1,
then

|J(f,∆)| ≤ 1

6

{
5F
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+

+ 4F
(∣∣f ′′xy(b, c)

∣∣q, ∣∣f ′′xy(b, d)
∣∣q)}.

Theorem 5. Let f : R0 × R → R be a partially differentiable function
on R0 × R and f ′′xy ∈ L1([a, bm ] × [c, d]) with 0 ≤ a < b, c < d, and

m ∈ (0, 1]. If
∣∣f ′′xy∣∣q is ((α,m), log)-convex on co–ordinates [0, bm ] × [c, d]

for q > 1 and α ∈ (0, 1], then

|J(f,∆)| ≤
(

3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1)−1

])1−1/q[
1

2(α+ 1)(α+ 2)

]1/q
×

×
{

2(2α+ 3)L
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+

+mα(3α+ 5)L

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

,

where L(u, v) is defined by

L(u, v) =

∫ 1

0

utv1−tdt =


v − u

ln v − lnu
, u 6= v,

u, u = v.
(5)

Proof. By Lemma 1, Hölder’s integral inequality, and the ((α,m), log)-
convexity of

∣∣f ′′xy∣∣q, it follows that

|J(f,∆)| ≤
(∫ 1

0

∫ 1

0

(1 + t)(1 + λ)q/(q−1)dt dλ

)1−1/q

×

×
[∫ 1

0

∫ 1

0

(1 + t)
∣∣f ′′xyf(ta+ (1− t)b, λc+ (1− λ)d)

∣∣qdt dλ]1/q ≤
≤
(∫ 1

0

∫ 1

0

(1 + t)(1 + λ)q/(q−1)dt dλ

)1−1/q

×

×
{∫ 1

0

∫ 1

0

(1 + t)

[
tα
∣∣f ′′xy(a, c)

∣∣qλ∣∣f ′′xy(a, d)
∣∣q(1−λ)+
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+m(1− tα)

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)]dt dλ}1/q

=

=

(
3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q

×

×
{(∫ 1

0

(1 + t)tαdt

)∫ 1

0

∣∣f ′′xy(a, c)
∣∣qλ∣∣f ′′xy(a, d)

∣∣q(1−λ)dλ+

+m

∫ 1

0

(1 + t)(1− tα)dt

∫ 1

0

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)dλ}1/q

=

=

(
3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q(
1

2(α+ 1)(α+ 2)

)1/q

×

×
{

2(2α+ 3)L
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+

+mα(3α+ 5)L

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

.

Theorem 5 is proved. 2

Corollary 2. Under the conditions of Theorem 5, if m = α = 1, then

|J(f,∆)| ≤
(

1

3

)1/q(
3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q

×

×
{

5L
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+ 4L

(∣∣f ′′xy(b, c)
∣∣q, ∣∣f ′′xy(b, d)

∣∣q)}1/q

.

Theorem 6. Let f : R0 × R → R be a partially differentiable function
on R0 × R and f ′′xy ∈ L1([a, bm ] × [c, d]) with 0 ≤ a < b, c < d, and

m ∈ (0, 1]. If
∣∣f ′′xy∣∣q is ((α,m), log)-convex on co–ordinates [0, bm ] × [c, d]

for q > 1 and α ∈ (0, 1], then

|J(f,∆)| ≤
(

3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q(
1

α+ 1

)1/q

×

×
{
F
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+

+mαF

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

,
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where F (u, v) is given as in Theorem 4

Proof. By Lemma 1, Hölder’s inequality, and the ((α,m), log)-convexity
of
∣∣f ′′xy∣∣q, we get

|J(f,∆)| ≤
∫ 1

0

∫ 1

0

(1 + t)(1 + λ)
∣∣f ′′xy(ta+ (1− t)b, λc+ (1− λ)d)

∣∣dt dλ ≤
≤
(∫ 1

0

∫ 1

0

(1 + t)q/(q−1)(1 + λ)dtdλ

)1−1/q

×

×
[∫ 1

0

∫ 1

0

(1 + λ)
∣∣f ′′xyf(ta+ (1− t)b, λc+ (1− λ)d)

∣∣qdtdλ]1/q ≤
≤
(

3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q

×

×
{(∫ 1

0

tαdt

)∫ 1

0

(1 + λ)
∣∣f ′′xy(a, c)

∣∣qλ∣∣f ′′xy(a, d)
∣∣q(1−λ)dλ+

+m

∫ 1

0

(1− tα)dt

∫ 1

0

(1 + λ)

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)dλ}1/q

=

=

(
3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q(
1

α+ 1

)1/q[
F
(∣∣f ′′xy(a, c)

∣∣q,
∣∣f ′′xy(a, d)

∣∣q)+mαF

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)]1/q.
The proof of Theorem 6 is complete. 2

Corollary 3. Under the conditions of Theorem 6, if m = α = 1, then

|J(f,∆)| ≤
(

1

2

)1/q(
3(q − 1)

2(2q − 1)

[
2(2q−1)/(q−1) − 1

])1−1/q

×

×
{
F
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+ F

(∣∣f ′′xy(b, c)
∣∣q, ∣∣f ′′xy(b, d)

∣∣q)}1/q

.

Theorem 7. Let f : R0 × R → R be a partially differentiable function
on R0 × R and f ′′xy ∈ L1([a, bm ] × [c, d]) with 0 ≤ a < b, c < d, and

m ∈ (0, 1]. If
∣∣f ′′xy∣∣q is ((α,m), log)-convex on co–ordinates [0, bm ] × [c, d]
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for q > 1 and α ∈ (0, 1], then

|J(f,∆)| ≤
(
q − 1

2q − 1

[
2(2q−1)/(q−1) − 1

])2(1−1/q)(
1

α+ 1

)1/q

×

×
{
L
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+

+mαL

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

,

where L(u, v) is given by (5).

Proof. By Lemma 1, Hölder’s inequality, and the ((α,m), log)-convexity
of
∣∣f ′′xy∣∣q, we acquire

|J(f,∆)| ≤
∫ 1

0

∫ 1

0

(1 + t)(1 + λ)
∣∣f ′′xy(ta+ (1− t)b, λc+ (1− λ)d)

∣∣dtdλ ≤
≤
(∫ 1

0

∫ 1

0

[(1 + t)(1 + λ)]q/(q−1)dtdλ

)1−1/q

×

×
[∫ 1

0

∫ 1

0

∣∣f ′′xyf(ta+ (1− t)b, λc+ (1− λ)d)
∣∣qdtdλ]1/q ≤

≤
(
q − 1

2q − 1

[
2(2q−1)/(q−1) − 1

])2(1−1/q)

×

×
{(∫ 1

0

tαdt

)∫ 1

0

∣∣f ′′xy(a, c)
∣∣qλ∣∣f ′′xy(a, d)

∣∣q(1−λ)dλ+

+m

(∫ 1

0

(1− tα)dt

)∫ 1

0

∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣qλ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q(1−λ)dλ}1/q

=

=

(
q − 1

2q − 1

[
2(2q−1)/(q−1) − 1

])2(1−1/q)(
1

α+ 1

)1/q{
L
(∣∣f ′′xy(a, c)

∣∣q,
∣∣f ′′xy(a, d)

∣∣q)+mαL

(∣∣∣∣f ′′xy( b

m
, c

)∣∣∣∣q, ∣∣∣∣f ′′xy( b

m
, d

)∣∣∣∣q)}1/q

.

The proof of Theorem 7 is complete. 2
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Corollary 4. Under the conditions of Theorem 7, if m = α = 1, then

|J(f,∆)| ≤
(

1

2

)1/q(
q − 1

2q − 1

[
2(2q−1)/(q−1) − 1

])2(1−1/q)

×

×
{
L
(∣∣f ′′xy(a, c)

∣∣q, ∣∣f ′′xy(a, d)
∣∣q)+ L

(∣∣f ′′xy(b, c)
∣∣q, ∣∣f ′′xy(b, d)

∣∣q)}1/q

.

S

Theorem 8. Let f : R0 × R → R+ be integrable on [a, b
m2 ] × [c, d]

with 0 ≤ a < b, c < d, and m ∈ (0, 1]. If f is ((α,m), log)-convex on
co–ordinates [0, b

m2 ]× [c, d] for α ∈ (0, 1], then

f

(
a+ b

2
,
c+ d

2

)
≤

≤ 1

2α+1

{
1

b− a

∫ b

a

[
f

(
x,
c+ d

2

)
+m(2α − 1)f

(
x

m
,
c+ d

2

)]
dx+

+
1

d− c

∫ d

c

([
f

(
a+ b

2
, y

)
f

(
a+ b

2
, c+ d− y

)]1/2
+

+m(2α − 1)

[
f

(
a+ b

2m
, y

)
f

(
a+ b

2m
, c+ d− y

)]1/2)
dy

}
≤

≤ 1

2α+1

{
1

b− a

∫ b

a

[
f

(
x,
c+ d

2

)
+m(2α − 1)f

(
x

m
,
c+ d

2

)]
dx+

+
1

d− c

∫ d

c

[
f

(
a+ b

2
, y

)
+m(2α − 1)f

(
a+ b

2m
, y

)]
dy

}
≤

≤ 1

22α(b− a)(d− c)

∫ d

c

∫ b

a

[
f(x, y) + 2m(2α − 1)f

(
x

m
, y

)
+

+m2(2α − 1)2f

(
x

m2
, y

)]
dxdy,

where L(u, v) is the logarithmic mean.

Proof. Using the ((α,m), log)-convexity of f and by the GA inequality,
we have

f

(
a+ b

2
,
c+ d

2

)
=

∫ 1

0

f

(
ta+ (1− t)b+ (1− t)a+ tb

2
,
c+ d

2

)
dt ≤
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≤
∫ 1

0

[
1

2α
f

(
ta+ (1− t)b, c+ d

2

)
+

+m

(
1− 1

2α

)
f

(
(1− t)a+ tb

m
,
c+ d

2

)]
dt =

=
1

2α(b− a)

∫ b

a

[
f

(
x,
c+ d

2

)
+m(2α − 1)f

(
x

m
,
c+ d

2

)]
dx =

=
1

2α(b− a)

∫ 1

0

∫ b

a

[
f

(
x,
c+ d

2

)
+m(2α − 1)f

(
x

m
,
c+ d

2

)]
dxdλ ≤

≤ 1

22α(b− a)

∫ 1

0

∫ b

a

{[
f(x, λc+ (1− λ)d)f(x, (1− λ)c+ λd)

]1/2
+

+2m(2α − 1)

[
f

(
x

m
, λc+ (1− λ)d

)
f

(
x

m
, (1− λ)c+ λd

)]1/2
+

+m2(2α − 1)2
[
f

(
x

m2
, λc+ (1− λ)d

)
f

(
x

m2
, (1− λ)c+ λd

)]1/2}
dxdλ =

=
1

22α(b− a)(d− c)

∫ d

c

∫ b

a

{[
f(x, y)f(x, c+ d− y)

]1/2
+

+2m(2α − 1)

[
f

(
x

m
, y

)
f

(
x

m
, c+ d− y

)]1/2
+

+m2(2α − 1)2
[
f

(
x

m2
, y

)
f

(
x

m2
, c+ d− y

)]1/2}
dxdy ≤

≤ 1

22α(b− a)(d− c)

∫ d

c

∫ b

a

[
f(x, y) + 2m(2α − 1)f

(
x

m
, y

)
+

+m2(2α − 1)2f

(
x

m2
, y

)]
dxdy.

Similarly, we acquire

f

(
a+ b

2
,
c+ d

2

)
=

∫ 1

0

f

(
a+ b

2
,
λc+ (1− λ)d+ (1− λ)c+ λd

2

)
dλ ≤

≤
∫ 1

0

{
1

2α

[
f

(
a+ b

2
, λc+ (1− λ)d

)
f

(
a+ b

2
, (1− λ)c+ λd

)]1/2
+m×

×
(

1− 1

2α

)[
f

(
a+ b

2m
,λc+ (1− λ)d

)
f

(
a+ b

2m
, (1− λ)c+ λd

)]1/2}
dλ =
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=
1

2α(d− c)

∫ d

c

{[
f

(
a+ b

2
, y

)
f

(
a+ b

2
, c+ d− y

)]1/2
+

+m(2α − 1)

[
f

(
a+ b

2m
, y

)
f

(
a+ b

2m
, c+ d− y

)]1/2}
dy ≤

≤ 1

2α(d− c)

∫ d

c

[
f

(
a+ b

2
, y

)
+m(2α − 1)f

(
a+ b

2m
, y

)]
dy ≤

≤ 1

22α(d− c)

∫ d

c

∫ 1

0

[
f(ta+ (1− t)b, y) + 2m(2α − 1)×

×f
(

(1− t)a+ tb

m
, y

)
+m2(2α − 1)2f

(
(1− t)a+ tb

m2
, y

)]
dtdy =

=
1

22α(b− a)(d− c)

∫ d

c

∫ b

a

[
f(x, y) + 2m(2α − 1)f

(
x

m
, y

)
+

+m2(2α − 1)2f

(
x

m2
, y

)]
dxdy.

Combining the above inequalities leads to Theorem 8. 2

Theorem 9. Let f : R0 × R → R+ be integrable on [a, b
m2 ] × [c, d]

with 0 ≤ a < b, c < d, and m ∈ (0, 1]. If f is ((α,m), log)-convex on
co–ordinates [0, b

m2 ]× [c, d] for α ∈ (0, 1], then

1

(b− a)(d− c)

∫ d

c

∫ b

a

f(x, y)dxdy ≤ 1

2α+1(b− a)
×

×
∫ b

a

{
L(f(x, c), f(x, d)) +m(2α − 1)L

(
f

(
x

m
, c

)
, f

(
x

m
, d

))}
dx+

+
1

2(α+ 1)(d− c)

∫ d

c

[
f(a, y) +mαf

(
b

m
, y

)]
dy ≤

≤ 1

2α+2(b− a)

∫ b

a

G(x, c, d)dx+

+
1

2(α+ 1)(d− c)

∫ d

c

[
f(a, y) +mαf

(
b

m
, y

)]
dy ≤

≤ 1

2α+2(α+ 1)

{
G(a, c, d) +mαG

(
b

m
, c, d

)
+ 2L(f(a, c), f(a, d))+
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+ 2m(2α − 1)L

(
f

(
a

m
, c

)
, f

(
a

m
, d

))
+ 2mα

{
L

(
f

(
b

m
, c

)
,

f

(
b

m
, d

))
+ 2m(2α − 1)L

(
f

(
b

m2
, c

)
, f

(
b

m2
, d

))}}
≤

≤ 1

2α+1(α+ 1)

[
G(a, c, d) +mαG

(
b

m
, c, d

)]
,

where L(u, v) is the logarithmic mean and

G(x, c, d) = f(x, c) + f(x, d) +m(2α − 1)

(
f

(
x

m
, c

)
+ f

(
x

m
, d

))
for x ∈

[
a, bm

]
.

Proof. Since L(x, y) ≤ x+y
2 for x, y > 0, from the ((α,m), log)-convexity

of f and by the GA inequality, we obtain

1

(b− a)(d− c)

∫ d

c

∫ b

a

f(x, y)dxdy =

=
1

b− a

∫ 1

0

∫ b

a

f(x, λc+ (1− λ)d)dxdλ ≤

≤ 1

2α(b− a)

∫ 1

0

∫ b

a

{[
f(x, c)f(x, d)]λ+

+m(2α − 1)

[
f

(
x

m
, c

)
f

(
x

m
, d

)]1−λ}
dxdλ =

=
1

2α(b− a)

∫ b

a

{
L(f(x, c), f(x, d))+

+m(2α − 1)L

(
f

(
x

m
, c

)
, f

(
x

m
, d

))}
dx ≤

≤ 1

2α+1(b− a)

∫ b

a

G(x, c, d)dx ≤

≤ 1

2α+1

∫ 1

0

[
tαG(a, c, d) +m(1− tα)G

(
b

m
, c, d

)]
dt =

=
1

2α+1(α+ 1)

[
G(a, c, d) +mαG

(
b

m
, c, d

)]



Integral inequalities of Hermite – Hadamard type 89

and

1

(b− a)(d− c)

∫ d

c

∫ b

a

f(x, y)dxdy =

=
1

d− c

∫ d

c

∫ 1

0

f(ta+ (1− t)b, y)dtdy ≤

≤ 1

d− c

∫ d

c

∫ 1

0

[
tαf(a, y) +m(1− tα)f

(
b

m
, y

)]
dtdy =

=
1

(α+ 1)(d− c)

∫ d

c

[
f(a, y) +mαf

(
b

m
, y

)]
dy ≤

≤ 1

2α(α+ 1)

∫ 1

0

{
[f(a, c)]λ[f(a, d)]1−λ+

+m(2α − 1)

[
f

(
a

m
, c

)]λ[
f

(
a

m
, d

)]1−λ
+

+mα

{[
f

(
b

m
, c

)]λ[
f

(
b

m
, d

)]1−λ
+

+m(2α − 1)

[
f

(
b

m2
, c

)]λ[
f

(
b

m2
, d

)]1−λ}}
dλ =

=
1

2α(α+ 1)

{
L(f(a, c), f(a, d)) +m(2α − 1)L

(
f

(
a

m
, c

)
, f

(
a

m
, d

))
+

+mα

{
L

(
f

(
b

m
, c

)
, f

(
b

m
, d

))
+

+m(2α − 1)L

(
f

(
b

m2
, c

)
, f

(
b

m2
, d

))}}
≤

≤ 1

2α+1(α+ 1)

[
G(a, c, d) +mαG

(
b

m
, c, d

)]
.

Combining the above inequalities results in Theorem 9. 2

Corollary 5. Under the conditions of Theorems 8 and 9, if α = m = 1,
we have

f

(
a+ b

2
,
c+ d

2

)
≤ 1

2

{
1

b− a

∫ b

a

f

(
x,
c+ d

2

)
dx+
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+
1

d− c

∫ d

c

[
f

(
a+ b

2
, y

)
f

(
a+ b

2
, c+ d− y

)]1/2
dy

}
≤

≤ 1

2

[
1

b− a

∫ b

a

f

(
x,
c+ d

2

)
dx+

1

d− c

∫ d

c

f

(
a+ b

2
, y

)
dy

]
≤

≤ 1

(b− a)(d− c)

∫ d

c

∫ b

a

f(x, y)dxdy ≤

≤ 1

4

[
1

b− a

∫ b

a

2L(f(x, c), f(x, d))dx+
1

d− c

∫ d

c

[
f(a, y) + f(b, y)

]
dy

]
≤

≤ 1

4

[
1

b− a

∫ b

a

[
f(x, c) + f(x, d)

]
dx+

1

d− c

∫ d

c

[
f(a, y) + f(b, y)

]
dy

]
≤

≤ 1

8

[
f(a, c) + f(a, d) + f(b, c) + f(b, d)+

+ 2L(f(a, c), f(a, d)) + 2L(f(b, c), f(b, d))
]
≤

≤ 1

4

[
f(a, c) + f(a, d) + f(b, c) + f(b, d)

]
.
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