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ON DISTORTION OF THE MODULI OF RINGS UNDER
LOCALLY QUASICONFORMAL MAPPINGS IN Rn

Abstract. Some of the earlier results of the author concerning
distortion of the moduli of ring domains under planar locally qua-
siconformal mappings are generalized on the case of locally quasi-
conformal mappings in Rn, n ≥ 2. The main result of the article
represents the sharp double-sided estimation of modulus M(D)
of the image D of the concentric spherical ring K(r,R) = {x ∈
∈ Rn : r < |x| < R} under locally quasiconformal homeomor-
phism f :∫ R

r

P
1/(1−n)
f (t)

dt

t
≤ Mod(D) ≤

∫ R

r

P
1/(n−1)
f (t)

dt

t
.

Here the function Pf is the majorant of dilatation of mapping f
and Pf is well defined as

Pf (t) = lim
ε→0+

essup{pf (x) : t− ε ≤ |x| ≤ t + ε}.

As the consequence of the main inequalities the sharp estimations
of the derivative f ′(0) of the normalized locally quasiconformal
automorphisms f of the unit ball in terms of majorant of the
dilatation of function f are proved. The sharpness of the results is
demonstrated by examples of non-trivial locally quasiconformal
mappings with unbounded dilatation that provide equalities in
the estimations. The main theorems were obtained by means of
method of moduli of families of curves and hypersurfaces in Rn.
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1. Let Γ be a family of at least locally rectifiable curves in Rn, n ≥ 2.
We remind [1, 2, 3], that modulus of the family of curves Γ is defined as

M(Γ) = inf
ρ

∫
Rn

ρn(x)dvn,

where dvn is an n-dimensional volume element and infimum is taken
over all admissible measurable non-negative a. e. functions ρ such that∫
γ
ρ(x)ds ≥ 1 for any curve γ ∈ Γ, ds is a differential of arclength on γ.
The domainD ⊂ Rn is called ring domain, if its complement consists of

exactly two disjointed components of connectivity. Within this article we
need not more detailed specification of types of this components because
we’ll deal with locally quasiconformal images of spherical rings.

Let us consider the family Γ of all possible curves γ ⊂ D, joining
boundary components of ring domain D. The modulus of ring domain D
is a number

Mod(D) =

(
M(Γ)

ωn−1

)1/(1−n)

,

where ωn−1 is an area of the hypersphere of radius 1 in the space Rn.
Particularly, the modulus of the concentric spherical ring K(r,R) = {x ∈
∈ Rn : r < |x| < R} is equal to

Mod(K(r,R)) = ln
R

r
. (1)

This relation and a couple of following properties are available, for exam-
ple, in [2], chapter 8, or in [3], chapter 2. As in the well-known particular
case n = 2 (i.e. in the case D ⊂ C) moduli of the ring domains possess
the property of monotonicity:

Mod(D1) ≤ Mod(D2), if D1 ⊂ D2, (2)

and also satisfy the inequality

Mod (D) ≥
m∑
k=1

Mod(Dk), (3)

if ring domains Dk are pairwise disjoint and domain D = int{∪mk=1Dk} is
also a ring domain. Here intA means the interior of a set A, and A is the
closure of A.
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The term of modulus of family of surfaces (see for example [3], chap-
ter 2) is closely associated with notions of modulus of family of curves
and ring domains. Let Σk be the family of k-dimensional locally Lipschitz
hypersurfaces in Rn. The modulus of Σk is the value

M(Σk) = inf
ρ

∫
Rn

ρn(x)dvn,

where the infimum is taken over all admissible measurable non-negative
functions ρ such that

∫
σ
ρk(x)dsk ≥ 1 for any surface σ ∈ Σk, dsk is an

element of k-dimensional area on the surface σ.
Let us consider a ring domain D ⊂ Rn and the family of all possible

curves Γ ⊂ D, joining boundary components of D as in the definition of
modulus of ring domain D. Then the modulus M(Γ) can be expressed
via the modulus of the family Σ of all possible (n− 1)-dimensional hyper-
surfaces, separating the boundary components of domain D:

M(Γ) =

(
1

M(Σ)

)n−1
. (4)

This result follows from investigation of F. Gehring and W. Ziemer and
can be found in [3]. The families Γ and Σ in this case are called conjugate.

2. A homeomorphism f is called quasiconformal in a domain D ⊂ Rn,
if there exists a constant Q ≥ 1 such that for any family of curves Γ ⊂ D

1

Q
M(Γ) ≤M(f(Γ)) ≤ QM(Γ). (5)

There is much literature devoted to the properties of spatial quasiconfor-
mal mappings (see for example monographs [2, 3, 1]). The quantity Q, as
in the planar case, is called a coefficient of quasiconformality of f . Hence
the quasiinvariance of the moduli of the families of curves is placed in
definition (5) of quasiconformal mappings. The mapping f is conformal
if and only if Q = 1. It should be noted that unlike the planar case the
class of spatial conformal mappings is very narrow whereas the set of
quasiconformal mappings is still wide and useful for many applications
also in the case n > 2.

Every quasiconformal homeomorphism f is differentiable almost every-
where in the domain D and consequently the dilatation of the mapping f
(see for example [2]) is defined a.e. as

pf (x) = max

{
Lnf (x)

|Jf (x)|
,
|Jf (x)|
lnf (x)

}
,
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where Jf (x) is the Jacobian of f ,

lf (x) = min
|h|=1

|f ′(x) · h|, Lf (x) = max
|h|=1

|f ′(x) · h|.

Here f ′(x) denotes the Jacobi matrix, i. e., the derivative of function f at
point x. The coefficient of quasiconformality is connected with dilatation
by means of relation

Q = essup
x∈D

pf (x).

A homeomorphism f is called locally quasiconformal in the domain D,
if f is quasiconformal on every compact set K ⊂ D. It is obvious that
such mappings can distort the moduli of families of curves indefinitely.
Nevertheless as in the planar case [4, 5, 6], it is possible to obtain some
useful estimations of distortion of moduli in terms of dilatation majorant
of locally quasiconformal mappings.

Consider a locally quasiconformal mapping f of the ring K(r,R) and
define for t ∈ (r,R) the majorant of dilatation of the mapping f in the
following way:

Pf (t) = lim
ε→0+

essup{pf (x) : t− ε ≤ |x| ≤ t+ ε}. (6)

It is obvious that function Pf (t) is well defined for all t ∈ (r,R) and
Pf (t) ≥ 1. Moreover, the following theorem is true:

Theorem 1. For any locally quasiconformal mapping f of the ring K(r,R),

0 < r < R <∞, the function Pf (t) is measurable on (r,R).

Proof. Let f satisfy the condition of the theorem. Consider the partition
of the segment [r,R] by the points tm,l = r + (R − r)l/2m, m ∈ N, l =
= 0, ..., 2m, and define the sequence of functions Pf,m(t) on the interval
(r,R) such that

Pf,m(t) =

{
essup{pf (x) : tm,l−1 ≤ |x| ≤ tm,l} for t ∈ (tm,l−1, tm,l],

l = 1, ..., 2m.

(7)
It is clear that Pf,m(t) ≥ 1 and Pf,m(t) is non-increasing in m for any
fixed t ∈ (r,R). Hence there exist the limits

Qf (t) = lim
m→∞

Pf,m(t), t ∈ (r,R),
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at that function Qf (t) is measurable as the limit of the step-functions
(see, for example [7], chapter V, §4).

Let us show that

Qf (t) = Pf (t) a.e. on (r,R).

Let t 6= tm,l for any pair m, l. Then there exists the sequence of points
tmk,lk , such that t ∈ (tmk,lk−1, tmk,lk) for all k ∈ N and tmk,lk → t as
k →∞. Consider εk = min{t− tmk,lk−1, tmk,lk − t} > 0. Then

essup{pf (x) : t− εk ≤ |x| ≤ t+ εk} ≤ Pf,mk
(t).

Now passing to the limit as k →∞ in the last inequality, we conclude
that

Pf (t) ≤ Qf (t).

On the other hand, if we choose εk = max{t − tmk,lk−1, tmk,lk −
−t} + 1/k, then we obtain, in the similar way, the opposite inequality
Pf (t) ≥ Qf (t). Therefore,

Pf (t) = Qf (t)

for all t 6= tm,l, i.e. almost everywhere on (r,R). So the function Pf is
measurable as coincident a.e. with the measurable function Qf . �

The next theorem allows us to estimate the distortion of the moduli
of rings under locally quasiconformal mappings in terms of the dilatation
majorant Pf of the function f . This theorem of course goes back to the
famous Belinsky lemma for planar quasiconformal mappings [8]. In the
case of planar locally quasiconformal mappings corresponding generaliza-
tion of Belinsky lemma was proved by the author in 2009 [4]. Also it
should be remarked that the next theorem may be deduced from results
recently obtained by M. Brakalova, I. Markina and A. Vasilev [9]. But
independent proof proposed in this article differs from the cited above and
is shorter and direct. Related results were also considered in [10, 11] for
Heisenberg groups and for some special cases for n = 2.

The sharpness of the estimation in forthcoming theorem 2 is regarded
in the sense that there are locally quasiconformal mappings of rings with
unbounded and constant on a.e. hyperspheres dilatation for which equa-
lities hold in left or right hand sides of (8).
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Theorem 2. Let f be a locally quasiconformal mapping of the ring
K(r,R), 0 < r < R <∞, onto the ring domain D ⊂ Rn and the function
Pf (t) is defined by equality (6). Then∫ R

r

P
1/(1−n)
f (t)

dt

t
≤ Mod(D) ≤

∫ R

r

P
1/(n−1)
f (t)

dt

t
. (8)

Both inequalities are sharp.

Proof. Let the conditions of the theorem be fulfilled. In the view of
the measurability of the function Pf (t) and boundedness of the function

P
1/(1−n)
f (t)/t on the interval (r,R) for r > 0, R < ∞, both integrals in

(8) exist and integral in the left hand part of this inequality is finite and
positive.

a) At first, let us prove the lower estimation. Consider the partition
of the segment [r,R] by the points tm,l = r + (R − r)l/2m, m ∈ N, l =
= 0, ..., 2m, and represent the ring K(r,R) as the finite union of the rings
K(tm,l−1, tm,l), l = 1, ..., 2m, with the attached appropriate hyperspheres.
Then in the view of homeomorphism of f , inequality (3) and property (5)
of the quasiinvariance of moduli under quasiconformal mapping f of the
each of rings K(tm,l−1, tm,l), l < 2m, we obtain that

Mod(D) = Mod(f(K(r,R))) = Mod

(
2m⋃
l=1

f(K(tm,l−1, tm,l))

)
≥

≥
2m∑
l=1

Mod(f(K(tm,l−1, tm,l))) ≥
2m∑
l=1

P
1/(1−n)
f,m (tm,l)Mod(K(tm,l−1, tm,l)),

where Pf,m are defined by equalities (7). Taking into account formulae
(1) for moduli of rings K(tm,l−1, tm,l) we obtain

Mod(D) ≥
2m∑
l=1

P
1/(1−n)
f,m (tm,l) ln

tm,l
tm,l−1

=

∫ R

r

P
1/(1−n)
f,m (t)

dt

t
.

Passing to the limit in the integrals of step functions and taking into
account that Pf,m → Pf for a.e. t ∈ (r,R), we arrive to a required
inequality in the left side of (8).

b) Now we are going to prove the upper estimation. In the view of
definition of the modulus of a ring domain and the property (4), connect-
ing the moduli of the conjugated families of curves and hypersurfaces, we
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have:

Mod(f(K(r,R))) = ω
1/(n−1)
n−1 M(f(Σ)) ≤ ω1/(n−1)

n−1

∫
Rn

ρn(y)dvn, (9)

where Σ is the family of all (n− 1)-dimensional hypersurfaces, separating
the boundary components of the concentric ring K(r,R), and ρ(y) is an
arbitrary measurable non-negative function admissible in the definition of
modulus of family f(Σ).

As ρ(y) we will consider the function

ρ(y) =

{(
ρ0/µ

1/(n−1)
n−1

)
◦ f−1(y), for y ∈ f(K(r,R)),

0, if y /∈ f(K(r,R)),

where ρ0 is an arbitrary admissible function for a modulus of family Σ
of (n − 1)-dimensional hypersurfaces, µn−1(x) is the minimal distortion
of the (n − 1)-dimensional volume at the point x under the mapping f .
Defined in this way, function ρ is admissible in the problem of finding the
modulus of the family of surfaces f(Σ). Indeed, for any surface σ ∈ Σ and
its image f(σ) let dsn−1 and ds∗n−1 be elements of (n − 1)-dimensional
area correspondingly. Then we obtain

∫
f(σ)

ρn−1(y)ds∗n−1 ≥
∫
σ

(
ρ0(x)

µ
1/(n−1)
n−1 (x)

)n−1
µn−1(x)dsn−1 =

=

∫
σ

ρn−10 (x)dsn−1 ≥ 1.

Note that for almost all y the preimage of the infinitesimal ball {y ∈
∈ f(K(r,R)) : |y − f(x)| ≤ δ} of radius δ under the mapping f is a
domain, close to ellipsoid with semiaxes a1 ≥ a2 ≥ ... ≥ an, where

a1 =
δ

lf (x)
, an =

δ

Lf (x)
. (10)

Then

µn−1(x) =
δn−1

a1a2 · · · an−1
, whereas Jf (x) =

δn

a1a2 · · · an−1an
.
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Using (10) and the latter equality, we obtain

Jf (x)

µ
n/(n−1)
n−1 (x)

=
(a1a2 · · · an−1)n/(n−1)

a1a2 · · · an−1an
=

=

(
a1a2 · · · an

ann

)1/(n−1)

=

(
Lnf (x)

Jf (x)

)1/(n−1)

.

(11)

After the change of variables under the sign of integral in the right
hand side of (9), in view of equality (11) we obtain the estimations

Mod(f(K(r,R))) ≤ ω1/(n−1)
n−1

∫
K(r,R)

ρn0 (x)
Jf (x)

µ
n/(n−1)
n−1 (x)

dvn =

= ω
1/(n−1)
n−1

∫
K(r,R)

ρn0 (x)

(
Lnf (x)

Jf (x)

)1/(n−1)

dvn ≤

≤ ω1/(n−1)
n−1

2m∑
l=1

∫
K(tm,l−1,tm,l)

ρn0 (x) p
1/(n−1)
f (x) dvn ≤

≤ ω1/(n−1)
n−1

2m∑
l=1

P
1/(n−1)
f,m (tm,l)

∫
K(tm,l−1,tm,l)

ρn0 (x)dvn,

(12)

where the rings K(tm,l−1, tm,l) are the same that in the part a) of the
proof of this theorem, and the functions Pf,m are defined via equality (6).

It remains to note that function ρ0(x) = (ω
1/(n−1)
n−1 |x|)−1 is admissible

in the problem of finding of the modulus of family Σ in the ring K(r,R)
and after the changeover to the spherical coordinates∫
K(tm,l−1,tm,l)

ρn0 (x)dvn =
1

ω
n/(n−1)
n−1

∫ tm,l

tm,l−1

dt

t

∫
|x|=1

dsn−1 =
1

ω
1/(n−1)
n−1

∫ tm,l

tm,l−1

dt

t
.

Taking into account the last equalities we obtain from (12) that

Mod(f(K(r,R))) ≤
2m∑
l=1

P
1/(n−1)
f,m (tm,l)

∫ tm,l

tm,l−1

dt

t
=

∫ R

r

P
1/(n−1)
f,m (t)

dt

t
.

Passing to the limit in the integrals of the step-functions as in the part
a) we obtain the desired upper estimation in (8).
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c) In order to prove the sharpness of inequalities (8) we consider the
sequence of points rk = 1− 1/2k, k = 0, 1, 2, .... For each k we define the
quasiconformal homeomorphism of the set Kk := {x ∈ Rn : rk < |x| ≤
≤ rk+1} by the formulae

fk(x) = x
|x|αk−1

ck
,

where exponents αk := 2−k → 0 as k →∞, and coefficients ck are defined
by recurrent ratios

c0 = 1, ck+1 = ckr
αk+1−αk

k+1 .

Then the function

f(x) =

{
fk(x), if x ∈ Kk,

k = 0, 1, 2, ...
(13)

is a locally quasiconformal homeomorphism of the unit ball Bn = {x ∈
∈ Rn : |x| < 1} onto the ball B(R) = {x ∈ Rn : |x| < R} with radius

R = lim
k→∞

rαk

k+1

ck
= r1

∞∏
k=1

(
rk+1

rk

)αk

<∞. (14)

Here the convergence of the infinite product follows from the inequality
rk+1/rk ≤ 3/2 for any k ≥ 1 and from the fact that lnR is majorized by
the converging series

ln r1 + ln 3/2

∞∑
k=1

αk = ln r1 + ln 3/2

∞∑
k=1

2−k.

The mapping (13) is identical in the neighborhood of the origin and
maps the ring K(r1, 1) locally quasiconformally onto the ring K(r1, R).
With a glance of formulae (1) for a moduli of rings

Mod(f(K(r1, 1)) = Mod(K(r1, R)) = ln
R

r1
.

The function f maps each ring Kk in one-to-one manner onto the rings
{x ∈ Rn : rαk

k /ck < |x| ≤ rαk

k+1/ck}. The mapping f, inside every ring Kk,
is quasiconformal and is known as the radial mapping. It is possible to
calculate (see, for example, [1], chapter 16, example 16.2, or [3], chapter 4,
§2, 4) that in Kk the radial mapping f has a constant dilatation pf (x) =
= α1−n

k = 2k(n−1). Therefore Pf (t) = α1−n
k for any t ∈ (rk, rk+1), k ≥ 1.
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In such a way∫ 1

r1

P
1/(1−n)
f (t)

dt

t
=

∞∑
k=1

αk

∫ rk+1

rk

dt

t
=

∞∑
k=1

αk ln
rk+1

rk
= lnR− ln r1,

i.e. Mod(f(K(r1, 1)) =
∫ 1

r1
P

1/(1−n)
f (t)dtt . The sharpness of the lower

estimation in inequality (8) has been proved.
In order to prove the sharpness of the upper estimation in (8) it is

sufficient to change the exponents αk in the definition of function (13)
putting, for example, αk = (3/2)k. Then the radius R, determined by (13),
is finite as before since, in the view of relation ln(rk+1/rk) ≈ ln(1+2−k) ≈
≈ 2−k, the series

lnR = ln r1 +

∞∑
k=1

αk ln
rk+1

rk

has the same asymptotic as the converging series
∑∞
k=1(3/4)k. In addi-

tion, the dilatation of the mapping f in every ring Kk is equal to pf (x) =
= αn−1k = (3/2)k(n−1) and∫ 1

r1

P
1/(n−1)
f (t)

dt

t
=

∞∑
k=1

αk ln
rk+1

rk
= lnR− ln r1 = Mod(f(K(r1, 1))),

that illustrates the sharpness of the upper estimation in (8). �

Remark. If the mapping f in theorem 2 isQ-quasiconformal, then Pf (t) ≤
≤ Q and the classical estimations (5) of the distortion of moduli follow
easily from inequalities (8).

3. In this section we will apply theorem 2 to the proof of the estimation
of the derivative of locally quasiconformal automorphism of the ball Bn =
= {x ∈ Rn : |x| < 1}.

Theorem 3. Let f be a locally quasiconformal automorphism of the unit
ball Bn such that f(0) = 0, function f be differentiable at the origin and
lf (0) = Lf (0) =: |f ′(0)|, i. e. f be conformal at the point x = 0. Then∫ 1

0

(
1− P 1/(n−1)

f (t)
) dt
t
≤ ln |f ′(0)| ≤

∫ 1

0

(
1− P 1/(1−n)

f (t)
) dt
t
. (15)

Estimations are sharp.
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Proof. Let the conditions of the theorem be fulfilled. Consider the small
value ε > 0. Function f maps the ring K(ε, 1) onto ring domain Dε,
whose outer boundary component coincides with the unit hypersphere
Sn−1 = {x ∈ Rn : |x| = 1}, whereas inner boundary component, in
view of conformality of f at origin, coincides accurate to o(ε) with the
hypersphere of radius ε|f ′(0)| with the center at point x = 0.

First we prove the upper estimation in (15). In view of property (2)
of monotonicity of modulus of ring domains

Mod(Dε) ≤ Mod(K(ε|f ′(0)| − o(ε), 1)) = − ln(ε|f ′(0)| − o(ε))

for any small ε > 0. Here o(ε) is some positive infinitesimal function that
decreases faster than ε when ε→ 0+.

From the other side in view of theorem 2

Mod(Dε) ≥
∫ 1

ε

P
1/(1−n)
f (t)

dt

t
.

Therefore,

− ln(ε|f ′(0)| − o(ε)) ≥
∫ 1

ε

P
1/(1−n)
f (t)

dt

t
,

i.e.

ln |f ′(0)| ≤ −
∫ 1

ε

(
P

1/(1−n)
f (t)− 1

) dt
t

+ o(1),

Passing to the limit as ε→ 0, we obtain the required upper estimation
in (15).

The proof of the lower estimation may be obtained in the similar way
with the help of upper estimation in (8). Indeed, there exists a positive
infinitesimal function o(ε) such that K(ε|f ′(0)| + o(ε), 1) ⊂ Dε and in
view of (1), (2), (8)

ln
1

|f ′(0)|
+ ln

1

ε
− o(1) = ln

1

ε|f ′(0)|+ o(ε)
=

= Mod(K(ε|f ′(0)|+ o(ε), 1)) ≤ Mod(Dε) ≤
∫ 1

ε

P
1/(n−1)
f (t)

dt

t
.

The required lower estimation of |f ′(0)| follows from this relationship.
In order to prove the sharpness of the inequality (15) we consider the

function F (x) = f(x)/R, where f, R are determined by equalities (13)
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and (14) respectively. The mapping F is a locally quasiconformal auto-
morphism of the ball Bn, having in the neighborhood of the origin rep-
resentation F (x) = x/R. Hence f ′(0) = I/R, where I is a Jacobi matrix
of the identical transformation and |F ′(0)| = lF (0) = LF (0) = 1/R.

From the other side, if αk = 2−k then, as was mentioned above,
PF (t) = α1−n

k for any t ∈ (rk, rk+1), k ≥ 1, and PF (t) = 1 for all
t ∈ [0, r1). Therefore∫ 1

0

(
P

1/(1−n)
F (t)− 1

) dt
t

=

∞∑
k=1

(αk − 1)

∫ rk+1

rk

dt

t
=

=

∞∑
k=1

αk ln
rk+1

rk
+ ln r1 = lnR.

Consequently

ln |F ′(0)| = ln
1

R
= −

∫ 1

0

(
P

1/(1−n)
F (t)− 1

) dt
t
,

and the sharpness of the upper estimation of |f ′(0)| is proved.
The sharpness of the lower estimation in inequality (15) may be de-

monstrated in a similar way if we choose the values αk = (3/2)k. �

Remark. Note that the convergence of the integrals in inequalities (15)
depends on the velocity of tending of function Pf (t) to 1 as t → 0+ and
on the velocity of growth of Pf (t) as t → 1−. In particular case the
values |f ′(0)| are bounded and separated from zero, if there exist positive
numbers α and β such that{

Pf (t)− 1 = o (tα) if t→ 0+,

Pf (t)(1− t)n−1 = o
(
(1− t)β

)
if t→ 1− .

For example, if in the assumption of theorem 3 the majorant Pf (t) ≤
≤ ((1 + t)/(1 − t))n−1, then |f ′(0)| ≤ 4, but in the case of Pf (t) ≥ (1 −
−1/ ln t)n−1 we have only the trivial estimation |f ′(0)| ≤ ∞.
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