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ON INEQUALITIES OF HERMITE -HADAMARD TYPE
INVOLVING AN s-CONVEX FUNCTION WITH
APPLICATIONS

Abstract. Motivated by a recent paper, the author provides
some new integral inequalities of Hermite—Hadamard type in-
volving the product of an s-convex function and a symmetric
function and applies these new established inequalities to con-
struct inequalities for special means.
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1. Introduction. Let f : I C R — R be a convex function on an
interval I of real numbers and a,b € I with a < b. The inequality

b
(550 < s s < 2000

is well known in literature as the Hermite — Hadamard inequality for con-
vex functions.

We recall that Hudzik and Maligranda in [1] defined a function
f:]0,00) = R to be called s-convex in the second sense if

fAz+ (1 =Ny) <X f(x) + (1= N)°f(y)

holds for all z,y € [0,00), A € [0, 1] and for some fixed s € (0,1]. The class
of s-convex functions in the second sense is usually denoted with K2. Tt
can be easily seen that for s = 1 s-convexity reduces to ordinary convexity
of functions defined on [0,00). It is proved in [1] that all functions from
K2 s €(0,1) are nonnegative.
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Example 1. [1] Let s € (0,1) and a,b,c € R. Define the function

f:]0,00) - R as
a, =0,
f(t)_{bts—I—c, t>0.

It can be easily checked that

(i) if b>0and 0 < c < a, then f € K2

(i) if b > 0 and ¢ < 0, then f ¢ K2.

In the recent paper [2], Hua et al established the following integral
inequalities of Hermite —Hadamard type involving the product of an s-
convex function and a symmetric function.

Theorem 1.1-1.3. [2, Theorem 3.1, 3.2, 3.5.] Let f : I C R — R be
differentiable on int I and g : [a,b] — [0, 00) be continuous and symmetric
to “t for a,b € I with a < b such that f' € L*[a,b]. If |f'|7 is s-convex
on [a,b] for ¢ > 1 and some fixed s € (0, 1], then

b b
‘M/g(;ﬂ) dm—/f(x)g(af) dw‘ <7

where  is the minimum of the following three values:

(b _ CL)2 2178
8 [(s +1)(s+2)

| llalloe (101 4+ 27 D17 @17 + | )+
HIf (@) + (1 + 27| F/(0) 93,

(b—a)? 2 1/q i ,/a+bya11/a

Z B N T

() + 6+ oirmie),

b [|f'<a>|q - \f’(b)lq]l/q / [ / l:)”g(x) dx] dt.

Theorem 1.4-1.6. [2, Theorem 3.3, 3.4, 3.6.] Let f : I C R — R be
differentiable on int I and g : [a,b] — [0, 00) be continuous and symmetric
to “E for a,b € I with a <b. If |f'|? for ¢ > 1 is convex on [a,b], then

‘f +f<>/ dx—/f v)dz| <6,

and
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where § is the minimum of the following three values:

. _4a>2 <2qq__11>1_1/q [m} Yl (127~ 1 @)+

HPOI [ @) + @ — DIF o)1),
(i )1_1/q||g||oo{[|f'<a>|q+ )

A(s+1)/a\2¢g—1 2
Hlr () +wor )

baf (A \f’(b)!q)”q (e +3|f’(b)\q>l/q}><

and

4 4 4
1 U(t) q/(q—1) 1-1/q
X {/ [/ g(z) d;c} dt} .
0o L/
Within them,
1 1-—
L) =" ta+ 2tb:ta+(1—t)a+b (1)
and . . ;
—1 t
U() = ——a+—b=tb+ (1) )

It should be noticed that we here have improved the expression of
Theorem 3.6 in [2].

In this work, corresponding to Theorems 1.1-1.6, we will further estab-
lish some integral inequalities of Hermite — Hadamard type involving the
product of an s-convex function and a symmetric function in two different
ways. Finally, applications to some special means of positive real numbers
are considered.

2. Main Results.
Lemma 2.1. (see [3]) Let f : I C R — R be differentiable on int I and
g :[a,b] = [0,00) be continuous and symmetric to %t for a,b € I with
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a <b. If f' € L'{a,b], then

1 L(t) ’ (3)
= [ [ o das] FUW) - T,
0 a

where L and U are defined by (1) and (2). In particular, we then have

'/f o(z) di - f““’/bux_
(

L(t) ¢ (4)

62“/1[ gte) do| 7LD + |7 W (0)
0 a

IN

and
b

'/f<z>g<x>dx—f(a'§b)/bg<x>da: <

(b—a)?
1

lalloe / (A - OIF (L] + |7 U] d,

0

<

where ||g||cc = sup g(t).
t€(a,b]

L(t) b
Proof. Since g(z) is symmetric to “£2, then [ g(z)dx = [ g(z)dx for
a U(t)
all t € [0, 1]. So we have

L(t) L(t)

j{/g(x)d:c]f'(l)(t))dt: afb/l{ g(:c)dx] d[f(L(t))] =
0 a 0 ]
L(®) ;+ d - / f(L(t))g(L(?f))dt} _
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N aib{ _f<a;b) /2 9(z) dz + /2 f(z)g(x) dw} (6)

and

:bfa{_f(l;b) /bg(z)dx—i—/bf(a:)g(x)dx}. (7)

a+b a+b
2 2

Consequently, inequality (3) follows from (6) and (7), and Lemma 2.1 is
thus proved. [

Theorem 2.1. Let f : I C R — R be differentiable on intI and
g : la,b] = [0,00) be continuous and symmetric to “t for a,b € I with
a < b such that f' € L'[a,b]. If |f'|? is s-convex on [a,b] for ¢ > 1 and
some fixed s € (0, 1], then

| /b Fa)g(e) o — 7(“50) /b o) da

a

bh— 2 2175 1/q 2s+2_ -3 1/q
<O (25) wi{ P @ v iror]

<

s+1

s+2 s — 1/q
e A } ©
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Proof. Notice that |f’|? is s-convex on [a,b], by (5) in Lemma 2.1 with
the first equality in (1) and (2), and using the Holder inequality, we have

b b

[ s@sterde - 5(*57) [owras| <

a a

1

[lglloo /(1 = OIS L@+ [ (UE)]] dt <

o] [a-na] ™"
X{Vl(l—w«”t) |f'(a)|? + (1;t)8|f’(b)|q> dt]l/q+
+[/1<1—t>((¥)srf'<a>\q () i) a] Y = O

ol (3) [ e o] s

_ (b—ay
- 4

1 , q 25+2 1/q B
+[2s(s+2)|f @l + zs(s+1)<s+2)‘f( ¥ ] }_

- O (2 )/{ S

8 s+2 s+1

Hr o] " @i+ 222 }/}

Inequality (8) follows, and Theorem 2.1 is proved. [J

Corollary 2.1.1. Under conditions of Theorem 2.1,
(i) if g = 1, then

b b

‘/f()( iz — £(%40) /g

a
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25t — 1

(b—a)?

= 2 lg ||°°[2s(s+1)(s+2)

} 17@)] + 1F )

(ii) if ¢ = 1 and s = 1, we have

b
‘/f @ e 5(“57) [ o] < O gl @1 + 1700

a

Corollary 2.1.2. Under conditions of Theorem 2.1,
(i) if g =1 and g(x) =1 for x € [a,b], then

b
a s+1
s [ f@e = 1(50)| < s g @I+ PO

(ii) if g = 1, g(x) = 1 for x € [a,b], and s = 1, we have

b
i [T (50)] < @l iron o)

and it should be noticed that inequality (9) first appeared in [4].

Theorem 2.2. Let f : I € R — R be differentiable on intI and
g la,b] = [0,00) be continuous and symmetric to “t for a,b € I with
a < b such that f' € L'[a,b]. If |f'|? is s-convex on [a,b] for ¢ > 1 and
some fixed s € (0, 1], then

b b

‘a/f(x)g<x)dm_f<a;b)a/g(f”)dm . (b_8a)2 {(8+1)2(S+2)r/qx
{58
: [(SH) (*5) . If’(b)|q} 1/q}' (10)




10 Z. Liu

Proof. Notice that |f’|? is s-convex on [a,b], by (5) in Lemma 2.1 with
the second equality in (1) and (2), and using the Holder inequality in a

different way, we have

b b

[ s@sterde - 5(“57) [otwyas

a a

<

sw;@mwmjﬂ—mwwwﬂﬂfW®mﬁ=
’(m+(1—t)a;b)’+
(0 nZ) o< L5 [/ ] ™
{[/11—75 (tsyf + (1 —1t)° ’(aTH)> q) dt]l/qu
0

fi-ofa-olr e o))"} 552
O

0

:“;@Wmmju—w[
0

SO (R
+L+2f,<a;b)q+(s+1)s+2 } } b_a
x||9||oo[m]l/q{[|f 4 s+ 1) f’<a;b> qr/q

5

I } +

Inequality (10) follows, and Theorem 2.2 is proved. [J

+{(s+1)
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Corollary 2.2.1. Under conditions of Theorem 2.2,
(i) if g = 1, then
b b b
a—+
[ s@sterae - 5(“57) [owras| <
(b_a>2 / / a+b /
< 0o 2 1 ;
< e Mol [ @1+ 26+ 0|7 (557) |+ 17/ 0)
(ii) if ¢ = 1 and s = 1, we have
b b b
a—+
[ s@sterae - 5(“50) [owras| <
(b_a)2 / / a+b /
< 7
< oMl [1F @)1 +4F (552) | + £ O |-
Corollary 2.2.2. Under conditions of Theorem 2.2,
(i) if g =1 and g(x) =1 for x € [a,b], then
1 / b
a—+
— _ <
[ rwds - p(* )‘ <
b—a a+b
< ! / ! .
<ty @1 2 0| (0 1w
(ii) if ¢ = 1, g(x) = 1 for x € [a,b], and s = 1, we have
1 / b
a—+
R — <
o @ (50| <
b—a a+b
< !/ / /
<Pl @i (S50 1w, (1)

and it should be noticed that inequality (11) can also be derived from

(2.8) of [5].
Theorem 2.3. Let f : I C R — R be differentiable on int I

and

g :[a,b] = [0,00) be continuous and symmetric to %t for a,b € I with
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a < b such that f' € L'[a,b]. If |f'|? is s-convex on [a,b] for ¢ > 1 and
some fixed s € (0, 1], then

‘/f ) di— f a+b /bg

N e I 1/q{[< )

+1ro] "y @i+ @+ - iy )] /} (12

Proof. Notice that |f’|? is s-convex on [a,b], by (5) in Lemma 2.1 with
the first equality in (1) and (2), and using the Holder inequality, we have

b

\ [ 1@tz - 1(“7) / g(w) de| <

a a

_a)? 1
< Ol [0+ 1w s

0

< L= | / (1=t o
{{Z<<1“> s (552 o)l
(5 o (45 o) "} -

N L R a2t

HL O (@] + (27 = DI (0)]] ).
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Inequality (12) follows, and Theorem 2.3 is proved. [J

Corollary 2.3. Under conditions of Theorem 2.3, if s = 1, then

b b

[t - 1(“5°) [ ate)do

a a

—1/q

(b —a)? g—1\'""

S 141 ||g||00 X
41+1/q 2qg —1

<{BI @I + [ GV + [ (@) + 31 (0)|9)/9}.

<

Theorem 2.4. Let f : I C R — R be differentiable on intI and
g la,b] = [0,00) be continuous and symmetric to “t for a,b € I with
a < b such that f' € L'[a,b]. If |f'|? is s-convex on [a,b] for ¢ > 1 and
some fixed s € (0, 1], then

'/bﬂx)g(x)dx—f(a;b)/bg<a:>dx

q11/q
| +]

Proof. Notice that |f’|? is s-convex on [a,b], by (4) in Lemma 2.1 with
the second equality in (1) and (2), and using the Holder inequality, we

b—a)® [ qg—1 -3
< 02 (120) gl

<A@+ (557 i) /} (13)

have
b b
[ r@teras— (450 [ oteas) <
< ©= gl [0 - 007w+ 17 @)= EZ D gl

0

f’(taJr(l—t)a;b)‘—l—

f’(tb+(1—t)a+b>H dt <

xo/(l—t){
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L :la)z”g”oov“_t)m1dtrqu

0
Al )l
—I—{O/l <(1 —1)* /<a_21_b> q+t$|f’(b)|q> dt} 1/q} )

=<“}”mm@(;jﬂ)bmksi1f”{@fmw+

] e o] )

Inequality (13) follows, and Theorem 2.4 is proved. [J

(fV(Mq Lty

o —

Corollary 2.4. Under conditions of Theorem 2.4, if s = 1, then

b b

\/f@mqu— “*bt/g

a

“‘@W\\( EER N

= Tga+i/q 11 —1
x<q (/@] + f’(a;b) N T "
|

Theorem 2.5. Let f : I € R — R be differentiable on int I and
g : la,b] — [0,00) be continuous and symmetric to “E for a,b € I with
a <b. If|f'|? for ¢ > 1 is convex on [a, b], then

(55)

b b

‘/f@mwwx— “*b(/g

a
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L(t)

. )[|f<)lq;|f W/U dx]d "

a

Proof. Notice that |f’|? is convex on [a, b], by (4) in Lemma 2.1 and using
the Holder inequality, we have

b b
’/f d—fa+b/g

J 0/1[:“; i oyl + / {:/(t)g(x)dx]f'(U(t))dt}<
{/[/() ]} {(/[/() da:}lf <>>|th)3+

1 L(t) 1
o / | / o) as] | wprar)' . (15)

From the power-mean inequality (a” + b") < 217" (a +b)" for a,b > 0 and

r < 1 and convexity of |f’|? on [a, b], with the second equality in (1) and
(2), we obtain

L(t) L(t)

(/[/ gte) do 17 <>>rwt) (/{/ o) da] ' (qut)ig

a a

x{/l{/g(w)da:} {t\f’(a)|q+2(1_t) /<a-2i-b> q
0

1/q
+t|f'<b>rq] dt} <
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L(t)

<o / [ e [dr@l+ - s @l o0 + ox
0

a

1 L(t)
Aror]a}’ =2t o {/ iz s} )
Inequality (14) follows from (15) and (16), and Theorem 2.5 is proved. [J

Corollary 2.5.1. Under conditions of Theorem 2.5, if ¢ = 1, then

b

\ [ r@gte) s - 1(“7) / () do| <

a a

L(t)

LS o] o

a

STEOIEIEC

O\H

Theorem 2.6. Let f : I € R — R be differentiable on intI and
a+b

g : [a,b] — [0,00) be continuous and symmetric to 422 for a,b € I with
a <b. If|f'|? for ¢ > 1 is convex on [a, b], then
b

‘/f p)de = §(*57) [ gtw)ds| <

a

B ELEE |f’(b)|T/q (G +3|f’<b>l‘1]”q}><

4 4
L(t)

[T

a

q/q—1 1-1/q
d:c] dt} : (17)

Proof. Notice that |f’|? is convex on [a, b], by (4) in Lemma 2.1 with the
second equality in (1) and (2), and using the Holder inequality, we have

b a+b b . 1 L(%)
] / F@)g(x) dz — f / sloyae] < 5 / [ / glo) o
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L(t) q 17l

<L)+ 1 U] d } b { /{ [ o ]“dt} i

a

x{o/l[:/(t)gu)dxr } {(Z[tf +(1-1)x
x f’(“;b> q] dt)é + (0/1 [(1—t) f’(a;b) q+t|f’(a)|q] dt>;} =

0/1 [ / g(x)dx]&dt}lé{(o/l [%m«ow
AL Iq} dt) (j[—\f + s '“’)’q] ‘“) }:
0

b ; a{ [3]f’(a)|qz |f'(b)q . N [If’(a)lq Z3|f’(b)lq] 3}X

Q=

1 t 9 1 1
-1 3
([ o] "
0 a
Inequality (17) follows, and Theorem 2.6 is proved. [J

3. Applications to special means. Now we apply some of the
above inequalities of Hermite — Hadamard type involving the product of
an s-convex function and a symmetric function to construct inequalities
for special means.

For positive numbers a > 0 and b > 0, define

(i) the arithmetic mean:

a-+b
2

A(a,b) =
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and
(ii) the generalized logarithmic mean:

br+& __ar+1

L = | o) R

Let
xs—l—l

f@) == (18)

forx >0,s>0,and¢g>1. If 0 <sqg<1and 0< s <1, we have

[f(te 4+ (1= 0)y)|* < £292°0 + (1= 1)*9y* < °|f" (@) + (1 = 2)°| " (y) |

for z,y > 0 and t € [0,1]. At this time, it is easy to verify that the
function |f/(x)|? = %7 € K2 for z € [a, b].
For b > a > 0, define

o) = (e 252) (19)

for x € [a,b]. Applying Theorems 2.1-2.4 to the concrete functions (18)
and (19) straightforwardly yields the following inequalities involving spe-
cial means A and L,.

Theorem 3.1. Forb >a >0,q>1,and 0 < s <1 such that 0 < sq <1,
we have

(b— a)2A* 1 (a,b) — 12 [Lijgg(a, b) — 2A(a,b) LT3 (a, b)+
3 x 20=9)/a(h — q)3(s + 1)1~ 1/a
8(s +2)1/4

x{[(2°72 — 5 = 3)a*? + (s + 1)b5q]1/q +[(s4+1)a® + (2572 — 5 — 3)bsq]1/q}

and

+A4%(a,b) LT (a, b)} ‘ <

(b—a)?A*T(a,b) — 12 [Liig(a, b) — 2A(a,b) LT3 (a, b)+

3 x 21/4(b — a)®(s + 1)1~/
2 s+1
+A (a, b)Ls+1(a’ b>:| ' < 8(8+2)1/q %
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x{[a® + (s + 1) A% (a,b)]"/9 + [(s + 1) A*(a, b) + b)'/9}.
Corollary 3.1.1. For b > a >0 and 0 < s < 1, we have
’(b —a)2 A5 (a4, b) — 12 [Lgig(a, b) — 2A(a,b)LE15(a, b)+

< 3(b—a)?

< gy 1y @ D@ )

T A2(a, )Lt (a, b)] \
and

’(b —a)?A*(a,b) — 12 [Liig(a, b) — 2A(a,b) LT3 (a, b)+

+A2(a,b)L§¢}(a,b)” < 3OO s b £ (s 4 1) 4%, b)),

~ 2(s+2)

Theorem 3.2. Forb>a >0,q>1,and 0 < s < 1 such that 0 < sq < 1,
we have

‘(b )2 AT (0, b) — 12 [ing(a, b) — 2A(a, b) LT3 (a, b)+

N3 1-1/q . 1-1/q
S3(b a)’(s+1) (q 1) "

922+s/q 2g — 1
x{[(2571 — 1)a®? 4+ b1 4 [a% 4 (2511 — 1)b*9)V/ 9}

+A4%(a,b) LT (a, b)}

and

’(b — a)?A°t(a,b) — 12 [Liig(a, b) — 2A(a, b) LT3 (a, b)+

<

3(b—a,)3(8—|—1)1_1/q qg—1 1_1/q><
4 29 — 1

x{[a*? + A*U(a, b))/ 9 + [A*U(a,b) + b°9]Y/ 1},

+A%(a,b) LT (a, b)}
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