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DISCRETE LEAST SQUARES APPROXIMATION
OF PIECEWISE-LINEAR FUNCTIONS
BY TRIGONOMETRIC POLYNOMIALS

Abstract. Let N be a natural number greater than 1. Se-
lect N uniformly distributed points ¢, = 27k/N (0 < k <
< N —1) on [0,27]. Denote by Lo n(f) = Lan(f,z) (1 <
< n < N/2) the trigonometric polynomial of order n possessing
the least quadratic deviation from f with respect to the system
{tk}ff:}}. In this article approximation of functions by the poly-
nomials Ly, n(f,z) is considered. Special attention is paid to
approximation of 2w-periodic functions fi; and fs by the polyno-
mials Ly ~(f,z), where fi(z) = |z| and fo(x) = signzx for = €
€ [—m, w]. For the first function fi; we show that instead of the es-
timation |f1(z) — Ln,~n(f1,2)| < ¢lnn/n which follows from the
well-known Lebesgue inequality for the polynomials L, n(f,x)
we found an exact order estimation |fi(x) — Ln, n(f1,2)] < ¢/n
(z € R) which is uniform with respect to 1 < n < N/2. More-
over, we found a local estimation | f1(x) — Ln,n(f1,2)| < c(e)/n?
(lx — mk| > €) which is also uniform with respect to 1 < n <
< N/2. For the second function f> we found only a local es-
timation |f2(z) — Ln n(f2,2)| < ¢(e)/n (|x — wk| > &) which is
uniform with respect to 1 < n < N/2. The proofs of these esti-
mations are based on comparing of approximating properties of
discrete and continuous finite Fourier series.

Key words: function approrimation, trigonometric polynomsials,
Fourier series
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1. Introduction. Let N be a natural number greater then 1. Let
{tk},]f:_ol be a set of points on [0,27] where ¢, = 27k/N. Denote by
L, n(f) = Lon(f,z) (1 < n < [N/2]) a trigonometric polynomial of
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order n possessing the least quadratic deviation from the function f with

respect to the system {tk}fj_ol. In other words, the minimum of the

sums Ek U f(ti) — T, (t)]? on the set of trigonometric polynomials 7,
of order n is attained when T}, = L, n(f). In particular, L|n/2| N (f,tr) =
= f(tr). It is easy to show (see [12]) that for n < N/2 the polynomial
L, n(f,x) can be represented as

2

n

Lon(fie)= Y M (e, M(f) =

vVv=—n

f(tk)efiutk ’

0

1
N

e
I

and for n = N/2 (for an even N)

Lo (£:2) = Lvjao1 v (F,7) + ayy y(f) cos N/2(z —u), (1)

where
N—

al?(f) = a3 (f) % f(tr) cos N/2(t), — ). (2)
k=0

)—‘

To read more about function approximation by trigonometric polynomials
see [I B, 5L [6], [8] - [11], [I3]. In this article we obtain estimations for

| Ln, N (f1, %)= fi(z)] and | Ly N (f2, 2) = f2(2)] as n, N — oo, where fi(z) =
= |z|, fo(z) =signz, x € [—7, 7|. The following theorems are proved:

Theorem 1. Let fi(z) = |z|, x € [-m, 7] andn < | N/2|. The following
estimations hold:

| Lnn(f1,2) = (@) < ¢/n, € [-m ],

Lo (fr,2) = fil@)] < cle)/n®,  x e Al(e).

Theorem 2. Let fy(z) = signz, x € [—m, 7] and n < |[N/2]. The
following estimation holds:

|Lnn(f,2) = f(@)] < cle)/n, @€ Al(e).

We begin with some notation. Denote by

1 .
- t —ivt 7
o /f( )6 dt, ke,
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the Fourier coefficients of a function f, and by

n

f@) =" en(He®, Sa(fiw) = D cl(f)e*

keZ k=—n

the Fourier series of a function f and its partial sum of order n, respec-
tively. Denote by Al(e) the set [~m+e, —e]Ule, 7 —¢], where 0 < & < 7/2.
By ¢ and ¢(¢) we denote some positive constants that depend only on spe-
cified parameters; these constants may be different in different places.

Lemma 1. [12] If the Fourier series of f converges at the points tj, =
= u+ 2knw /N, then the representation

Ln,N(f7 .I‘) = Sn(f7 .I‘) + Rn,N(f; CC),

where

R, n(f,x)= Z/D (x —t)cos uN (u — t) f(t)dt, (3)

n=1"_

holds true when 2n < N.

The following estimation follows from this lemma:

|Lnn(f,2) = f(2)] < |Sn(fiz) = f(2)| + |[Ro N (fi2)], n<N/2. (4)
Let us consider the case 2n = N. From and

< |[Sn-a1(fy2) — ()H!Rn 1,2n(/f, )|+|a(2")( NI, n=Nj2. (5)

From (4] and (5)) we can see that estimation of the values | S, (f1,z) —
—fl( ) 1Sn(f2,2) = f2(@)], |Run (f1,2)], | Ruov (f2, )], 10 (f1)], and

|an (f2)| implies an estimation |L, y(f,z) — f(x)| for the functions f;
and fs.
2. Estimations for |S,(f1,z) — fi(x)| and |S,(f2,x) — fa(z)].

Lemma 2. For the value |S,(f1,z) — fi(x)|, where fi(x) = |z|, = €
€ [—m, w|, we have the following estimations:

’Sn(flax)_fl(w)‘ <c/n, zE€ [_ﬂ-vﬂ']? (6)
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|Sn(f1,2) = fi(@)] < cle)/n?, x € Al(e). (7)

Proof. Using |2 p.443] or [4, p.690], we can get the following representa-
tion for fi(x) on [—m,7|:

™ 4oocos(2k—1
fl(x)_m_g—;kz_l @i TElmTk

From the above we can obtain estimation @ (using the fact that
|cos(2k — 1)z| < 1). Also, if we apply the Abel transformation to the
above equation, we get . ]

Lemma 3. For the value |S,(f2,x) — fa(x)|, where fo(x) = signx, x €
€ [—m, ] we have the following estimation:

[Sn(f2,2) = fa(x)] < c(e)/n, @ € Al(e).

The proof of this lemma is obtained in [7].
3. An estimation for R, n(fi,z). The following lemma takes
place.

Lemma 4. For R, y(f1,x), n < N/2 the following estimations hold:

s 1 c
’Rn,N(flax”Sﬁ(Zl_"%) SE, JJE[—F,T(],

| sin g| n?

|Rn N (f1,2)] < % (é + i) < cle ), z e Al(e).

Note that the estimation for remainder for the function f; has the
following form:

R, n(f1,2) = / |t| Dy (x — t) cos uN (u — t)dt,
u 1_7T
where .
D,(x—t)=1/2+ Zcosk(x —t).
k=1
From above we have

’RR,N(fbx)‘ < ‘RnN f17 ‘+’RnN f17 )‘a (8)
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where

(o) Z/\tycos,uv — ()

p=1"_

~(f1,x) Z/|t|Zcosk: (x —t) cos ulN (u — t)dt. (10)

p=1"_

Lemma 5. The value {R (f1, )’ has the following estimation:
‘R}LN(fl,x)‘ <c¢/n?, z€l|-m 7]
Proof. Using the formula
cos(uNu — upNt) = cos pNu cos pNt + sin uNu sin uNt (11)

we can rewrite @ as follows:

2. T
R; == Nu [ ¢ Ntdt.
n,N(fl;CC) ’R_ZCOSLL u/ COS [t
0

n=1

Then we calculate the integral using the previous equation:

e

/tcos uNtdt =
0

(-1 1
(uN)?

From these equations we get

Rl (froa) = —ap 30 R (a1
p=1

1%
or
0, N =2,
R711 , L) = cos(2u—1)Nu
’N(fl ) ﬂ.Nz Z (25 1))2 ) N - 21 + ].

Now we can estimate |Rn7N(f1, m)|

4 & 1
‘erl,N(flax)‘ < N2 z_: (2'“_ 1)2
pu=1
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It is known that
> 1 T
D s (12)

So, using we obtain

O

Lemma 6. The value |R (f1, )| has the following estimation for x €
€ [-mm):

‘RZ,N(flwr)‘ <

Before proving Lemma [6] we prove another one:

x € [—m, 7.

3Io

Lemma 7. The following estimations take place:

1
(2i — 1)x 24
Zcos i < 2|sma:| Zcos iz| < |sm:1:|
k k—1 1
21+ 1 21
;sm( i+ 1)z < |smw| iz_%sm iz < |smm|

Proof. After some simple transforms we obtain the following;:

k
cos(2i — 1)z E sinz cos(2i — 1)z =
- sina <
1= =

1

M=

k
" 2sinx Z (sin (z — (20 — 1)z) +sin(z + (20 — 1)x) =

sin 2kx

Lk
Z (sin2iz —sin2 (i — 1) x) =

~ 2sinx - 2sinx
'L

Likewise, obtain

i sin(2k + 1)z —sinx

E cos 2ix = g sin x cos 2ix = - ,
— sinx 2sinx
1=
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cos 2z — cos(2k + 2)x

Mw

sm 2@ + 1 - ,
2sinx
=1
o cosx — cos(2k + 1)z
Z sin 21x = :
P 2sinx
Now the proof is complete. [
Proof. (Lemma|6) From and
cos k(xz —t) = cos kx cos kt + sin kx sin kt (13)
(10) can be rewritten as follows:
~(f1,7) Z cos uNu Z cos kx / t cos kt cos uNtdt+
0

T

+ — ZsmuNqumkm/tsmktsmuNtdt
k=1 2

From above and the formulas
cosktcosuNt = 1/2 (cos (uN — k)t + cos (uN + k) t),

sin ktsin uNt = 1/2 (cos (uN — k)t — cos (uN + k) t)

we can obtain

2 oo
Ry N(f1,2) = - > cos uNux

n
X E cos kx
k=1

=
O\:} &

t cos (uN — k) tdt+/tcos (LN + k) tdt | +
0

200
+ — sin N u X
W; muNu

™ ™

X Zsinkx /tcos(,uN—k;)tdt—/tcos(uN—f—k;)tdt
0 0
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After calculating the integrals, we have

2 o0
= —
n(fr,2) = — > cos pNux

pn=1
- Ntk 1 1
X Z ) 1) coskx 5 + 5 |+
pt (UN = k)" (uN + k)
2 o
z inulN
+ - ;smu uUX

X ”N k sin kx L — 1
Z TR _1)sink <(MN—/€)2 (MN+I<:)2)' (14)

We can rewrite this as follows:

p=1k=1
4 oo n 1 1
2SS (e o) <
o \(uN —k)" (uN + k)
12 o= 1 12 X1 & 1 At or
p=1k=1 M p=1" k=1 N (1 — ,%N)
O
Lemma 8. The value |R (f1,z | has the following estimation for x €
e Al(e):
2 c c(e) I
< — '
[Ron(fra)] € 5 =5 weAl(e)

Proof. To prove this lemma, we use (14]). It is easy to show that for
even N

1o 4 &
R; n(fi,2) = — Zcos,uNuAZ’N(w) - ZsinuNuBﬁ’N(x), (15)

[n/2]
BN () — COS — 1)z . 1
ApN(x) = ) cos(2k — 1) ((uN —(2k — 1)) i (uN + (2k — 1))2> ’

k=1
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[n/2]
BN (z) = sin(2k — 1)z L — 1 )
= ek (w—(%—l»? (N + (26— 1))

And, therefore

B2y (f1.2) Z 48N @) + 2 3 |Be @)
pu=1

Consider the values |A%N (z)| and |B&N(z)|. Apply the Abel transfor-
mation for AN (x):

AN () = ( ! S+ ! ) x
(N — @n/2] — D)) (N + @2 — 1)

[n/2] . [n/2]-1 1 1
- ; cos(i=e= 3 [((MN— @kt 1) (uN+(2k+1))2> -

k=1

1 1 )
) (mzv —@k— D) (N £ (2h— 1)) )] 2 cos@i =

From this we get the following estimation:

‘A%vN(x)‘S ( 1 5+ L 2>><
(N = (2[n/2] = 1)) (uN +(2[n/2] = 1))
[n/2]

Z cos(2i — 1)z

=1

X

[n/2]-1 1 ]
g, K(MN—(2k+1))2+(uN+(2k+1))2)_

22—1

1 1
- ((;LN—(Qk:—l))Q TNt k1) )]

Using Lemma |7}, we can rewrite the obtained estimation:

AN ()] < —2 ( 1 5+
sinz| \ (uN — (2[n/2] — 1))

! 2) <10

TN @2 = 0)) T (V) final
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Using the similar approach, we get an estimation for |B&Y (z)|:

8
7)| < 3ud N2 |sinz|

Using (15, (16), and (17)) we can write
4 oo
My N — ,U/?N
‘ f17 E |A )|+7_(_E:1}Bn (I’) <

—Z

BN (17)

oo

4 8 26
= < N =2l.
* T uz_:l 3udN2|sinz| — N2 |sinx|’
(18)

|sm:17|

If N is odd, then we can rewrite as follows:

R727,N(f17 ):

4
= —— Z CHN(z) cos(2u — 1) Nu — — Z DN (1) sin(2p — 1) Nu—
(it

4
— = EWN 2uNu — =Y FPN(z)sin2uN
WZ PN () cos 2uNu W; H () sin 2uNu,

where

Ln/2]

crN(z) = Z cos 2kx ! 5 + ! 5 |
P ((2u —1)N —2k) ((2p —1)N +2k)

BN () — sin 2kx : - 1
Dy (x) Z 2k ((2M_1)N—2k)2 ((211—1)N+2l<:)2 ’

HN () = cos(2k—1)x L 1
Bif@) = 2 cos(2k-1) ((ZMN—(Zk—l))2+(2MN+(2I<:—1))2>’

(/2]
wN (1) = sin(2k—1)x ! - !
Fa o) ,;1 (26-1) ((Q,uN—(Zk:—l))z (2uN+(2k—1))2>'
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4 & 4 &
And R} y(fr.2)] < =3 [ChN @)+ = [N ()] +
p=1 p=1

4 N 4 wu,N
o> B @] 2 Ee @)
pn=1 pn=1
Using the Abel transformation, we can easily obtain these estimations:

10 8
CrN)| € —s—, |DEV ()< s
e @) < |sinz| u2 N2’ D ()] < |sinz| u2 N2’

2 8
EmN <-— = |FmN L
B @) < |sinz| p2 N2’ 7 @) < 9 |sinz| u?N?

From this we have
14w
R? <
‘ n,N(fl7x)‘ = N2 |Sil’l$| )

From and we have (for every N > 2)

147 T m
Rz < < <
‘ n,N(flax)‘ ~ N2jsinz| ~ 2n?|sinz| — 2n? ‘Sind,

N=20+1. (19)

z e Al(e).

0
4. An estimation for a%zn)(fl). When 2n = N from we have

the following:

1 2n—1 1 2n—1 7'{']{3
a?M(f) = o kz:_o f(tg) cosmhk = o Z (—1)*f <U+ 7) . (20)

k=0
Subtract 7 from u to get (provided that f is 27 periodic function)

o 3 001 (0 5+ 50) = 3 3 s (o ) -

k=0

zé%E:pqﬁ]f<u+€§>:—5%aniﬁf(u+€?>:
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Therefore, if we subtract or add %l from u, we get

a"(f) = (_27?[ 2i:l(—l)kf (<u+ %) + %) .

k=0

In other words, adding %l (I € Z) to u does not change the value of

a,(fn)( f )‘, so we can assume, without loss of generality, that 0 < u < T.

It holds for both ag")(fl)’ and (17(12n)(f2)‘.

Lemma 9. The following estimation takes place:

c
@) <5, weloma
Proof. It is easy to show that
1 = 7k T
o) =gy X 0Tk, 0su<]
n—1
1 k
(2n) I k| —
) = gy X 0| =
1 — k 1= 7k
— B VN LA — S AL s =
2n (=1) ( n > an( ) <n+u>
k=—n k=0
n n—1
1 mk 1 k
S N AT el — N AL ganid =
2n ( )(n )+2nz( )(n+u>
k=1 k=0
1 < Tk 1 < 7 (k—1)
_ LA A . 1\ _
2n (=1) (n ) 2n Z< ) ( n —i—u)
k=1 k=1
1 < [Tk w(k—1) 1 < k(T
= =S (-nF(E - “ou) = — S (1 (——2)
2n (=1) ( n n u) 2n (=1) no
k=1 k=1
Get the following estimation:
a<2n>(f1)‘ < izn:(—n’“ (f - 2u) <1 ‘_ —oul <
" T |2n = n ~2nin ~ 2n?
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5. An estimation for R, y(f2,2). We prove the following lemma.

Lemma 10. The following takes place:
C<5) I
|Rn,N(f2733)‘ < T, z €A (8)

To prove this lemma we estimate |R,, n(f1,2)| as follows:

’Rn,N(f%LE)‘ >~ ‘ f27 ‘ + ’R f27 )‘ 3 (21)

where

~N(f2,2) Z/cosu]\f u — t)sign tdt, (22)

p=1"_

N (f2, ) Z/Zcosk (x —t) cos uN (u — t)sign tdt.

p=1"_ k=1
First we prove the following lemmas:

Lemma 11. The following takes place:

c
R} <=
| n,N(f27x)| =
Proof. Using for we have
~(f2, ) Z/COS/LN (u — t)signtdt =

= — Z / cos uNwucos uNt + sin pNusin uNt) sign tdt =
u 1.

1 o
= — Z cos uNu / cos uNtsign tdt + sin uNu / sin uNtsigntdt | =
™

—Tr

™

& [ 9 &
= — E sin,uNu/sinuNtsigntdt: — E sinuNu/sinpNtdt.
0 T
=1 pn=1 0
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From above and

Nt|™  1—(=1)»N
/SinuNtdt: _COSH = (=1)
) uN |, uN
we have
2 = sin uNu
1 _ N
R, n(f2,7) = ﬁ; (1—(=1)"Y) T
If N is even, then R}, y(f2,x) = 0, otherwise
4 XKsin (2 — 1) Nu
1 — —
Rn,N(fQ’:E)_ WNP; 2/1,_1 )
where
4 S sin(2u — 1)z
Iy MO DT ) <
=1 H
Therefore ) .
‘Rn N(f%x)‘ < N < %
]

Lemma 12. Denote v,(x) = > (1 — (=1)k¥™)ay, cos kx, where all
k=1
ay > 0, the sequence {ay},_, is monotone, and m = 0,1. Then

C

(2)] < ———.
V()] < Sina]

Proof. Assume that aj > apy1. After applying the Abel transformation
we get

Yn(T) = Z(l — (=)™ ay, cos kx =
k=1
n n—1 k
= a, Z(l—(—l)”m) cosix—z (gpr1 — ag) Z(l—(—l)”m) COS ix.

=1 k=1 i=1
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From the above equation and Lemma, |7| we have

[y (@)] < an Z(l — (=1)"*™) cosiz| +
=1
n—1 k
+ Z (Qgs1 — ag) Z(l — (=1)""™) cosiz| <
k=1 i=1
1 2
< — (n + apy — ) < _a” — _C ‘
|sin x| lsinz|  |sinz|

O

n
Lemma 13. Ifv,(z) = > (1 — (=1)**™)qy, sin kx, where all oy, > 0,
k=1
the sequence «y, is monotone, and m = 0,1. Then

()] < —

|sinz|’
The proof of this lemma is analogous to the proof of Lemma

Lemma 14.

Proof. From

1
Zsinkx = T Zsin kx sin%

k=1 2 k=1

we can easily obtain the equality

n . .
] sin ”THx sin 5
g sin kx = — ,
sin £
k=1 2

which gives us the desired estimation |}, _, sinkz| < |si; at O
2

Lemma 15. The following takes place:

B (o) < D weal) (23)
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Proof. From and we have
~N(f2, ) Z / Z cosk(x —t) cos ulN (u — t)sign tdt =
2 oo n
= — Z sin uNu Z cos kx / (cos ktsin uN't) sign tdt+
T
pn=1 k=1

™
2 o0 n
— Z cos uNu Z sin kx / (sin kt cos uIN't) sign tdt =
7T p=1 k=1

—T

4 oo n m
= — Z sin uNu Z cos kx / cos kt sin pNtdt+
7T pn=1 k=1 0

us

4 oo n
—Z osuNquink'x/sinktcospNtdt.
T = k=1 4

Using the formula sinacos 8 = 1 (sin(a — 3) +sin (a + ) and calcu-
lating the integrals from the above equation, we get |R a fg,x)‘ <

|R (f2, ‘+|R (fa, )|,Where

N
R?1 ,T) = — sin uNu 1)uN+k coskx’u—,
o) = 23 i3 Jeoske N
029 = 1 om0 sk

We estimate values ‘R (fo,x ‘ and |R (fo, )’ separately. Begin with
|R’I21,]j\](f27m)|

2 = sin uNu 1
A (far7) = Z - () cos ke ——— =

TN A Ll T

2 = sin uNu N k?
= 1 — (=1)"NTF) cos kx (1+— .




Discrete least squares approximation by trigonometric polynomials

19

We can rewrite it as follows:

2 sin uNu
R21 fo,x) = cos kx+
V(o) WN; s
sm,uNu i
NZ Z(—l) cos kx+

T = k=1

sin uNu — k2

kp——
+7TNZ: m ZCOS x(,uN)Q—k:2+
N —1)Fk?
NZ N sin UZCOSk‘I‘—( )
™

2 _ .27
p (WN)? —k

Now we have

2 | sin gNu -
‘R (f2, )} S Z . Zcosk:x +
mN p=1 H k=1
2 o= (—=1)"N sin uNu - k
+7rN Z . Z(—l) cos kx
pu=1 k=1
2 = sin pNu o k2
+ WNZ p Zcoslm( N2 R +
pn=1 k=1
2 = (—1D)HN sin uNu (—1)Fk2
+ cos kx
WN; L ]; (uLN)? — k2

From [4] p. 448] we get

2 isin,uNu <1 and 2 i (1) sinuNu <1
T pn=1 " T pn=1 H
Also, from Lemma
= 1 = L 1
zz: coskz| < |Smx|’ ;( 1)% coskzx| < ]sinx|
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Using the above estimations we can write

2 2 Zoo sin uNu Zn k2
‘Rn’N(fz,x)‘ ~ Nlsing| " N PR - x(NN)2 — k? "
2 = (—1)HN sin uNu (—1)kE2
kx————=——1. (24
N P S

To estimate the value

2
7N

= sinuNui k2
E coskxt—————
2 _ 12
= o = (uN)? =k

make some transformations:

2 | = sin uNu < k2
coskr—————=| =
2 | = sin uNu k2
= 2 SIS e | <
TN p=1 H k=1 NQ_F
2 =1 k> 2 = 1 n? <
<—Z— Zcosk:x = Z——Zcoij—
= 3 k2 3 k2
NSRS N?—iz| TN SN -
n—1 k
(k+1)2 k2 ,
() el <
Pt NQ_(:—Q) ]\72_F pt
2 1 2n? =
S I e
p=1 p? |j=1
+ cos jx <
k 2 k2
— \ N2 (k+1) N2 ==




Discrete least squares approximation by trigonometric polynomials 21

= 1
Il S
37TN|81I1:13 Z wd = WN\Slnx|

Using the similar approach, prove

> s1nuNu (—1)Fk? 4
k .
7TN ; ZCOS x(,uN)Q — k2|~ «N |sinz]
Now we can rewrite as follows:
1 8 c
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Now consider ‘R v (f2, )‘
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Using the approach we used for estimating |R N (f2, )‘ prove that
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N [sinz|

From the obtained estimations and , and the inequalities n < N/2
and [sine| < [sinz| for z € Al(e), we have (23). O

From and Lemmas and we have
1 c(e
Ron(fn) < et efe) = 2w e alie)

So, Lemma [10]is proved.
6. An estimation for a!>™(f,). We prove a lemma:
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Lemma 16. The following estimation takes place:

aﬁf“)(fz)’ <

Slo

Proof. Using formula we get (for a 2m-periodic function f)
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() = gy 2 S osmh = 50 S (UM (uct k).

As has been mentioned earlier, we can safely assume that 0 < u < 7/n;
so we write

n—1

al®(fy) =1/2n Z (=% fy (nk/n4+u), 0<u<x/n.
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From this we get
B (f2)| < 1/n.

O
7. Proofs of Theorems |1/ and From and we have

| Ln,n (f1,2) = fi(@)] < [Sn(f1,2) = fr(@)] + [Ra N (f1,2)], n < N/2,

’LnQnQﬁyx)_ﬂﬁ($)‘§
< [Sn-1(f1,2) = f1(@)| + |Ruz1,20(f1, 2)| + [PV (f1)], n=N/2.

From Lemmas 9] we easily get
|LmN(fh$)—‘fd$)|§C#n, 376[_ﬂfﬂ7

|Lnn(fr,2) = fi(2)] < ele)/n®,  x € Al(e).
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Theorem [1|is proved.
Using the same technique, inequalities and , and Lemmas
and [16] we get

L n(f,x) = f(2)] < cle)/n, e Al(e).
So, theorem [2]is also proved.
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