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SOBOLEV-ORTHONORMAL SYSTEM OF FUNCTIONS
GENERATED BY THE SYSTEM OF LAGUERRE
FUNCTIONS

Abstract. We consider the system of functions A}, (z) (r € N,
n = 0,1,2,...), orthonormal with respect to the Sobolev-type in-
ner product (£, g) = 3175 £0)(0)g)(0)+ [ £ (a)g") (x)dz and
generated by the orthonormal Laguerre functions. The Fourier se-
ries in the system {A},(z)}32, is shown to uniformly converge
to the function f € Wy, for % <p<d4 a=0 ze€l0A,
0 < A < oo. Recurrence relations are obtained for the system
of functions )\ffn(x) Moreover, we study the asymptotic properties
of the functions A7, (z) as n — oo for 0 < 2 < w, where w is a
fixed positive real number.
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uct of Sobolev type, Sobolev-orthonormal functions, recurrence re-
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1. Introduction.
Let L? be the space of measurable functions f defined on the semiaxis
[0, 00), such that

1l = /|f<x>|pdw <00, 1<p<oo
0

Wi, be the space of r — 1 times continuously differentiable functions f for
which f"=1) is absolutely continuous on an arbitrary segment
[a,b] C [0,00) and f™ € LP. By X%x) (n = 0,1,...) we denote the
Laguerre function defined by the formula

(@) = v (@)l (), (1)
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where p(z) = e *z%, [%(z) is the orthonormal Laguerre polynomial (13).
It is well known that for a > —1 the system of functions {A%(z)}>°, is
orthonormal with respect to the inner product

P 2) = [ (oo
0
The system of Laguerre functions {\%(x)}5°, generates on [0, 00) a system

of functions A, (z) (r € N, n = 0,1,...) orthonormal for a > —1 with
respect to the Sobolev type inner product

)= Y 19050 + [ 10w @ @)

The functions AY,(z) are defined by means of equalities (15) and (16).
In this paper, we show that the Fourier series in the system {A7, (7)}72,
converges uniformly to the function f € Wy, for a > 0, % < p <4,
x €]0,A], 0 < A < co. Recurrence relations are obtained for the system
of functions A, (z) and can be used for calculating the values of A, ()
for any x and n. Moreover, we study the asymptotic properties of the
functions AY, () as n — oo for 0 < x < w, where w is a fixed positive real
number. Using these asymptotic properties, we obtained estimates for the
functions A{, (z) on the interval [0, w].

2. Some information on the Laguerre polynomials and La-
guerre functions.

To study Sobolev-orthonormal functions generated by Laguerre func-
tions, we need some properties of the Laguerre polynomials and Laguerre
functions that are given in this section.

Let a be an arbitrary real number. Then for the Laguerre polynomials

we have [12]:

e The Rodrigues formula

e The orthogonality relations

oo

/ L2 (@) L2 (2)pla) e = B (0> —1), (3)
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where p(z) = €72*, 6,4, is the Kronecker symbol, h% = ("7%) T'(a + 1).
e The equalities
d

—Li(@) = ~Lit @) )

)k
L) = k),

where k is a positive integer number and 1 < k < n, nl¥ = 1,
M =nn—-1)---(n—k+1).

e Ly (@) = (n+ a+ 1)Ly(x) — (n+ 1)Ly, (x); (5)
e The recurrence formula
Li(z) =1, LY(z) = —z+a+1,

nLo(x)=(—z+2n+a—1)LY (z)—(n+a—1)LY 4(z),n=2,3,...
(6)
e Theorem. [12, p.199, Theorem 8.22.4] For a > —1, we have

e 528 L%(z) = N—Qw{]a (2(]\[3;)%) +0 (na—%) . (7)
n.
1
N=n+2 - , x>0,

the bound holding uniformly in 0 < x < w (w is a fixed positive
number). More precisely, the following bounds are valid:

o

5 [ C
x10<n5’ ),—g:r;gw,

n
o C : (8)
220 ("), 0 <o < —

n

In (7), Ja(z) is the Bessel function of the first kind; for it the following
asymptotic formula holds [12, p.15, formula 1.71.7]:

1) = (2) wn (s T - T) w0 (s 1) v )

™

e The weight estimate [1,4]

e"2|LYx)| < cla)A%(z), a > —1. (10)
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Here and henceforth, ¢ and ¢(«) are positive real numbers depending only
on the indicated parameters,

(

02, 0<z< g,
a_ 1 a_ 1

02 ‘x 271, ei <x<%,

[e% n
Ax(w) = - oy

[en(93+\x—91>] b < < 3,
_z 30n

\6 4, =5 <z,

where 6, = 0, (a) = 4n + 2a + 2.

e The differentiation formula |2, p.191, formula 27]
E L@ = (n—m o+ at Dpr® LI, (12)

where (n)p =1, (n)y, =n(n+1)---(n+m—1), m > 1.
It follows from (3) that the corresponding orthonormal system of the
Laguerre polynomials has the form:

() = (h®) "2 L%(x), n=0,1,..., (13)
SO

71 p(x)dr = b6pm (a>—1).

0
From (6) and (13), we immediately obtain a recurrence formula for (% (z):

—r4+a+1

SOy T e

La(2) = (an = bn2)ly 1 (2) = enly (), n=2,3,...

where
2n+aoa—1 1
n — Un ) n:bna - 1
( [n(n + a)]2 @) [n(n + a)]?
Cn = cnl@) [(n—l)(n—i—a—l)
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A similar recurrence formula holds for the functions \%(x):

@)=z +a+1)
Cl+2) 3. (14)
A(z) = (an — bpx) Aoy (2) — Xy _o(x), n=23,...

In the sequel, we need the following property of the functions \%(z).
Theorem A. [1 Theorem 1| Let f € LP, % <p<4, a>0. Define
f)\o‘ x)dz and set S,(x) = > apAy(x). Then ||S, — fllo» — 0
k=0

as n > .
3. On the Sobolev orthonormal functions generated by the

Laguerre functions.

Definition 1. For a given r € N, define the functions Ay, (),
n=20,1,..., by

xT

«@ _ 1 r—1ya _
XS )_m/@—t) N, n=0.1,....  (15)
0
[0 —_ xn —
@)= n=01..r— L (16)
Consider the problem of computing the functions )\T (@ ) for any n
and x. Note that \§, (z) = Aj(z), AT (z) = 1, AT (( f/\"‘ t)dt by

definition.

Theorem 1. Let o > —1. Then the following recurrence relations hold:

Arn(@) = A?n (), 1<n<r—1; (17)
T>‘?+1,r+1<x) = (I_27”_04)>‘?, (z) + 227 1,r— (), 7> 1 (18)

V4 D+ a+ DA (@) = 2005 (@) = AL (2)+
+vnm+a)f, (v), n>1; (19)

T)‘1?+1,r+n YL n + Oé r r+n fL’ —2n—a+ 1) )‘?,rJrnfl(x)—i_
+\/(n—l)(n+a—1))\$‘7r+n_2(x), r>1, n=23,... (20
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Proof. The equality (17) is obvious. Let us prove the relation (18). From

the definition of the functions A7, ,, (7) and integrating by parts, we have:

xT

@ 1 r—lya
/\T,r(x) = m /(JI — 1) 1/\O (t)dt =
0
1 1 f r—1 —t,2a
B F(a—irl)(?"—l)!/(x_t) e 2trdi =
0
= 2 1 / S B e S AN
T (a+2) r(a+1)(r—1)!0/<x BT enrd(t) =
2 1 ) )
0
_1 1 f r—1 a
_oz+2(r—1)! (x—t)" " (x—t—x)\j(t)dt =
0
2(r—1) ., 2 N r .
=AU D ) 4 N ) - ()
+ P 21‘>\T7T($).

Hence, we obtain (18). We now establish the equality (19):

x €T ) 3 2
o o —fia S+1y o
Male) = [N = 25 [etiznaes ) = o)+
0 0
1 r S+l 2 [ TR VYN
—|—a+2 e 23t ()dt_a+2 e zt2 T (I%(¢))'dt.  (21)

0 0

Consider separately the second and the third terms of the right-hand side
of the last equality. From (14) we have:

T xz xT

/e 250 )dt:/tAa(t)dtZ/[—\/(n+1)(”+0‘+1)>‘g+1()

0 0

+ (2n+a+1) —nn+a),_(t }
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=—V(n+1)(n+a+1)AY, o(@)+2nta+ )AL, (z n(n+ao)A
(22)
Further, from the equalities (4), (5), and (13) it follows that
(I5(1) = —V/nlpti (1),
a1 (t) = v+ aly_y(t) — Vil (1)
Then
/e (10 (1)) dt = —\/ﬁ/e—ét‘?tlgti(t}dt:
0 0
= —\/ﬁ/eéti' [V + ol (t) — /nlg(t)] dt =
0
n(n + a7, (@) +nAT, o (z). (23)

From (22), (23) and (21) we obtain (19).
Let us proceed to the proof of (20). By definition,

T

Npeala) = gy [l = o

Replace the function A%(¢) by the right-hand side of the equality (14):

T

: / (@ = 1) [(n = bat)N 4 (8) — ea X ()] dt =

Arrin(@) = [C=]

= an)\?,r+n 1 ' iL' - t " 1t)\a ( )dt - Cn)\g,r—l—n—Z(x) =

xT

= an A1 ( r—l /x ) Ha—t—z) Ny () dt—cp A () =
0

= an)\?,r-i-n—l( ) + bnr}\r—i—l,r—i—n( ) - bn$)\?7r+n_1(l') - C")Vof,r-i—n—Q(l.)' (24)

Now divide both sides of (24) by b,, and obtain the relation (20). OJ
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Remark 1. Formula (19) is also valid for n = 0.

Note that the systems defined by means of formulae (15), (16) in the
general case, when an arbitrary orthonormal system ¢ (z) (K =0,1,...)
is used as the generating system, were considered in the works [5-10]. In
particular, in the paper [5] the following theorem was proved.

Theorem B. Assume that the functions oi(z) (k= 0,1,...) form a com-
plete in L2(a,b) orthonormal system with respect to the weight p(x) on the
interval [a,b]. Then the system {@, k() }32,, generated by the {pi(x)}2,
by means of

o) = ﬁ / (r— Oy You(t)dt, k=0,1,....

a

_ k
Sor,k($):%, k=0,1,...,r —1,

1s complete in WE%(a,b) and orthonormal with respect to the inner product

r—1 b

(o) =3 FP(a)g(a) + / (g™ (6)plt) .

v=0 a

Note that Theorem B holds for infinite intervals too. The following
statement is immediately deduced from Theorem B.

Corollary 1. If a > —1, then the system of functions A}, (), generated
by the Laguerre functions \%(x) by means of equalities (15) and (16), is
complete in W7, and orthonormal with respect to the inner product (2).

Further, from (15), (16), and the integrand differentiation formula |3,
sec. 509, p. 667] for almost all = € [0,00) we have

)\g—u,k—y(‘r)u O<v<r— 1, r < ]{7,
()\Oék(l,>)(y) _ )\%fr(x)v v=r < ]{}, (25)
" )\Sfu,kfz/($)a v < k< r,
0, k<v< T,

where A, (z) = A;(z) by convention.
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It is easily seen from (2), (15)—(25) that the Fourier series of the
function f € W7, in the system {7, (2)}72,

k=0
has the following form
r—1 & )
F@)~ D FPO) 7 + D e N, (26)
k=0 k=r
where -
cmgj:/jmangxmm k=rrtl,... (27)
0

Note that the Fourier series (26) can be defined for any function f € W7,,
p = 1. To this end, we show the existence of the coefficients ¢ (f) defined
by the equality (27). Using the Holder inequality, we have

w 1, 7 1
< ([1sowpa) ([ o) <
0 0
<SM|f o, k=rr+1,...,

where M is a positive real number and 1/p + 1/¢ = 1. Consider the
problem of uniform convergence of the Fourier series (26) to the function
f € Wj,. To prove the following theorem, we use the same technique as
in [11].

Theorem 2. Leta > 0,0 < A < oo, % <p<d4, fe W], Then the
series (26) converges uniformly on [0, A] to the function f.

Proof. Since f € W7,, then, first, f") € LP, and, therefore, in the metric
of the space L? we have (see Theorem A)

M2) = (SN (@), (28)

L (F7) /f (H)dt, k=0,1,...
0
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Second, we can write the Taylor formula for the function f, with the
remainder in the integral form:

r—1

@) =3 105 ; / )(t)d.

k=0

Further, denote by Sy, (f, z) and Se(f™ x) the partial sums of the series
(26) and (28), respectively:

r—1 k n
S (f.2) = D FOO) T+ Y PN @),
k=0 ' k=r

k=0
Then
[f(2) = S (fr )| =
1 f r 1 p(r A
:’(7’—1)!/( RN dt—zcrk (@) =
0
1 r r—1 ¢(r — (o' f r—lya
= =771 / (o= ey =3 / (=t N (0t =

(r— D) / (=1 () = S )| <

r 1 (r a( p(r)
; L o - sigm o <
0

0

1 Aalr—1)+1 1/q
a ) 150 =2 . (29)

g(r—1)+1
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From equality (28) it follows that || ™ — S(f) ||p»— 0 as n — oo.
From this relation and (29) uniform convergence of the series (26) on [0, A]
to the function f follows. [J

4. Asymptotic properties of the functions A?,,  (z).
Let us study the behavior of the functions A, ,, (7) on the segment
[0, w], where w is a fixed positive real number.

Theorem 3. Suppose « > —1 and x € [0,w]. Then the following
asymptotic formula holds:

D(n+1) 2%/ le 2 y
'n+a+1l)n+a+1

Ail—l—n('x) =

+«
La+1 x a+2
X( A TP e

<m>) R, (30)

where the remainder

wir | T+ 1
B =\ et Dimra i D rat2) "

X / t2(82 + 20t + o + 2a)e "2 LOT2(t)dt

0

im0 =0 (5).

In the case a = 0, the last estimate becomes

1
O( ), 0<zr <

n?
1 1

Proof. From (15), (1) and (13) it follows that

satisfies the estimate:

1
’]’L’
|1 ()] =

T

Manle) = [ X0t = [tz -
0

0
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[T+ [ .. .
=yl [ /2 LE(t)dt.
F(n+a—|—1)/ e Lu(t)

0

Further, integrating by parts and using the equality (12), we obtain:

t

t
e 2 e 2(t+ )
U=—: du = ————=
o a/2’ 2ta/2+1
>‘1,1+n(x) = t 1 =
dv = t*L(t)dt = ———¢oflpatl(g
V= LI, v = et L)

- () +

o) (R0t
F'n+a+)\n+a+1 "

1 ,
E— LR “s Lo () dt) =
+2(n+a+1)/ (t+aem2 L (1) )

0

e (t+a) s — e 5 (12 4 2at + o + 20)
B T /241 u=- ota/2+2 B
1
dv =t Let(t)dt = ——— 1“2 LaA(L
L s )
L(n+1) 2o/ le2 T+«
- L7 (@) + 120 ) 4 RS )
'n+a+l)n+a+1 \'" (x)+2(n+oz+2) w (@) a(@)

Therefore, (30) holds.

Let us proceed to the estimate of the remainder R%(x) for 0 < z < w.
To this end, consider the following two cases:

1) Let 0 < # < %; then, from estimates (10) and (11), it follows that

xT

clo
|Ry (z)] < % /ta/2(t2 + 2|alt + o + 2|a|)e—%|Lg+2(t)|dt <

0

1 2| a? + 2|« 1
< a/2 /243 /242 a/24+1 -0l =).
c(a)n (a/2+3$ ot Taps ” n

If a =0, |R%(z) =0 (%)
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2) Let + < 2 < w; then, from the formulas (7)—(9), we have:

1/n
1
|R%(x)| = (W) ‘ /t“/Q(t2 + 20t + o + 20)e" T LOT2(¢)dt+
nOl

0

f t 1
+ / t2(t2 4 20t 4 o® + Qa)e—aLg“(t)dt’ = O(—>+
n
1/n
t2 4 2at 2 a T 3
+O< L ‘/ +2at o’ +20 o T(nta+3), Join(2 /—)dt'
t n!
1/n
1 $t2+2at+a2+2a54 w/2i1/4
+O<W> / ; t/O(n /+/)dt <
1/n
1 1 1 z752%—204t+042+2a
<o3) o) <o) [ 2 ol -
1/n
1 | [+ 2at +a? +2
:0<—>+0(—)’/ tlattol+ia,
n n t
1/n
1 (2a +5)m 1 1
s - GOy o Ll < o(l)
x[ - Ntcos( 1 + (Nt)3/4 } ‘ - +
1 2 + 2at + o? + 2« (2a+5)7
—1—0(”5/4)‘/ B cos (2\/ - >dt <
1/n
VNz 4 N 2 ( 2 )N2
1 1 y* 4+ 2aNy” + (o + 2« B 1
<0(,;) +0(:m) / Ny dy=0().
\/N/n

If o = 0, then |R%(z)| = O (/) O

Further, from Theorem 3 and estimates (10), (11), the following asser-
tion is immediately deduced:
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Corollary 1. The following estimates hold:

1 0<e <<t

ATn ()] < e { "

1
yZg) %<x<w
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