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Abstract.

A problem of distribution of singular points for sums of se-
ries of exponential monomials on the boundary of its conver-
gence domain is studied. The influence of a multiple sequence
A = {g,nik}72, of the series in the presence of singular points
on the arc of the boundary, the ends of which are located at a cer-
tain distance R from each other, is investigated. In this regard,
the condensation indices of the sequence and the relative multi-
plicity of its points are considered. It is proved that the finiteness
of the condensation index and the zero relative multiplicity are
necessary for the existence of singular points of the series sum on
the R-arc. It is also proved that for one of the sequence classes
A, these conditions give a criterion. Special cases of this result
are the well-known results for the singular points of the sums
of the Taylor and Dirichlet series, obtained by J. Hadamard, E.
Fabry, G. Pélya, W.H.J. Fuchs, P. Malliavin, V. Bernstein and
A. F. Leont’ev, etc.
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Let A = {Ax,nix}72, be a sequence of different complex numbers A
and its multiplicities ng, |Ar+1| = [Mk] and [A\g| = oco. We denote by
n(r, A) the number of points A, (taking into account their multiplicities)
located in the disk B(0,7). The upper density and maximal density of A
are the quantities

n(A) = lim sup M, n(A) = lim lim sup n(r,A) = n((l = 9)r, A)

r—00 T =0 r—oco or
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We consider the series of exponential monomials

OO,TLk—l

> akaz"e. (1)

k=1,n=0

Let a = {ak,n} and D(A,a) be an open kernel of the set of all points
z € C where the series (1) converges and its sum is an analytical function.
We denote the sum of the series (1) by ga,, and the set of all sequences
of coefficients a = {ay,} for which D(A,a) # 0 by U(A). In this article
we observe the problem of distribution of singular points for the function
gA,q on a boundary 0D(A,a).

Let O(A) be the set of all partial limits of the sequence {\y./|\g|}22 ;.
We assume

m(A) = lim sup ng /| \g|.
k—o0

In [6] we showed that in the general case the set D(A,a) may not
be convex and is not even connected. But if m(A) = 0 and 7(A) < oo
then the Cauchy-Hadamard theorem for series of exponential monomials
(see [6], Theorem 4.1) shows that D(A,a) is a convex domain:

D(A,a) = {z: Re(ze™©) < h(©,a,A),e™® € O(A)}, (2)

In(1 j
h(p,a,A) = inf (liminf min Il(/|¢1k(3)n|)) )
Jj—=oo 0<n<ny;)—1 |)‘k(j)|

3)

where the infimum is taken with respect to all subsequences {\y;)} such
that Ay(j)/[Ae()] — e°. Meanwhile, the series (1) diverges at every
point of exterior of D(A,a) (except for the origin). Moreover, under the
same conditions, by the Abel theorem (see [6], Theorem 3.1) for the series
of the kind, the expansion (1) converges absolutely and uniformly on every
compact subset of D(A,a).

The problem of describing the set of singular points for ga , on the
boundary 0D (A,a) counts a long history. It originates in the investigation
(started as early as the 19th century) of domains of existence for func-
tions representable by power series. In this regard, we note the works
of J. Hadamard [4] and E. Fabry [2]. In the works of G. Pdlya [17], W.
Fuchs [3] and P. Malliavin [16] the following result was obtained. The
necessary and sufficient condition of existence for each sum of the Taylor
series, converging in the unit disk, of a singular point on any arc of the
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boundary of this disk of length 277 is 7 = n%(A) (A is a sequence indexes
of Taylor series with nonzero coefficients). G. Pélya (see [18], [19]), Carl-
son and Landau (see [18], Chapter II, §5.2) and V. Bernstein [1] extended
this result to the case of Dirichlet series. In work [7] the result is obtained
for these series whose special cases are all specified results for Taylor and
Dirichlet series. It was proved that each sum of the Dirichlet series has a
singular point on the segment of length 277 lying on the convergence line,
then and only then, when 7 = n°(A) and Sy = 0 (we will define the index
of condensation S below). The singular points for the general series (1)
and the series of exponents are studied in [§], [15].

This paper studies singular points for the sum of series (1) on arcs
of the boundary 0D(A,a) of the following form. Let 7 be the arc of the
boundary connecting points z; and z,. The arc v will be called an R-arc
if |22 — Zl| = R.

Let A be a regular sequence, i.e., it is a part of a regularly distributed
set (see [15], Chapter II). It follows from Theorem 4.1 [8] that in this
case, under certain restrictions on D(A,a), each ga , has a singular point
on any R-arc if and only if Sy = 0. A is regular if and only if the
maximal density n®(A,,p) (in the angle bounded by the rays re'¥, re®?)
does not exceed the length of the corresponding arc of the boundary of a
convex compact set (see [13], Theorem 1). Thus, sufficient conditions for
existence of singular points for g , on R-arcs are the special boundedness
of maximal density n°(A,1,p) and the equality Sy = 0. In this research
it is shown that in the general case these conditions are also necessary
for the existence of singular points for ga , on R-arcs. Moreover, for one
class of the sequences A (which are concentrated along some ray re'?) it is
proved that these conditions give a criterion for the existence of singular
points for gy , on R-arcs. All the results on Taylor and Dirichlet series,
which are marked above, and the previously mentioned result from [7] are
particular cases of this statement.

First of all, we study the influence of some characteristics of A on the
presence of singular points for g , on R-arcs. We assume (see [9], [11])

.. .SA(0)
0 _
Si = llgn_:(r)lf 5

& B Z2—Am )™

1 k
S = lim Sa(9), Sa(6) = lim inf "AO)]
5—0 k—o0 ‘)\k|



Singular points for the sum of a series of exponential monomials 75

Let na(z,0) be the number of points A\, € B(z,0|z|) with their multiplici-
ties ny taken into account.

Theorem 1. Let A = {\g,ni}, m(A) = 0 and S§ = —oco. Then for
each R > 0 there exists a sequence a € U(A) such that function gy , has
no singular points on some R-arc of boundary 0D (A,a).

Proof. R > 0 and number §, € (0,1/15) satisfies the condition
P € (0,7/4) if ¢ € (0,7/2) and |e?¥ —1| < 280(1—Jg) L. Since S = —oo0,
according to the definition of S we find 6 € (0,80) and the sequence
{Ak(p)} such that

gy M 0)l < =Bkl p>1, B=12Rs. )
Passing to the subsequence, we can assume that
e/ M| = €%, p= 0o, [Mipanl =2l p=1 (5)

The function ga 4 is found as the sum of the series

oo

Z Cpgp(% (6)

p=1

To do this, we construct an auxiliary sequence Ay C A, Ay = Up>1Ag,.
Let By(a) = B(Ayp); @0|Ag(pyl)- By (5) and inequality dp < 1/15, disks
By(1), p > 1, do not intersect in pairs. We fix p > 1. The set Ay, is
formed from multiple points A\, € Bp(1). If

na(Ni(p)»0) = Nipy < BlAkp | + 1, (7)

then, Ag ), pair Ay(,),1 is taken as and all pairs Ay, ng such that & # k(p)
and Ay € Bp. In this case we assume m, = na(Ag(p),0) — Npp) + 1. Let
now

nA(Ak(p)»0) = Nk(p) = BlAep| + 1. (8)

Then we reduce the multiplicity )\k(p) to 1 and from the disk B,(1) we
withdraw as many points A\; without taking Ay(,), or we reduce their
multiplicities ng (without changing their designations) that inequalities

Bkl < mp — 1 < Bl Ag(p| + 1, 9)

are satisfied, where m,, is the number of remaining points \; with taking
into account their multiplicities. In this case, as Aa, all the remaining
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pairs A\p,n; are taken. Thus the sequence As C A is constructed. We
will show that 7(As) < co. Let r > 0 and p(r) be the maximal num-
ber of disk Bp(1) having a non-empty intersection with B(0,r). Then
7= 2 [Ayp|(1 = 9) and by (7), (9) we obtain:

(r)
TL(T‘, A) < (|>‘k(p(r))‘ 1 + 5 pzr: <
r Ak (1= 0) \Ammmﬂ (1-9)
<21§ﬂ|/\k(1))|+1+1 Ifz) |)‘k(p < 2 )
= e Akt k(o)

Using inequality (5), we get:
p(r) p(r)

|A 1
C§:| k)| §;§HE;;<2C

It follows that n(Az2) < co. We show now that inequalities (4) are not vi-
olated if A is replaced by As. If inequality (7) is true then by construction

I Mkp)s 8) = 44 My 8)-

Suppose now that inequality (8) is true. Then inequality (9) is true, and
according to the definition of ¢, we have:

[Aep) — Aml
ln |qA2 (Ak(p) 5)| Z N ln W <
Am €By(1),m#k
‘)‘k(p |
< In <
Z 'm E
Am EBp(1),m#k
—In(B(1=4))(mp —1) <mp =1 < =BlAgp)l, p=1.

Thus,
10 g5 ® Aep) 0)] < =Bl - (10)
Let us now define the function g,, p > 1, by the formula
1 eMd\
gp(2) = i
, (0 = M) ah? ()

9B, (5)
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where we define numbers 7, > 1 below. We get estimates from above on
. We have:

IA— Al ]
T

A B,(5), M € By(1).

Since 7, > 1, we obtain:

=
9,(2)| < sup || < exp(Re(Agpyz) + 50| Ak 2]), z€C. (11)
AEDB,(5)

Let us now define the coeflicients of c,. Let

Cp = exp(_ﬂp‘k(p)b, p= L (12)
We will show that series (6) converges on compact sets K in the domain
D = B(0,2R) N {z : Re(z¢™%) < 2R} uniformly. We take ¢ > 0 such
that ‘
Re(ze™¥) < R0 —2¢, z € K.
By (5) there is a number pg such that
Re(Ak(p)2) < (Re(ze ™) + &) Aup)l, 2 €K, p=po.

Then, we get for z € K by (11) and (12):

> lepgp(2) Z cpexp (RS — & + 50R) | Mp|) < Z ==

P=Ppo DP=Ppo P=Dpo

Since 7i(A2) < oo then the last series converges. Thus, the function g is
analytical in the domain D for any 7, > 1.

Since ¢ € (0,1/15) and the points Ay € Aa belong to the disks B,(1),
then by (5) there is ¢ € (0,7/2) such that |e¥ — 1| < 2§(1 — §)~! and
O(A2) C {e?,0 € (¢ — ¥, + 1)} holds true. We will show that for
any 7, > 1 the function g is represented by series (5) which converges
uniformly on compact sets in the angle

I'= {z : Re(ze ¢ H¥)) < O} N {z :Re(ze 19 7¥) < 0} .

Using the residue calculus and the definition of the function qA , for
every p > 1 we have

ﬂkl

b b
gp(Z) _ ks—P)aO e)\k(p)z + Z Z Yk,n e )\kz
p

ek €Az g kth(p) n=0 P
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1
where by(p) 0 = (qi(zp)()\k(p),é)) . Let bypyn = 0, n = Lngp) — 1. We

define the coefficients {ay n} :
Cpbk,n

k=0, Ag,ng & Ao,  ag, = — Aok € Aoy, p> 1.
P

Since the disks Bp(1), p > 1 do not intersect in pairs, the definition is
well-defined. Let us find the numbers 7,, p > 1. By (10) and (12) we
have:

max  In by n| = In|epbipy 0l = Incy + Bl k)| = 0.
Ar,ng€A2 p

We choose the numbers 7, > 1 such that

1 = In |cpbpn| — Ina, = 0. 13
s pax Infaga| = max Inlebyn| —Inay (13)

We find the convergence domain of series (1) with the coeflicients ay,
defined above. Since 7(A3) < oo, m(A) = m(A3) = 0 then the Cauchy—
Hadamard and Abel theorems (see [6]) show that series (1) converges
uniformly on compact sets in the convex domain D(A,a), defined by for-
mulas (2) and (3), and diverges at each point of its exterior (except for
the origin of coordinates). By (13) and (3)

In(1
h(f,a,A) > liminf min In(1/lax.nl) =
k—oo 0<nn,—1 |>\k|

In|ag n| _0

= limsup max
p—oo AkMkEA2p |)\k‘

for all ¥ € ©(Ay). In addition, there are numbers s(p), n(p) such that
the pair Ay, ns(p) is an element of the sequence Ay and

ln \as(p)7n(p)| = 0, P 2 1. (14)

We assume that As(p) /| As(p)| — e~ p— oo. Then e” € O(A3). And we
can assume p = ¢ + «, where a € (—, ). By (14) we have:

In(1/|as(p) n
h(p + a,a, A) < lim inf —n( /la (p). (p)‘)

=0.
P00 |)‘5(p)|
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Thus, series (1) diverges at each point of IT = {z : Re(ze~“#*®)) > 0}. In
addition, it converges uniformly on compact sets in the angle I' C Dy(a,A),
along with series (6). Therefore, the function g , = g is analytical in the
domain G = DUT.

Let « > 0 and w € 9B(0,2R) N (Lo = {z : Re(ze %) = 0}),
Im(we~%) > 0 (the case o < 0 is similar). Straight lines that are perpen-
dicular Ly = {2 : Re(ze~*¥*%)) = 0} and pass through the points 0 and
w, are denoted by L; and L. Since ¢ € (0,7/4), the distance between
these lines is strictly greater than R. Let Q2 be the area bounded by the
lines Lg, L1, Lo. It lies in the domain G. Also, some neighborhood V' of
the interval (0,w) C Lo N I lies in the domain G. Thus, the function
gA,q is analytical in the domain QU V.

Since ¢ € (0,7/4) then the half-string which is limited by lines Ly,
Lo, L3 lies in the angle I' C D(A,a). Series (1) diverges in II. Therefore,
there exists an R-arc which lies in the intersection of the domain D UV
and the half-plane {z : Re(ze~*(¥*+®)) < 0}. By construction, g4 , has no
singular points on this arc. [

Example 1. Let A = {\g,n}, np, = 1 and Ao, = k, Aop_1 = k — ¥,
k > 1, where € > 0. Then m(A) =0. If 6 € (0,1/3), then

Aok — Aop— e—ck

2k 2k 2k—1
)| < —— )| ————.
93" A2k 0)| ‘( 30 Aak_1] )’ 30(k — e—<k)

Therefore,
Sx = lim limi f1H|q5\()\l75)| < lim limi fk_ll e_ak _
v = f it =R < itk oy ) = =

By the last inequality it follows that S§ = —co. We also note that the
work [20], Chapter II, §4, has a nontrivial example of a sequence A for
which Sy =0 and S% = —cc.

Theorem 2. Let A = {Ap,ni} and m(A) # 0. Then for every R > 0
there exists a sequence a € U(A) such that the function ga, has no
singular points on any R-arc of the boundary 0D(A,a).

Proof. Let R > 0, o € (0,1] and

D, ={z:Rez <o}n{z: |Imz| < oR}, T, ={z:Rez=o0,|lmz| <oR}.
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The segment T, lies on the boundary of the half-string D,. We choose
o € (0,1) such that (1 —0)? +0R? <1 and o < (2v/3R)~!. Then T, lies
in disk B(1,1), the domain G; = D, \ {2z : Rez < —27!} lies in the disk
B(0,1), and D, \ G; lies in the truncated angle

I = {Re(2¢"™/%) < 0} N {Re(ze7"™/%) < 0} N {z : Rez < —271}.

Since T, is a compact set, then there exists an € € (0,1) such that the
rectangle T, (¢) =D, N{z : Rez > 0 — ¢} lies in the disk B(1,7y) for any
ro € (e71,1).

According to the condition m(A) # 0 there exists a sequence { Ay}
such that Ay /[Arp| — €% and ongpy /| Aep)| = 7 > 0. We suppose
fp = €90 Ny Then py/|py| — 1 and ny,)/|pp] > 7, p > 1. We
assume that |pp1| = 2|upl, p = 1. Let 0 < v < min{4~1e,27 17,871}
We can also assume that

YNy < m(p) < min{d ™ elup|nyd, =1, (15)
where m(p) are some positive natural numbers. By construction
Re(pupz) < |ppl(Rez — 27 yInrg), 2z € B(0,t), p=pi. (16)

We suppose ¢, = exp(—(o + 47 yInrg)|upy|), p = 1 and consider the
series

90(2) = 3 eplz = 1P, (17)

p=1
We show that it converges uniformly on compact sets in the domain D,.
Considering the embedding T'(¢) C B(1,r9), by (15) and (16) we have:
lep(z = 1) Per?| < explylpp| lnrg — (o = Rez + 473y Inro) ) <

< exp(4_1'ylnro|up|), z€T(e), p=p1. (18)

Since G C B(0,1), 79 > e~ ! then by (15), (16) and the definition of T'(¢)
we have:
lep(z = 1)™Petr?| < exp(m(p) In2—

(0 —Rez +47"3y1Inro)|up)) < exp((—e/2 4 37/4)|pp]) <
< exp(—5¢/16|uy|), z€ Gi\T(e), p=p1. (19)



Singular points for the sum of a series of exponential monomials 81

Considering the embedding D, \ G; C T, we get:
Jep(z = 1) Pern*| < exp(m(p) In(1+|2]) — (0 —Rez +47"3yInro) |y |) <
< exp(|ppllz|/4+ (Rez +3/32)[pp|)) < exp((|Rez|/2+ Rez +3/32)[py|) <

< exp(=5/32|ppl), 2 € (Do \G1) N B(0t),  p=pr.

By the last inequality and (18), (19) it follows that series (17) converges
uniformly on the compact sets of the domain D,. Therefore, g, € H(D,).
Opening brackets in (17), we obtain:

oo, m(p) oco,np—1
E by nz"et?? = E ap e, (20)
p=1,n=0 k=1,n=0

where z = ce™%w, ax,, = 0, if k # k(p) or k = k(p) and n > m(p). Since
ro < 1 then Gy = {2z : Rez > o+ (yInrg)/8} N D, # 0. Similarly to (16),
we obtain:

Re(ppz) 2 |pp|(Rez + (vInro)/8), 2 € Go, p = po.

It is easy to notice that |b,o| = ¢p. Therefore, taking into account the
definition of ¢, we have:

bpolle"”*[ > 1, 2 € Go, p = po.
Thus, the first series in (20) diverges at every point z € Gy. Let
T = {Re(ze"™°) < 0} N {Re(ze” /%) < 0} N {z: Rez < —3},

and z € I'g. Coefficients b, , are estimated above by 2m(p) . Therefore,
taking into account (15), (16) and definitions ¢, 79, €, v we have:

[byn="e"*| < exp(mi(p) + m(p) (L + [2]) + (Rez — 4713y 7o) sgl) <

< exp((e/4+e/4l2[+37/4+Rez)|pl) < exp((1/2+Rez/2)|p|) < el

It means that the first series in (20) converges uniformly on T'.

It follows from the above that on a certain o R-arc, lying in the string
{z : |lmz| < oR} and on the boundary of the convergence domain of this
series, its sum g, has no singular points. Then the sequence of coefficients
of the second series in (20) is the required one. [
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Example 2. Let A = {\x,nx}, \p = 2% and np = 21, k > 1. Then
n(A) <1 and m(A) =1/2.

By theorems 1,2 conditions S§ > —oo, m(A) = 0 are necessary for
the existence of singular points for all functions g 4, @ € U(A), on every
R-arc of boundaries of the convergence domains corresponding to series
(1). We show that these conditions are sufficient for one of the classes of
sequences as well.

Lemma 1. Let A = {\g,ng} such that m(A) = 0, S > —oo, and
Ae/|Ak| = €7, k — co. Then n°(A) < oo.

Proof. Let § € (0,1). As in Theorem 1, we obtain:
In gk (A\r,0)] < —In(3(1 — 8))(na(\g,0) — 1).

Therefore, taking into account equality m(A) = 0 we obtain:

In|gk (A\,8
S = liminf lim inf 21aAQw0)]

0—0 k—oo 6‘)\k|
< lim inf lim inf — I3 = 9))na(A.0) =
6—=0 k—oo 5|>\k|
Ak,0
= —limsupIn(3(1 — §)) lim sup nalhe0) =
50 k—oo 0| Ak]
= — lim sup lim sup M (21)
6—0 k—o0 5|/\k|
Let n®(A) > 0. We choose a sequence r, 5, p > 1 such that
Jim sup n(r,A) —n((1 —8)r,A) _
r—o00 or
A) —n((1- A
— fim W A) 2= s d) gy
p—00 0rp.s

0 € (0,00). We assume that any ring B(0,7,,5) \ B(0, (1 —d)r, ) contains
at least one A. Let Up s be the group of all points Ay, belonging to it and
Mi(p,s) € Ups. According to the condition Up s C B(Ak(p,s),40[ Akp,5) 1)
p = p(d). Therefore, taking into account (22) and (21) we obtain:

1A (Ak(p,s),49) A (Ak(p,5),49)

0 . . . .
n°(A) < limsup lim su < limsup limsup ——————- =
( ) §—0 P p—>oop 57"p(5) §—0 p—00 5‘Ak(p,§)|
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A ,0 Ak,0
= 4lim sup lim sup M < 4limsup lim sup na(Ae.0)

ANV < 489,
550  p—ooo 0| Ap(p.s)l 550 kooo  O|Ak] A

]

Let A = {A\r,nr}, D be a convex domain, W(A,D) be a closure in
H(D) (in the topology of uniform convergence on compact sets) of linear
span £(A) = {z"e***}. We need the criterion of fundamental principle
from [11], Theorem 3.2. Let us express it in the particular case. We
assume

L(p,D) = 0D N {w : Re(we™ ) = Hp(p)}, Hp(y) = sgg Re(ze™ ™)

is a supported function of the domain D, 7(y¢, D) is the length of L(¢, D)
(possibly equal to zero).

Lemma 2. Let A = {\,n;} such that \i/|\x| — 7%, and D be a
bounded convex domain. If W (A, D) is non-trivial (i.e., the system E(A)
is not complete in H(D)), then the following statements are equivalent:

1) E(A) is a basis in W (A, D);
2) Sy =0 and n°(A) < 7(p, D) /2.

We note that the system £(A) is not complete in H (D) when and only
when there exists an entire function f of the exponential type, the shift
of the conjugate diagram (see [15], Chapter I, §5) of which lies in D.

Theorem 3. Let A = {\y,n;} such that \;/|\x| — e~ %, and R > 0;
the following statements are equivalent:

1) Each function g , on every R-arcy C 0D(A, a) has a singular point.
2) Sy =0 and n°(A) < R/2m.

Proof. Let us assume that statement 2) holds true and a € U(A). Tt is
easy to notice that from inequality n’(A) < oo relations m(A) = 0 and
7(A) < oo follow. Then, as in Theorem 1, domain D(A,a) is defined by
formula (2). According to condition ©(A) = {e*¢}. Hence, D(A,a) =
= {z : Re(ze7%) < ¢}, and any R-arc of the boundary dD(A,a) is a
segment [z1,22] C {z : Re(ze™") = ¢} of length R. Let’s assume that
gA,q has no singular points on [z1, 2z2].

Then there exists § > 0 such that the function gj , is analytical in
the domain Q = K + B(0,39), where K is a square with the side [z1, 23],
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lying in the closure D(A,a). By Lemma 2.1 from work [12] A is a part
of the sequence Ay = {u,, m,} having density n(A;) = n°(A). It can be
assumed that p,/|u,| — e~ (arguments u, do not affect the density

Ayp). We get
2

oI

p>1

The function f is entire and has the exponential type, its conjugate di-
agram coincides with the segment [—a,a], where a@ = wn%(A)e¥+7/2)
(see [13], Chapter 2, §1, Theorem 2). The shift of this segment lies in the
domain G = K + B(0,6) — 6e'? C D(A,a). Hence, £(A) is not complete
in H(G).

Since ga,, is represented by the series (1) in the domain D(A,a)
then grq, € W(A,G). In addition, g, is analytical in the domain
G + B(0,6) C Q. Thus, the conditions of Theorem 12.1 from [5] on the
continuation of the spectral synthesis are fulfilled. Therefore, according
to it, gaa € W(A, G+ B(0,9)).

As we have shown above, £(A) is not complete in H(G + B(0,6)). Ac-
cording to statement 2) and taking into account the construction we have:
Sy =0 and n°(A) < R/27 < 7(¢,G + B(0,6))/2w. Then, by Lemma 2,
the function g, , is represented by the series (1) in the domain G+ B(0,9).
Thus, we have two representations of the function g , by the series (1)
in the domain G C D(A,a) N (G + B(0,6)). Since £(A) is not complete in
H(G), then (see [15], Chapter 2, § 6, Theorem 6.2) these representations
are the same. According to the definition of D(A,a) it means that there
exists an embedding G + B(0,6) C D(A,a). By construction, however,
this embedding is incorrect. We have a contradiction. Hence, ga , has at
least one singular point on the segment [z1, z2].

Let us assume that statement 1) holds true. Then by Theorem 1 in-
equality S > —oo holds true. Referring to the definition of the quantities
SQ and Sy we get Sy = 0. Theorem 2 implies that the equality m(A) = 0
is also true. Then, by Lemma 1 we get n°(A) < oo. It remains to prove
that n°(A) < R/2m. Let us assume the opposite: p = n°(A) > R/2r. We
choose € > 0 such that p —e > R/27.

We suppose L1 = {z € C: Rez =1}, Ly = {# € C: Rez = —1}.
Let L3 (L4) be a straight line passing through the points with coordinates
(0,imp) and (1,im(p — €)) ((0, —imp) and (1, —im(p — €))). We suppose
D = e** Dy, where Dy is the domain bounded by straight lines L;, Lo,
L3, Ly. It is an isosceles trapezoid. One of its bases of length 27 (p — €)



Singular points for the sum of a series of exponential monomials 85

lies on the line L; and the other base of length > 27p lies on the line Ls.

The vertical segment with length 27wp lies in Dy by construction.
Therefore, the domain D contains a shift of a conjugate diagram of the
function f. It means that £(A) is not complete in H (D). We consider
the subspace W (A, D). We have n°(A) = p > p— e = 7(p, D)/2m. Then
there exists a function g € W(A,D) by Lemma 2 which is not represented
by the series (1) uniformly convergent on a compact set in the domain D.

Let us consider the domain Dy = e? Dy 1, where Do = Do N {z €
C : Rez < 0}. It is an isosceles trapezoid, one of its bases coincides with
the corresponding base of the trapezoid D, and the other base coincides
with the segment e!? [—imp,imp]. The domain D; contains a shift of a
conjugate diagram of the function f by construction. Therefore, £(A) is
not complete in H (D). We have Sy = 0 and n°(A) = p = 7(¢,D1)/27.
Then the function g is represented by the series (1) in the domain D; by
Lemma 2.

Since n’(A) < oo, this series converges in some half-plane {2 : Re(ze ™)
< ¢} (¢ > 0) and diverges at each point of its exterior, as in the begin-
ning of the proof. The inequality ¢ < 1 holds true. Indeed, otherwise the
function g may be represented by the series (1) which converges in the
domain D, which is impossible owing to choosing g.

By construction the function g is analytical in the domain D which
crosses the line {2 : Re(ze™%) = ¢} at intervals of length strictly greater
than 27(p — ). Thus, given the choice of the number € > 0 we have
the sum of the series (1), which has no singular points on a certain R-arc
(a segment with length R) of the boundary of its convergence domain.
We come to a contradiction with 1). Therefore, the assumption that
n%(A) > R/2r is incorrect. [J

Example 3. Let A = {\y,ni}, A\ = khand ng, =1,k > 1. Then Sy =0
(see [12], §2) and n°(A) = h.

The particular cases of Theorem 3 are all the above mentioned results
for Dirichlet and Taylor series.
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