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Abstract. We consider recurrence relations for the polynomials or-
thonormal with respect to the Sobolev-type inner product and gen-
erated by classical orthogonal polynomials, namely: Jacobi poly-
nomials, Legendre polynomials, Chebyshev polynomials of the first
and the second kind, Gegenbauer (ultraspherical) polynomials, Her-
mite polynomials.
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1. Introduction. Sobolev orthogonal polynomials were first consid-
ered in the early 1960’s in relation with problems of approximation theory
(e.g., [3]). In the last three decades, this new theory has been intensively
developing (e.g., [1] – [22]). For more details on this topic, see the sur-
vey [14] and works cited there.

As the name implies, these polynomials are orthogonal with respect
to the so-called Sobolev-type inner products. There are plenty of inner
products of this kind, with various degrees of generalization. However, we
only consider Sobolev-type inner products that can be represented as

⟨𝑓, 𝑔⟩ = ⟨𝑓, 𝑔⟩𝑊 𝑟
𝐿2
𝜔

=
𝑟−1∑︁
𝜈=0

𝑓 (𝜈)(𝑎)𝑔(𝜈)(𝑎) +

𝑏∫︁
𝑎

𝑓 (𝑟)(𝑡)𝑔(𝑟)(𝑡)𝜔(𝑡)𝑑𝑡. (1)

For this case, the theory of Sobolev orthogonal polynomials has re-
cently been significantly developed and has found important applications
(see [22] and works cited there).
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A distinctive property of inner products of this kind is the existence of
special points, such that the behavior of Sobolev orthogonal functions can
be "controlled" in their neighborhood. Due to this property, it is possible
to construct the Fourier series with respect to the Sobolev orthogonal
polynomials, so that partial sums coincide with the approximated function
at the ends of the orthogonality segment. Such series proved to be a
convenient tool for different applied tasks, such as representing solutions
of the Cauchy problem for differential equations.

Following the established notation, we denote by 𝐿𝑝
𝜔(𝑎, 𝑏) the space

of functions 𝑓(𝑥), measurable on (𝑎, 𝑏), for which
𝑏∫︀
𝑎

|𝑓(𝑥)|𝑝𝜔(𝑥)𝑑𝑥 < ∞,

where 𝜔 = 𝜔(𝑥) is a weight function.
Let {𝜙𝑛}∞𝑛=0 be a system of polynomials, orthonormal in 𝐿2

𝜔(𝑎, 𝑏). In
other words,

⟨𝜙𝑛, 𝜙𝑚⟩𝐿2
𝜔

=

𝑏∫︁
𝑎

𝜙𝑛(𝑡)𝜙𝑚(𝑡)𝜔(𝑡)𝑑𝑡 = 𝛿𝑛,𝑚,

where 𝛿𝑛,𝑚 is the Kronecker symbol.
By 𝑊 𝑟

𝐿2
𝜔(𝑎,𝑏)

we denote the Sobolev space, which consists of functions
𝑓 = 𝑓(𝑥) that are continuously differentiable (𝑟− 1)-times on [𝑎, 𝑏], while
𝑓 (𝑟−1)(𝑥) is absolutely continuous on [𝑎, 𝑏] and 𝑓 (𝑟) ∈ 𝐿2

𝜔(𝑎, 𝑏). The inner
product in 𝑊 𝑟

𝐿2
𝜔(𝑎,𝑏)

is defined by the equality (1).
Sharapudinov I. I. proposed a new method for construction of poly-

nomials orthogonal with respect to the inner product (1). For any given
orthogonal system {𝜙𝑛(𝑥)}, we can generate Sobolev orthogonal system
using the following equations:

𝜙𝑟,𝑛(𝑥) =
(𝑥− 𝑎)𝑛

𝑛!
, 𝑛 = 0, 1, . . . , 𝑟 − 1, (2)

𝜙𝑟,𝑟+𝑛(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟−1𝜙𝑛(𝑡)𝑑𝑡, 𝑛 = 0, 1, . . . , (3)

hereinafter we will consider 𝜙0,𝑛(𝑥) = 𝜙𝑛(𝑥). More precisely, the following
statement has been proven in [18].
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Theorem A Suppose that the functions 𝜙𝑛(𝑥) (𝑛 = 0, 1, . . .) form a com-
plete orthonormal system in 𝐿2

𝜔(𝑎, 𝑏). Then the system {𝜙𝑟,𝑛(𝑥)}, gen-
erated by the system {𝜙𝑛(𝑥)} by means of the equalities (2) and (3), is
complete in 𝑊 𝑟

𝐿2
𝜔(𝑎,𝑏)

and orthonormal with respect to the inner product (1).

Remark. Note that Theorem A is valid not only for the case when 𝜙𝑛(𝑥)
are polynomials, but for more general case of orthogonal functions.

One of the key properties of orthogonal polynomials is the three-term
recurrence relation, which establishes the relation between 𝑛-th polyno-
mial and two previous (𝑛 − 1)-th and (𝑛 − 2)-th (for example, see § 3.2,
Theorem 3.2.1 in [24]):

𝜙𝑛(𝑥) = (𝐴𝑛𝑥 + 𝐵𝑛)𝜙𝑛−1(𝑥) + 𝐶𝑛𝜙𝑛−2(𝑥), 𝑛 = 2, 3, . . . . (4)

This formula is not only used for calculation of polynomial value in any
given point 𝑥 for any degree 𝑛, but also for investigation of further prop-
erties of polynomial system.

As it was mentioned in [14], one of the main difficulties in the de-
velopment of the Sobolev orthogonal polynomials theory is absence of
three-terms recurrence relation for these polynomials in the general case.
However, we managed to establish recurrence relations for the case of
Sobolev-type inner products, which can be represented as (1).

In this article, we also consider specific Sobolev orthonormal polynomi-
als generated by the classic orthonormal polynomials and establish recur-
rence relations for these polynomials (namely, for polynomials generated
by: Jacobi polynomials, Legendre polynomials, Chebyshev polynomials of
the first and second kind, Gegenbauer (ultraspherical) polynomials, Her-
mite polynomials). Recurrence relations for the Sobolev–Laguerre poly-
nomials were established in [6], we only give them in the last section to
cover this topic in more details.

2. Recurrence relations for Sobolev orthogonal polynomials.
In the current section, we establish recurrence relations for Sobolev or-
thonormal polynomials {𝜙𝑟,𝑛} in the general case.

First, for the case when 𝑛 < 𝑟 it is obvious that

𝜙𝑟,0(𝑥) = 1, 𝜙𝑟,𝑛(𝑥) =
(𝑥− 𝑎)𝑛

𝑛!
=

𝑥− 𝑎

𝑛
𝜙𝑟,𝑛−1(𝑥), 𝑛 = 1, . . . , 𝑟 − 1. (5)

Next, from (3) with 𝑛 = 0, we get
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𝜙𝑟,𝑟(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟−1𝜙0𝑑𝑡 = −𝜙0

𝑟!
(𝑥− 𝑡)𝑟

⃒⃒⃒𝑥
𝑎
𝑑𝑡 =

= 𝜙0
(𝑥− 𝑎)𝑟

𝑟!
=

𝑥− 𝑎

𝑟
𝜙𝑟−1,𝑟−1(𝑥), 𝑟 = 1, 2, . . . , (6)

while 𝜙0,0(𝑥) = 𝜙0.
Finally, for the case of 𝜙𝑟,𝑟+𝑛(𝑥) (𝑛 ≥ 1), from (4) and again from (3)

we have

𝜙𝑟,𝑟+𝑛(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟−1𝜙𝑛(𝑡)𝑑𝑡 =

=
1

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟−1((𝐴𝑛𝑡 + 𝐵𝑛)𝜙𝑛−1(𝑡) + 𝐶𝑛𝜙𝑛−2(𝑡))𝑑𝑡 =

= 𝐵𝑛𝜙𝑟,𝑟+𝑛−1(𝑥) + 𝐶𝑛𝜙𝑟,𝑟+𝑛−2(𝑥) +
𝐴𝑛

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟−1𝑡𝜙𝑛−1(𝑡)𝑑𝑡. (7)

Let us consider the last term separately:

𝐴𝑛

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥−𝑡)𝑟−1𝑡𝜙𝑛−1(𝑡)𝑑𝑡=
𝐴𝑛

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥−𝑡)𝑟−1(𝑡−𝑥+𝑥)𝜙𝑛−1(𝑡)𝑑𝑡 =

=
𝐴𝑛𝑥

(𝑟 − 1)!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟−1𝜙𝑛−1(𝑡)𝑑𝑡−
𝐴𝑛𝑟

𝑟!

𝑥∫︁
𝑎

(𝑥− 𝑡)𝑟𝜙𝑛−1(𝑡)𝑑𝑡 =

= 𝐴𝑛𝑥𝜙𝑟,𝑟+𝑛−1(𝑥) − 𝐴𝑛𝑟𝜙𝑟+1,𝑟+𝑛(𝑥). (8)

Collecting together equations (5) – (8) we get

Theorem 1. For the Sobolev orthogonal system {𝜙𝑟,𝑛} (𝑟 ≥ 1), gener-
ated by the orthonormal system {𝜙𝑛}, the following recurrence relations
hold:

𝜙𝑟,0(𝑥) =1, 𝜙𝑟,𝑛(𝑥) =
𝑥− 𝑎

𝑛
𝜙𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝜙0,0(𝑥) = 𝜙0, 𝜙𝑟,𝑟(𝑥) =
𝑥− 𝑎

𝑟
𝜙𝑟−1,𝑟−1(𝑥),
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𝐴𝑛𝑟𝜙𝑟+1,𝑟+𝑛(𝑥) = (𝐴𝑛𝑥 + 𝐵𝑛)𝜙𝑟,𝑟+𝑛−1(𝑥)+

+ 𝐶𝑛𝜙𝑟,𝑟+𝑛−2(𝑥) − 𝜙𝑟,𝑟+𝑛(𝑥), 𝑛 ≥ 2,

where 𝐴𝑛, 𝐵𝑛, and 𝐶𝑛 are the coefficients from the three-term recurrent
relation (4) for the original system {𝜙𝑛}.

Remark. Theorem 1 does not cover the case of 𝜙1,𝑛+1(𝑥), i. e.,

𝜙1,𝑛+1(𝑥) =

𝑥∫︁
𝑎

𝜙𝑛(𝑡)𝑑𝑡, 𝑛 = 1, 2, . . . . (9)

It should be considered separately, using special properties of the original
orthogonal system {𝜙𝑛} (such as integral and differential properties).

3. Some information about the Jacobi polynomials. For ar-
bitrary real 𝛼 and 𝛽, the Jacobi polynomials 𝑃𝛼,𝛽

𝑛 (𝑥) can be determined
using the Rodrigues formula:

𝑃𝛼,𝛽
𝑛 (𝑥) =

(−1)𝑛

2𝑛𝑛!

1

𝜌(𝑥)

𝑑𝑛

𝑑𝑥𝑛
{𝜌(𝑥)𝜎𝑛(𝑥)} , (10)

where 𝜌(𝑥) = 𝜌(𝑥;𝛼, 𝛽) = (1 − 𝑥)𝛼(1 + 𝑥)𝛽, 𝜎(𝑥) = 1 − 𝑥2.
We will need the following properties of Jacobi polynomials [24], [23]:

𝑃𝛼,𝛽
𝑛 (−𝑥) = (−1)𝑛𝑃 𝛽,𝛼

𝑛 (𝑥),

𝑃𝛼,𝛽
𝑛 (−1) = (−1)𝑛

(︂
𝑛 + 𝛽

𝑛

)︂
, 𝑃𝛼,𝛽

𝑛 (1) =

(︂
𝑛 + 𝛼

𝑛

)︂
, (11)

𝑑

𝑑𝑥
𝑃𝛼,𝛽
𝑛 (𝑥) =

1

2
(𝑛 + 𝛼 + 𝛽 + 1)𝑃𝛼+1,𝛽+1

𝑛−1 (𝑥), (12)(︂
𝑛

𝑙

)︂
𝑃𝛼,−𝑙
𝑛 (𝑥) =

(︂
𝑛 + 𝛼

𝑙

)︂(︂
𝑥 + 1

2

)︂𝑙

𝑃𝛼,𝑙
𝑛−𝑙(𝑥), 1 ≤ 𝑙 ≤ 𝑛, (13)

(1 − 𝑥)𝑃𝛼+1,𝛽
𝑛 (𝑥) + (1 + 𝑥)𝑃𝛼,𝛽+1

𝑛 (𝑥) = 2𝑃𝛼,𝛽
𝑛 (𝑥), (14)

𝑃𝛼,𝛽−1
𝑛 (𝑥) − 𝑃𝛼−1,𝛽

𝑛 (𝑥) = 𝑃𝛼,𝛽
𝑛−1(𝑥), (15)

(2𝑛 + 𝛼 + 𝛽)𝑃𝛼−1,𝛽
𝑛 (𝑥) = (𝑛 + 𝛼 + 𝛽)𝑃𝛼,𝛽

𝑛 (𝑥) − (𝑛 + 𝛽)𝑃𝛼,𝛽
𝑛−1(𝑥), (16)

(2𝑛 + 𝛼 + 𝛽)𝑃𝛼,𝛽−1
𝑛 (𝑥) = (𝑛 + 𝛼 + 𝛽)𝑃𝛼,𝛽

𝑛 (𝑥) + (𝑛 + 𝛼)𝑃𝛼,𝛽
𝑛−1(𝑥). (17)
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From (13) we also derive

𝑃−1,−1
𝑛+1 (𝑥) =

𝑥2 − 1

4
𝑃 1,1
𝑛−1(𝑥). (18)

Lemma 1. The following equalities for the Jacobi polynomials hold:

𝑃𝛼−1,𝛽−1
𝑛 (𝑥) =

𝑛 + 𝜆

2𝑛 + 𝜆
𝑃𝛼,𝛽
𝑛 (𝑥) −

(︁
𝑥− 𝛼− 𝛽

2𝑛 + 𝜆

)︁1

2
𝑃𝛼,𝛽
𝑛−1(𝑥) = (19)

=
(︁
𝑥+

𝛼− 𝛽

2𝑛 + 𝜆− 2

)︁𝑛 + 𝜆− 1

2𝑛
𝑃𝛼,𝛽
𝑛−1(𝑥)− (𝑛 + 𝛼− 1)(𝑛 + 𝛽 − 1)

𝑛(2𝑛 + 𝜆− 2)
𝑃𝛼,𝛽
𝑛−2(𝑥),

(20)
where 𝜆 = 𝛼 + 𝛽.

Proof. Using (14), (15) and (17) we get

2𝑃𝛼−1,𝛽−1
𝑛 (𝑥) = (1 − 𝑥)𝑃𝛼,𝛽−1

𝑛 (𝑥) + (1 + 𝑥)𝑃𝛼−1,𝛽
𝑛 (𝑥) =

= 2𝑃𝛼,𝛽−1
𝑛 (𝑥) −

[︀
𝑃𝛼,𝛽−1
𝑛 (𝑥) − 𝑃𝛼−1,𝛽

𝑛 (𝑥)
]︀
− 𝑥

[︀
𝑃𝛼,𝛽−1
𝑛 (𝑥) − 𝑃𝛼−1,𝛽

𝑛 (𝑥)
]︀

=

= 2

[︂
𝑛 + 𝛼 + 𝛽

2𝑛 + 𝛼 + 𝛽
𝑃𝛼,𝛽
𝑛 (𝑥) +

1

2

(︁ 𝛼− 𝛽

2𝑛 + 𝛼 + 𝛽
− 𝑥

)︁
𝑃𝛼,𝛽
𝑛−1(𝑥)

]︂
.

From the other hand, from (16) and (17) we deduce

𝑃𝛼−1,𝛽−1
𝑛 (𝑥) =

𝑛 + 𝛼 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽 − 1
𝑃𝛼,𝛽−1
𝑛 (𝑥) − 𝑛 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽 − 1
𝑃𝛼,𝛽−1
𝑛−1 (𝑥) =

=
𝑛 + 𝛼 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽 − 1

[︂
𝑛 + 𝛼 + 𝛽

2𝑛 + 𝛼 + 𝛽
𝑃𝛼,𝛽
𝑛 (𝑥) +

𝑛 + 𝛼

2𝑛 + 𝛼 + 𝛽
𝑃𝛼,𝛽
𝑛−1(𝑥)

]︂
−

− 𝑛 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽 − 1

[︂
𝑛 + 𝛼 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽 − 2
𝑃𝛼,𝛽
𝑛−1(𝑥) +

𝑛 + 𝛼− 1

2𝑛 + 𝛼 + 𝛽 − 2
𝑃𝛼,𝛽
𝑛−2(𝑥)

]︂
=

=
𝑛 + 𝛼 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽

[︂
𝑛 + 𝛼 + 𝛽

2𝑛 + 𝛼 + 𝛽 − 1
𝑃𝛼,𝛽
𝑛 (𝑥) +

𝛼− 𝛽

2𝑛 + 𝛼 + 𝛽 − 2
𝑃𝛼,𝛽
𝑛−1(𝑥)

]︂
−

− (𝑛 + 𝛼− 1)(𝑛 + 𝛽 − 1)

(2𝑛 + 𝛼 + 𝛽 − 2)(2𝑛 + 𝛼 + 𝛽 − 1)
𝑃𝛼,𝛽
𝑛−2(𝑥).

Consider the recurrence relation for Jacobi polynomials:

2(𝑛 + 1)(𝑛 + 𝛼 + 𝛽 + 1)(2𝑛 + 𝛼 + 𝛽)𝑃𝛼,𝛽
𝑛+1(𝑥) =

=
[︀
(2𝑛 + 𝛼 + 𝛽)(2𝑛 + 𝛼 + 𝛽 + 2)𝑥 + 𝛼2 − 𝛽2

]︀
(2𝑛 + 𝛼 + 𝛽 + 1)𝑃𝛼,𝛽

𝑛 (𝑥)−
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− 2(𝑛 + 𝛼)(𝑛 + 𝛽)(2𝑛 + 𝛼 + 𝛽 + 2)𝑃𝛼,𝛽
𝑛−1(𝑥),

and rewrite it in the following form:

𝑛 + 𝛼 + 𝛽

2𝑛 + 𝛼 + 𝛽 − 1
𝑃𝛼,𝛽
𝑛 (𝑥)=

[︁2𝑛+𝛼+𝛽

2𝑛
𝑥 +

𝛼2 − 𝛽2

2𝑛(2𝑛 + 𝛼 + 𝛽 − 2)

]︁
𝑃𝛼,𝛽
𝑛−1(𝑥)−

− (𝑛 + 𝛼− 1)(𝑛 + 𝛽 − 1)(2𝑛 + 𝛼 + 𝛽)

𝑛(2𝑛 + 𝛼 + 𝛽 − 1)(2𝑛 + 𝛼 + 𝛽 − 2)
𝑃𝛼,𝛽
𝑛−2(𝑥).

Then, returning to the previous equality, we get

𝑃𝛼−1,𝛽−1
𝑛 (𝑥) =

𝑛 + 𝛼 + 𝛽 − 1

2𝑛 + 𝛼 + 𝛽

[︁ 𝑛 + 𝛼 + 𝛽

2𝑛 + 𝛼 + 𝛽 − 1
𝑃𝛼,𝛽
𝑛 (𝑥)+

+
𝛼− 𝛽

2𝑛 + 𝛼 + 𝛽 − 2
𝑃𝛼,𝛽
𝑛−1(𝑥)

]︁
− (𝑛 + 𝛼− 1)(𝑛 + 𝛽 − 1)

(2𝑛 + 𝛼 + 𝛽 − 2)(2𝑛 + 𝛼 + 𝛽 − 1)
𝑃𝛼,𝛽
𝑛−2(𝑥) =

=
𝑛+𝛼+𝛽− 1

2𝑛 + 𝛼 + 𝛽

[︁(2𝑛 + 𝛼 + 𝛽)

2𝑛
𝑥+

𝛼2 − 𝛽2

2𝑛(2𝑛 + 𝛼 + 𝛽 − 2)
+

𝛼− 𝛽

2𝑛 + 𝛼 + 𝛽 − 2

]︁
×

×𝑃𝛼,𝛽
𝑛−1(𝑥)− (𝑛 + 𝛼− 1)(𝑛 + 𝛽 − 1)

(2𝑛+𝛼+𝛽−2)(2𝑛+𝛼+𝛽−1)

[︁𝑛 + 𝛼 + 𝛽 − 1

𝑛
+ 1

]︁
𝑃𝛼,𝛽
𝑛−2(𝑥) =

=
𝑛 + 𝛼 + 𝛽 − 1

2𝑛

[︂
𝑥 +

𝛼− 𝛽

2𝑛 + 𝛼 + 𝛽 − 2

]︂
𝑃𝛼,𝛽
𝑛−1(𝑥)−

− (𝑛 + 𝛼− 1)(𝑛 + 𝛽 − 1)

𝑛(2𝑛 + 𝛼 + 𝛽 − 2)
𝑃𝛼,𝛽
𝑛−2(𝑥).

The proof is complete. �

If 𝛼, 𝛽 > −1, then the Jacobi polynomials form a complete orthogonal
system in 𝐿2

𝜌(−1, 1), i. e.,

1∫︁
−1

𝑃𝛼,𝛽
𝑛 (𝑡)𝑃𝛼,𝛽

𝑚 (𝑡)𝜌(𝑡)𝑑𝑡 = ℎ𝛼,𝛽
𝑛 𝛿𝑛𝑚, (21)

where

ℎ𝛼,𝛽
𝑛 =

Γ(𝑛 + 𝛼 + 1)Γ(𝑛 + 𝛽 + 1)2𝛼+𝛽+1

𝑛! Γ(𝑛 + 𝛼 + 𝛽 + 1)(2𝑛 + 𝛼 + 𝛽 + 1)
. (22)

Let 𝑝𝛼,𝛽𝑛 (𝑥) = [ℎ𝛼,𝛽
𝑛 ]−1/2𝑃𝛼,𝛽

𝑛 (𝑥) be the orthonormal Jacobi polynomi-
als.

The following recurrence relation holds:
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√︃
4(𝑛 + 1)(𝑛 + 𝛼 + 1)(𝑛 + 𝛽 + 1)(𝑛 + 𝛼 + 𝛽 + 1)

(2𝑛 + 𝛼 + 𝛽 + 1)(2𝑛 + 𝛼 + 𝛽 + 2)2(2𝑛 + 𝛼 + 𝛽 + 3)
𝑝𝛼,𝛽𝑛+1(𝑥) =

=
[︁
𝑥 +

𝛼2 − 𝛽2

(2𝑛 + 𝛼 + 𝛽 + 2)(2𝑛 + 𝛼 + 𝛽)

]︁
𝑝𝛼,𝛽𝑛 (𝑥)−

−

√︃
4𝑛(𝑛 + 𝛼)(𝑛 + 𝛽)(𝑛 + 𝛼 + 𝛽)

(2𝑛 + 𝛼 + 𝛽)2(2𝑛 +𝛼 +𝛽 − 1)(2𝑛 +𝛼 +𝛽 + 1)
𝑝𝛼,𝛽𝑛−1(𝑥), 𝑛 ≥ 1. (23)

4. The Sobolev–Jacobi polynomials. Consider the polynomials
𝑝𝛼,𝛽𝑟,𝑛 (𝑥) (𝑟 = 1, 2, . . . ;𝑛 = 0, 1, 2, . . .) defined on [−1, 1] by the equalities

𝑝𝛼,𝛽𝑟,𝑛 (𝑥) =
(𝑥 + 1)𝑛

𝑛!
, 𝑛 = 0, 1, . . . , 𝑟 − 1, (24)

𝑝𝛼,𝛽𝑟,𝑟+𝑛(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
−1

(𝑥− 𝑡)𝑟−1𝑝𝛼,𝛽𝑛 (𝑡)𝑑𝑡, 𝑛 = 0, 1, . . . (25)

We will restrict the parameters 𝛼, 𝛽 to satisfy the inequality 𝛼, 𝛽 > −1
since this is the only case when the Jacobi polynomials are orthogonal
and, hence, the three-term recurrence relation still holds.

For brevity, denote 𝜆 = 𝛼 + 𝛽.
1. In the case 𝑟 = 1, we have

𝑝𝛼,𝛽1,𝑛+1(𝑥) =

𝑥∫︁
−1

𝑝𝛼,𝛽𝑛 (𝑡)𝑑𝑡 =
1√︀
ℎ𝛼,𝛽
𝑛

𝑥∫︁
−1

𝑃𝛼,𝛽
𝑛 (𝑡)𝑑𝑡, 𝑛 = 1, 2, . . . .

From (12), we get

2

𝑛 + 𝜆

𝑑

𝑑𝑥
𝑃𝛼−1,𝛽−1
𝑛+1 (𝑥) = 𝑃𝛼,𝛽

𝑛 (𝑥);

then

𝑝𝛼,𝛽1,𝑛+1(𝑥) =
2(ℎ𝛼,𝛽

𝑛 )−
1
2

𝑛 + 𝜆

𝑥∫︁
−1

𝑑

𝑑𝑡
𝑃𝛼−1,𝛽−1
𝑛+1 (𝑡)𝑑𝑡 =

=
2(ℎ𝛼,𝛽

𝑛 )−
1
2

𝑛 + 𝜆

[︁
𝑃𝛼−1,𝛽−1
𝑛+1 (𝑥) − 𝑃𝛼−1,𝛽−1

𝑛+1 (−1)
]︁

=
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=
2(ℎ𝛼,𝛽

𝑛 )−
1
2

𝑛 + 𝜆

[︁
𝑃𝛼−1,𝛽−1
𝑛+1 (𝑥) + (−1)𝑛

(︂
𝑛 + 𝛽

𝑛 + 1

)︂]︁
, 𝑛 = 1, 2, . . . . (26)

Note, that we need the parameters 𝛼, 𝛽 to be non-negative to use (26) as
a recurrence relation; otherwise, the polynomial 𝑃𝛼−1,𝛽−1

𝑛+1 (𝑥) would not be
orthogonal, and, hence, the recurrence relation for it would not hold. For
the case −1 ≤ 𝛼, 𝛽 ≤ 0, we can use (19) or (20) from Lemma 1. We get

𝑝𝛼,𝛽1,𝑛+1(𝑥) =

(︁
ℎ𝛼,𝛽
𝑛

)︁− 1
2

𝑛 + 𝜆

[︂
2(𝑛 + 𝜆 + 1)

2𝑛 + 𝜆 + 2
𝑃𝛼,𝛽
𝑛+1(𝑥)−

−
(︁
𝑥− 𝛼− 𝛽

2𝑛 + 𝜆 + 2

)︁
𝑃𝛼,𝛽
𝑛 (𝑥) + (−1)𝑛2

(︂
𝑛 + 𝛽

𝑛 + 1

)︂]︂
=

=

(︁
ℎ𝛼,𝛽
𝑛

)︁− 1
2

𝑛 + 𝜆

2(𝑛 + 𝜆 + 1)

2𝑛 + 𝜆 + 2

[︂
𝑃𝛼,𝛽
𝑛+1(𝑥) −

(︁
𝑥− 𝜆𝑥 + 𝛼− 𝛽

2(𝑛 + 𝜆 + 1)

)︁
𝑃𝛼,𝛽
𝑛 (𝑥)−

−𝑃𝛼,𝛽
𝑛+1(−1) − 𝑛 + 𝛼 + 1

𝑛 + 𝜆 + 1
𝑃𝛼,𝛽
𝑛 (−1)

]︂
. (27)

Using the fact that

ℎ𝛼,𝛽
𝑛 =

4(𝑛 + 1)

𝑛 + 𝜆
ℎ𝛼−1,𝛽−1
𝑛+1 ,

we can also rewrite (26) in the following form:

𝑝𝛼,𝛽1,𝑛+1(𝑥) = �̃�𝛼,𝛽𝑛 𝑝𝛼−1,𝛽−1
𝑛+1 (𝑥) + �̃�𝛼,𝛽𝑛 , (28)

where

�̃�𝛼,𝛽𝑛 =
1√︀

(𝑛 + 1)(𝑛 + 𝜆)
, �̃�𝛼,𝛽𝑛 = (−1)𝑛

2
(︀
ℎ𝛼,𝛽
𝑛

)︀− 1
2

𝑛 + 𝜆

(︂
𝑛 + 𝛽

𝑛 + 1

)︂
.

2. Next, we consider the case 𝑟 ≥ 2. First, let us rewrite the recurrence
relation (23) in the following form:

𝑝𝛼,𝛽𝑛 (𝑥) = (𝑎𝛼,𝛽𝑛 𝑥 + 𝑏𝛼,𝛽𝑛 )𝑝𝛼,𝛽𝑛−1(𝑥) + 𝑐𝛼,𝛽𝑛 𝑝𝛼,𝛽𝑛−2(𝑥), 𝑛 = 2, 3, . . . ,

𝑎𝛼,𝛽𝑛 =
1

2

√︃
(2𝑛 + 𝜆− 1)(2𝑛 + 𝜆)2(2𝑛 + 𝜆 + 1)

𝑛(𝑛 + 𝛼)(𝑛 + 𝛽)(𝑛 + 𝜆)
,
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𝑏𝛼,𝛽𝑛 =
1

2

𝛼2 − 𝛽2

(2𝑛 + 𝜆− 2)

√︃
(2𝑛 + 𝜆− 1)(2𝑛 + 𝜆 + 1)

𝑛(𝑛 + 𝛼)(𝑛 + 𝛽)(𝑛 + 𝜆)
,

𝑐𝛼,𝛽𝑛 =
−(2𝑛 + 𝜆)

2𝑛 + 𝜆− 2

√︃
(𝑛−1)(𝑛+𝛼−1)(𝑛 +𝛽−1)(𝑛+𝜆− 1)(2𝑛 + 𝜆+ 1)

𝑛(𝑛 +𝛼)(𝑛 +𝛽)(𝑛 +𝜆)(2𝑛 +𝜆− 3)
.

From Theorem 1, we have

𝑎𝛼,𝛽𝑛 𝑟𝑝𝛼,𝛽𝑟+1,𝑟+𝑛(𝑥) = (𝑎𝛼,𝛽𝑛 𝑥 + 𝑏𝛼,𝛽𝑛 )𝑝𝛼,𝛽𝑟,𝑟+𝑛−1(𝑥)+

+ 𝑐𝛼,𝛽𝑛 𝑝𝛼,𝛽𝑟,𝑟+𝑛−2(𝑥) − 𝑝𝛼,𝛽𝑟,𝑟+𝑛(𝑥), 𝑟 ≥ 1, 𝑛 ≥ 2.

Dividing both parts of the equation by 𝑎𝛼,𝛽𝑛 and performing simple trans-
formations, we get

𝑟𝑝𝛼,𝛽𝑟+1,𝑟+𝑛(𝑥) =
(︀
𝑥 + 𝐴𝛼,𝛽

𝑛

)︀
𝑝𝛼,𝛽𝑟,𝑟+𝑛−1(𝑥)−

−𝐵𝛼,𝛽
𝑛−1𝑝

𝛼,𝛽
𝑟,𝑟+𝑛−2(𝑥) −𝐵𝛼,𝛽

𝑛 𝑝𝛼,𝛽𝑟,𝑟+𝑛(𝑥), 𝑟 ≥ 1, 𝑛 ≥ 2, (29)

where

𝐴𝛼,𝛽
𝑛 =

𝑏𝛼,𝛽𝑛

𝑎𝛼,𝛽𝑛

=
𝛼2 − 𝛽2

(2𝑛 + 𝜆− 2)(2𝑛 + 𝜆)
,

𝐵𝛼,𝛽
𝑛 =

1

𝑎𝛼,𝛽𝑛

=
𝑐𝛼,𝛽𝑛+1

𝑎𝛼,𝛽𝑛+1

=
2

2𝑛 + 𝜆

√︃
𝑛(𝑛 + 𝛼)(𝑛 + 𝛽)(𝑛 + 𝜆)

(2𝑛 + 𝜆− 1)(2𝑛 + 𝜆 + 1)
.

Using (26), (27), and (29) from Theorem 1, we derive the following result.

Theorem 2. For the Sobolev–Jacobi polynomials {𝑝𝛼,𝛽𝑟,𝑛 } (𝑟 ≥ 1), when
𝛼, 𝛽 > −1, the following recurrence relations hold:

𝑝𝛼,𝛽𝑟,0 (𝑥) = 1, 𝑝𝛼,𝛽𝑟,𝑛 (𝑥) =
𝑥 + 1

𝑛
𝑝𝛼,𝛽𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝑝𝛼,𝛽0,0 (𝑥) =
1√︁
ℎ𝛼,𝛽
0

, 𝑝𝛼,𝛽𝑟,𝑟 (𝑥) =
𝑥 + 1

𝑟
𝑝𝛼,𝛽𝑟−1,𝑟−1(𝑥);

𝑝𝛼,𝛽1,𝑛+1(𝑥) =
2
(︀
ℎ𝛼,𝛽
𝑛

)︀− 1
2

𝑛 + 𝜆

[︁
𝑃𝛼−1,𝛽−1
𝑛+1 (𝑥) − 𝑃𝛼−1,𝛽−1

𝑛+1 (−1)
]︁

=

=

(︀
ℎ𝛼,𝛽
𝑛

)︀− 1
2

𝑛 + 𝜆

2(𝑛 + 𝜆 + 1)

2𝑛 + 𝜆 + 2

[︂
𝑃𝛼,𝛽
𝑛+1(𝑥) −

(︁
𝑥− 𝜆𝑥 + 𝛼− 𝛽

2(𝑛 + 𝜆 + 1)

)︁
𝑃𝛼,𝛽
𝑛 (𝑥)−
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−𝑃𝛼,𝛽
𝑛+1(−1) − 𝑛 + 𝛼 + 1

𝑛 + 𝜆 + 1
𝑃𝛼,𝛽
𝑛 (−1)

]︂
;

𝑟𝑝𝛼,𝛽𝑟+1,𝑟+𝑛(𝑥) =
(︀
𝑥 + 𝐴𝛼,𝛽

𝑛

)︀
𝑝𝛼,𝛽𝑟,𝑟+𝑛−1(𝑥)−

−𝐵𝛼,𝛽
𝑛−1𝑝

𝛼,𝛽
𝑟,𝑟+𝑛−2(𝑥) −𝐵𝛼,𝛽

𝑛 𝑝𝛼,𝛽𝑟,𝑟+𝑛(𝑥), 𝑛 ≥ 2,

where 𝜆 = 𝛼 + 𝛽,

𝐴𝛼,𝛽
𝑛 =

𝛼2 − 𝛽2

(2𝑛 + 𝜆− 2)(2𝑛 + 𝜆)
,

𝐵𝛼,𝛽
𝑛 =

2

2𝑛 + 𝜆

√︃
𝑛(𝑛 + 𝛼)(𝑛 + 𝛽)(𝑛 + 𝜆)

(2𝑛 + 𝜆− 1)(2𝑛 + 𝜆 + 1)
.

5. The Sobolev–Gegenbauer polynomials. If parameters 𝛼 and
𝛽 of the Jacobi polynomial are equal, then this polynomial is called ul-
trasphrerical polynomial. The special case of ultrasphrerical polynomials
when 𝛼 = 𝛽 = 𝛾 − 1

2
are Gegenbauer polynomials. The relation between

Gegenbauer and standartized Jacobi polynomials is established by the
following equality:

𝐶𝛾
𝑛(𝑥) =

Γ
(︀
𝛾 + 1

2

)︀
Γ (2𝛾)

Γ (𝑛 + 2𝛾)

Γ
(︀
𝑛 + 𝛾 + 1

2

)︀ 𝑃 𝛾− 1
2
,𝛾− 1

2
𝑛 (𝑥). (30)

Consider orthonormal Gegenbauer polynomials

𝐶𝛾
𝑛(𝑥) = 𝑝

𝛾− 1
2
,𝛾− 1

2
𝑛 (𝑥), 𝛾 > −1

2
, 𝑛 = 0, 1, 2, . . .

We can generate the new Sobolev orthogonal system from 𝐶𝛾
𝑛(𝑥):

𝐶𝛾
𝑟,𝑛(𝑥) = 𝑝

𝛾− 1
2
,𝛾− 1

2
𝑟,𝑛 (𝑥)

with the help of equalities (24) and (25).
Using (26) and (30), we can write the following for these polynomials:

𝐶𝛾
1,𝑛+1(𝑥) = 𝑝

𝛾− 1
2
,𝛾− 1

2
1,𝑛+1 (𝑥) =

2
(︁
ℎ
𝛾− 1

2
,𝛾− 1

2
𝑛

)︁− 1
2

𝑛 + 2𝛾 − 1

[︁
𝑃

𝛾− 3
2
,𝛾− 3

2
𝑛+1 (𝑥)−
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−𝑃
𝛾− 3

2
,𝛾− 3

2
𝑛+1 (−1)

]︁
=

Γ (𝛾 − 1)

21−𝛾

√︃
(𝑛 + 𝛾)𝑛!

2𝜋Γ (𝑛 + 2𝛾)

[︀
𝐶𝛾−1

𝑛+1(𝑥) − 𝐶𝛾−1
𝑛+1(−1)

]︀
.

This formula is suitable for the case when 𝛾 > 1
2
. On the other hand, from

(27) and, once again, (30) we get

𝐶𝛾
1,𝑛+1(𝑥) =

(︁
ℎ
𝛾− 1

2
,𝛾− 1

2
𝑛

)︁− 1
2

𝑛 + 2𝛾 − 1

2(𝑛 + 2𝛾)

2𝑛 + 2𝛾 + 1

[︁
𝑃

𝛾− 1
2
,𝛾− 1

2
𝑛+1 (𝑥)−

− 𝑃
𝛾− 1

2
,𝛾− 1

2
𝑛+1 (−1) − 2𝑛 + 2𝛾 + 1

2(𝑛 + 2𝛾)

(︁
𝑥𝑃

𝛾− 1
2
,𝛾− 1

2
𝑛 (𝑥) + 𝑃

𝛾− 1
2
,𝛾− 1

2
𝑛 (−1)

)︁]︁
=

=
2𝛾 Γ

(︁
𝛾
)︁√︀

(𝑛 + 𝛾)𝑛!

(𝑛+2𝛾−1)
√︀

2𝜋Γ (𝑛 + 2𝛾)
[𝐶𝛾

𝑛+1(𝑥)−𝑥𝐶𝛾
𝑛(𝑥)−𝐶𝛾

𝑛+1(−1)−𝐶𝛾
𝑛(−1)].

From these two equalities and Theorem 2, we conclude

Corollary 1. For the Sobolev–Gegenbauer polynomials {𝐶𝛾
𝑟,𝑛} (𝑟 ≥ 1),

when 𝛾 > −1
2
, the following recurrence relations hold:

𝐶𝛾
𝑟,0(𝑥) = 1, 𝐶𝛾

𝑟,𝑛(𝑥) =
𝑥 + 1

𝑛
𝐶𝛾

𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝐶𝛾
0,0(𝑥) =

1√︁
ℎ
𝛾− 1

2
,𝛾− 1

2
0

=

√︃
Γ(𝛾 + 1)√
𝜋Γ(𝛾 + 1

2
)
, 𝐶𝛾

𝑟,𝑟(𝑥) =
𝑥 + 1

𝑟
𝐶𝛾

𝑟−1,𝑟−1(𝑥);

𝐶𝛾
1,𝑛+1(𝑥) = 2𝛾−1 Γ (𝛾 − 1)

√︃
(𝑛 + 𝛾)𝑛!

2𝜋Γ (𝑛 + 2𝛾)

[︀
𝐶𝛾−1

𝑛+1(𝑥) − 𝐶𝛾−1
𝑛+1(−1)

]︀
=

=
2𝛾 Γ (𝛾)

√︀
(𝑛 + 𝛾)𝑛!

(𝑛 + 2𝛾 − 1)
√︀

2𝜋Γ (𝑛 + 2𝛾)

[︀
𝐶𝛾

𝑛+1(𝑥) − 𝑥𝐶𝛾
𝑛(𝑥)−

−𝐶𝛾
𝑛+1(−1) − 𝐶𝛾

𝑛(−1)
]︀
, 𝑛 = 1, 2, . . . ;

𝑟𝐶𝛾
𝑟+1,𝑟+𝑛(𝑥) = 𝑥𝐶𝛾

𝑟,𝑟+𝑛−1(𝑥) −𝐵𝛾
𝑛−1𝐶

𝛾
𝑟,𝑟+𝑛−2(𝑥) −𝐵𝛾

𝑛𝐶
𝛾
𝑟,𝑟+𝑛(𝑥), 𝑛 ≥ 2,

where

𝐵𝛾
𝑛 =

√︃
𝑛(𝑛 + 2𝛾 − 1)

4(𝑛 + 𝛾 − 1)(𝑛 + 𝛾)
.
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6. The Sobolev–Legendre polynomials. In case when parameters
𝛼 = 𝛽 = 0, the Jacobi polynomials become the well-known Legendre
polynomials 𝑃𝑛(𝑥). Using the orthonormal Legendre polynomials

𝑃𝑛(𝑥) = 𝑝0,0𝑛 (𝑥), 𝑛 = 0, 1, 2, . . . ,

we generate the Sobolev–Legendre polynomials

𝑝𝑟,𝑛(𝑥) = 𝑝0,0𝑟,𝑛(𝑥).

From (28) for 𝑟 = 1, we have

𝑝1,𝑛+1(𝑥) =
𝑝−1,−1
𝑛+1 (𝑥)√︀
𝑛(𝑛 + 1)

=

√︀
2(2𝑛 + 1)

𝑛
𝑃−1,−1
𝑛+1 (𝑥), 𝑛 = 1, 2, . . . .

Using (18), we rewrite

𝑝1,𝑛+1(𝑥) =

√
2𝑛 + 1

2𝑛
√

2
(𝑥2 − 1)𝑃 1,1

𝑛−1(𝑥), 𝑛 = 1, 2, . . . .

Then, from this equality and from Theorem 2, we get

Corollary 2. For the Sobolev–Legendre polynomials 𝑝𝑟,𝑛(𝑥) (𝑟 ≥ 1),
the following recurrence relations hold:

𝑝𝑟,0(𝑥) = 1, 𝑝𝑟,𝑛(𝑥) =
𝑥 + 1

𝑛
𝑝𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝑝𝑟,𝑟(𝑥) =
1√︁
ℎ0,0
0

=
1√
2
, 𝑝𝑟,𝑟(𝑥) =

𝑥 + 1

𝑟
𝑝𝑟−1,𝑟−1(𝑥);

𝑝1,𝑛+1(𝑥) =

√
2𝑛 + 1

2𝑛
√

2
(𝑥2 − 1)𝑃 1,1

𝑛−1(𝑥), 𝑛 = 1, 2, . . . ;

𝑟 𝑝𝑟+1,𝑟+𝑛(𝑥) = 𝑥 𝑝𝑟,𝑟+𝑛−1(𝑥) −𝐵
1
2
𝑛−1𝑝𝑟,𝑟+𝑛−2(𝑥) −𝐵

1
2
𝑛 𝑝𝑟,𝑟+𝑛(𝑥), 𝑛 ≥ 2,

where
𝐵

1
2
𝑛 =

𝑛√
4𝑛2 − 1

.

7. The Sobolev–Chebyshev polynomials. The next two impor-
tant special cases of the Jacobi polynomials are the Chebyshev polynomi-
als of the first and the second kind.
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1. Orthonormal Chebyshev polynomials of the first kind can be written
in trigonometric form as follows:

𝑇0 =
1√
𝜋
, 𝑇𝑛(𝑥) =

√︂
2

𝜋
cos𝑛 arccos(𝑥), 𝑛 = 1, 2, . . .

These polynomials are orthonormal on [−1, 1] with the weight function
1√

1−𝑥2 , so

𝑇𝑛(𝑥) = 𝑝
− 1

2
,− 1

2
𝑛 (𝑥).

Then Sobolev–Chebyshev polynomials of the first kind will be

𝑇𝑟,𝑛(𝑥) =
(𝑥 + 1)𝑛

𝑛!
, 𝑛 = 0, 1, . . . , 𝑟 − 1; 𝑇𝑟,𝑟(𝑥) =

(𝑥 + 1)𝑟

𝑟!
√
𝜋

;

𝑇𝑟,𝑟+𝑛(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
−1

(𝑥− 𝑡)𝑟−1 𝑇𝑛(𝑡)𝑑𝑡, 𝑛 = 1, 2, . . .

In the work [18] by Sharapudinov I. I., the asymptotic formula and some
other properties of the modified Sobolev–Chebyshev polynomials of the
first kind were considered (orthonormal with the weight function 2

𝜋
√
1−𝑥2 ).

In particular, the recurrence relations for the case 𝑟 = 1 were obtained.
We will use them here, transforming for our case:

𝑇1,𝑛+1(𝑥) =
𝑇𝑛+1(𝑥)

2(𝑛 + 1)
− 𝑇𝑛−1(𝑥)

2(𝑛− 1)
− (−1)𝑛

𝑛2 − 1
, 𝑛 ≥ 2;

𝑇1,0(𝑥) = 1, 𝑇1,1(𝑥) =
𝑥 + 1√

𝜋
, 𝑇1,2(𝑥) =

𝑥2 − 1√
2𝜋

.

Then, from Theorem 2 we get

Corollary 3. For the Sobolev–Chebyshev polynomials of the first kind
𝑇𝑟,𝑛(𝑥) (𝑟 ≥ 1) the following recurrence relations hold:

𝑇𝑟,0(𝑥) = 1, 𝑇𝑟,𝑛(𝑥) =
𝑥 + 1

𝑛
𝑇𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝑇0,0(𝑥) = 𝑇0 =
1√
𝜋
, 𝑇𝑟,𝑟(𝑥) =

(𝑥 + 1)

𝑟
𝑇𝑟−1,𝑟−1(𝑥);

𝑇1,0(𝑥) = 1, 𝑇1,1(𝑥) =
𝑥 + 1√

𝜋
, 𝑇1,2(𝑥) =

𝑥2 − 1√
2𝜋

,
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𝑇1,𝑛+1(𝑥) =
𝑇𝑛+1(𝑥)

2(𝑛 + 1)
− 𝑇𝑛−1(𝑥)

2(𝑛− 1)
− (−1)𝑛

𝑛2 − 1
, 𝑛 ≥ 2;

𝑇𝑟+1,𝑟+𝑛(𝑥) =
𝑥

𝑟
𝑇𝑟,𝑟+𝑛−1(𝑥) − 1

2𝑟

[︁
𝑇𝑟,𝑟+𝑛−2(𝑥) + 𝑇𝑟,𝑟+𝑛(𝑥)

]︁
, 𝑛 ≥ 2.

2. Classical Chebyshev polynomials of the second kind can be written
in trigonometric form as follows:

𝑈𝑛(𝑥) =
sin (𝑛 + 1) arccos𝑥

sin arccos𝑥
, 𝑛 = 0, 1, 2, . . .

It is easy to show that
1∫︁

−1

𝑈𝑛(𝑥)𝑈𝑚(𝑥)
√

1 − 𝑥2𝑑𝑥 =
𝜋

2
𝛿𝑛𝑚.

Hence, orthonormal Chebyshev polynomials of the second kind are

̂︀𝑈𝑛(𝑥) =

√︂
2

𝜋
𝑈𝑛(𝑥) = 𝑝

1
2
, 1
2

𝑛 (𝑥).

Sobolev – Chebyshev polynomials of the second kind are of the follow-
ing form:

𝑈𝑟,𝑛(𝑥) =
(𝑥 + 1)𝑛

𝑛!
, 𝑛 = 0, 1, . . . , 𝑟 − 1,

𝑈𝑟,𝑟+𝑛(𝑥) =

√︀
2/𝜋

(𝑟 − 1)!

𝑥∫︁
−1

(𝑥− 𝑡)𝑟−1𝑈𝑛(𝑡)𝑑𝑡, 𝑛 = 0, 1, . . . . (31)

By its definition, we have 𝑈1,0(𝑥) = 1; and from (31) we get

𝑈1,1(𝑥) =

√︂
2

𝜋
(𝑥 + 1), 𝑈1,2(𝑥) =

√︂
2

𝜋
(𝑥2 − 1).

Using the following well-known properties of Chebyshev polynomials:∫︁
𝑈𝑛(𝑡)𝑑𝑡 =

𝑇𝑛+1(𝑡)

𝑛 + 1
, 𝑇𝑛(−1) = (−1)𝑛,

from (31) we also deduce

𝑈1,𝑛(𝑥) =
1

𝑛

√︂
2

𝜋
[𝑇𝑛(𝑥) − (−1)𝑛] .
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With the help of these equalities, we derive the next statement from
Theorem 2:

Corollary 4. For the Sobolev–Chebyshev polynomials of the second
kind 𝑈𝑟,𝑛(𝑥) (𝑟 ≥ 1) the following recurrence relations hold:

𝑈𝑟,0(𝑥) = 1, 𝑈𝑟,𝑛(𝑥) =
𝑥 + 1

𝑛
𝑈𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝑈0,0(𝑥) = �̂�0 =

√︂
2

𝜋
, 𝑈𝑟,𝑟(𝑥) =

𝑥 + 1

𝑟
𝑈𝑟−1,𝑟−1(𝑥);

𝑈1,0(𝑥) = 1, 𝑈1,1(𝑥) =

√︂
2

𝜋
(𝑥 + 1), 𝑈1,2(𝑥) =

√︂
2

𝜋

(︀
𝑥2 − 1

)︀
,

𝑈1,𝑛(𝑥) =
1

𝑛

√︂
2

𝜋
[𝑇𝑛(𝑥) − (−1)𝑛] , 𝑛 ≥ 3;

𝑈𝑟+1,𝑟+𝑛(𝑥) =
𝑥

𝑟
𝑈𝑟,𝑟+𝑛−1(𝑥) − 1

2𝑟
[𝑈𝑟,𝑟+𝑛(𝑥) + 𝑈𝑟,𝑟+𝑛−2(𝑥)] , 𝑛 ≥ 2.

8. Some information about the Hermite polynomials. The
standardized Hermite (or Chebyshev –Hermite) polynomials are deter-
mined using the following Rodrigues formula (see [23], [24]):

𝐻𝑛(𝑥) = (−1)𝑛𝑒𝑥
2 𝑑𝑛

𝑑𝑥𝑛

{︁
𝑒−𝑥2

}︁
, 𝑛 = 0, 1, 2, . . . . (32)

These polynomials are orthogonal with the even weight function
ℎ(𝑡) = 𝑒−𝑡2 , defined on the whole real axis; namely:

∞∫︁
−∞

𝐻𝑛(𝑡)𝐻𝑚(𝑡)ℎ(𝑡)𝑑𝑡 = 𝛿𝑛𝑚 2𝑛𝑛!
√
𝜋.

Therefore, ̂︀𝐻𝑛(𝑡) =
𝐻𝑛(𝑡)√︀
2𝑛𝑛!

√
𝜋
, 𝑛 = 0, 1, 2, . . . ,

are orthonormal Hermite polynomials.
The three-term recurrence relation for Hermite polynomials has the

following form:
𝐻0(𝑥) = 1, 𝐻1(𝑥) = 2𝑥,

𝐻𝑛(𝑥) = 2𝑥𝐻𝑛−1(𝑥) − 2(𝑛− 1)𝐻𝑛−2(𝑥), 𝑛 ≥ 2.
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Hence for orthonormal polynomials we havê︀𝐻0(𝑥) = 𝜋−1/4, ̂︀𝐻1(𝑥) = 𝑥
√

2𝜋−1/4,

̂︀𝐻𝑛(𝑥) = 𝑥 ̂︀𝐻𝑛−1(𝑥)

√︂
2

𝑛
− ̂︀𝐻𝑛−2(𝑥)

√︂
𝑛− 1

𝑛
, 𝑛 ≥ 2. (33)

We will also need the following properties of the Hermite polynomi-
als (see [23]):

𝐻 ′
𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥); (34)

𝐻2𝑛(0) = (−1)𝑛
(2𝑛)!

𝑛!
, 𝐻2𝑛+1(0) = 0. (35)

9. The Sobolev–Hermite polynomials. The following Sobolev–
Hermite polynomials were considered in the work [19]:

ℎ𝑟,𝑛(𝑥) =
𝑥𝑛

𝑛!
, 𝑛 = 0, 1, . . . , 𝑟 − 1,

ℎ𝑟,𝑟+𝑛(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
0

(𝑥− 𝑡)𝑟−1�̂�𝑛(𝑡)𝑑𝑡, 𝑛 = 0, 1, . . .

It has been shown, that these polynomials form the complete system
in the Sobolev space 𝑊 𝑟

𝐿2
ℎ(R)

and are orthonormal with respect to the
following inner product:

⟨𝑓, 𝑔⟩ =
𝑟−1∑︁
𝜈=0

𝑓 (𝜈)(0)𝑔(𝜈)(0) +

∫︁
R

𝑓 (𝑟)(𝑡)𝑔(𝑟)(𝑡)ℎ(𝑡)𝑑𝑡.

Let us consider recurrence relations for Sobolev–Hermite polynomials.
1. Using (34), we have, for the case 𝑟 = 1:

ℎ1,𝑛+1(𝑥) =

𝑥∫︁
0

�̂�𝑛(𝑡)𝑑𝑡 =
1√︀

2𝑛𝑛!
√
𝜋

𝑥∫︁
0

1

2(𝑛 + 1)
𝐻 ′

𝑛+1(𝑡)𝑑𝑡 =

=
𝐻𝑛+1(𝑥) −𝐻𝑛+1(0)√︀

2𝑛+2(𝑛 + 1)!
√
𝜋(𝑛 + 1)

.

If 𝑛 is even (𝑛 = 2𝑚), this equation is simplified, with the help of (35), to

ℎ1,2𝑚+1(𝑥) =
𝐻2𝑚+1(𝑥)

2𝑚+1(2𝑚 + 1)
√︀

(2𝑚)!
√
𝜋
, 𝑚 = 0, 1, . . . ,
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while for odd 𝑛 = 2𝑚 + 1 we get

ℎ1,2𝑚+2(𝑥) =
𝐻2𝑚+2(𝑥) + (−1)𝑚 (2𝑚+2)!

(𝑚+1)!

2𝑚+2(𝑚 + 1)
√︀

2(2𝑚 + 1)!
√
𝜋
, 𝑚 = 0, 1, . . . .

2. For the case 𝑟 ≥ 2, we use Theorem 1 and deduce:

𝐴𝑛𝑟ℎ𝑟+1,𝑟+𝑛(𝑥) = (𝐴𝑛𝑥 + �̃�𝑛)ℎ𝑟,𝑟+𝑛−1(𝑥)+

+𝐶𝑛ℎ𝑟,𝑟+𝑛−2(𝑥) − ℎ𝑟,𝑟+𝑛(𝑥), 𝑟 ≥ 1, 𝑛 ≥ 2,

where 𝐴𝑛, �̃�𝑛 and 𝐶𝑛 are given by recurrence relation (33); hence

𝑟ℎ𝑟+1,𝑟+𝑛(𝑥) = 𝑥ℎ𝑟,𝑟+𝑛−1(𝑥)−

−
√︂

𝑛− 1

2
ℎ𝑟,𝑟+𝑛−2(𝑥) −

√︂
𝑛

2
ℎ𝑟,𝑟+𝑛(𝑥), 𝑟 ≥ 1, 𝑛 ≥ 2.

Collecting all the formulas together, we get the following from Theorem 1:

Theorem 3. For the Sobolev–Hermite polynomials ℎ𝑟,𝑛(𝑥) (𝑟 ≥ 1) the
following recurrence relations hold:

ℎ𝑟,0(𝑥) = 1, ℎ𝑟,𝑛(𝑥) =
𝑥

𝑛
ℎ𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

ℎ0,0(𝑥) = �̂�0 = 𝜋−1/4, ℎ𝑟,𝑟(𝑥) =
𝑥

𝑟
ℎ𝑟−1,𝑟−1(𝑥);

ℎ1,2𝑚(𝑥) =
1

2𝑚+1
√︀

𝑚(2𝑚)!
√
𝜋

[︂
𝐻2𝑚(𝑥) − (−1)𝑚

(2𝑚)!

𝑚!

]︂
, 𝑚 = 1, 2, . . . ,

ℎ1,2𝑚+1(𝑥) =
𝐻2𝑚+1(𝑥)

2𝑚+1(2𝑚 + 1)
√︀

(2𝑚)!
√
𝜋
, 𝑚 = 1, 2, . . . ;

ℎ𝑟+1,𝑟+𝑛(𝑥) =
𝑥

𝑟
ℎ𝑟,𝑟+𝑛−1(𝑥) −

√︂
𝑛− 1

2𝑟
ℎ𝑟,𝑟+𝑛−2(𝑥) −

√︂
𝑛

2𝑟
ℎ𝑟,𝑟+𝑛(𝑥), 𝑛 ≥ 2.

10. The Sobolev–Laguerre polynomials. The Laguerre polyno-
mials can be defined using the Rodrigues formula (see [23], [24]):

𝐿𝛼
𝑛(𝑥) =

1

𝑛!
𝑥−𝛼𝑒𝑥

𝑑𝑛

𝑑𝑥𝑛

{︀
𝑥𝑛+𝛼𝑒−𝑥

}︀
. (36)
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When 𝛼 > −1, these polynomials are orthogonal with respect to the
following inner product:

∞∫︁
0

𝐿𝛼
𝑛(𝑡)𝐿𝛼

𝑚(𝑡) 𝑡𝛼𝑒−𝑡𝑑𝑡 = 𝛿𝑛𝑚

(︂
𝑛 + 𝛼

𝑛

)︂
Γ(𝛼 + 1).

We denote by 𝑙𝛼𝑛(𝑥) the orthonormal version of these polynomials.
Now, we can generate (see [19]) the new system

𝑙𝛼𝑟,𝑛(𝑥) =
𝑥𝑛

𝑛!
, 𝑛 = 0, 1, . . . , 𝑟 − 1,

𝑙𝛼𝑟,𝑟+𝑛(𝑥) =
1

(𝑟 − 1)!

𝑥∫︁
0

(𝑥− 𝑡)𝑟−1𝑙𝛼𝑛(𝑡)𝑑𝑡, 𝑛 = 0, 1, . . . ,

which is complete in the Sobolev space 𝑊 𝑟
𝐿2
𝜌(0,∞) and orthonormal with

respect the Sobolev-type inner product

⟨𝑓, 𝑔⟩ =
𝑟−1∑︁
𝜈=0

𝑓 (𝜈)(0)𝑔(𝜈)(0) +

∞∫︁
0

𝑓 (𝑟)(𝑡)𝑔(𝑟)(𝑡) 𝜌(𝑡)𝑑𝑡,

where 𝜌 = 𝜌(𝑡) = 𝑡𝛼𝑒−𝑡.
The following recurrence relations were established in [6]:

Theorem B For the Sobolev–Laguerre polynomials 𝑙𝛼𝑟,𝑛(𝑥) (𝑟 ≥ 1), when
𝛼 > −1, the following recurrence relations hold:

𝑙𝛼𝑟,0(𝑥) = 1, 𝑙𝛼𝑟,𝑛(𝑥) =
𝑥

𝑛
𝑙𝛼𝑟,𝑛−1(𝑥), 1 ≤ 𝑛 ≤ 𝑟 − 1;

𝑙𝛼0,0(𝑥) = 𝑙𝛼0 =
1√︀

Γ(𝛼 + 1)
, 𝑙𝛼𝑟,𝑟(𝑥) =

𝑥

𝑟
𝑙𝛼𝑟−1,𝑟−1(𝑥);

𝑙𝛼1,𝑛+1(𝑥) =

−
√︂

𝑛 + 𝛼 + 1

𝑛 + 1
𝑙𝛼𝑛+1(𝑥)+𝑙𝛼𝑛(𝑥)+

√︂
𝑛 + 𝛼 + 1

𝑛 + 1
𝑙𝛼𝑛+1(0)−𝑙𝛼𝑛(0), 𝑛 ≥ 1; (37)

𝑏𝛼𝑛𝑟 𝑙
𝛼
𝑟+1,𝑟+𝑛(𝑥) =

𝑙𝛼𝑟,𝑟+𝑛(𝑥) + [𝑏𝛼𝑛𝑥− 𝑎𝛼𝑛] 𝑙𝛼𝑟,𝑟+𝑛−1(𝑥) + 𝑐𝛼𝑛𝑙
𝛼
𝑟,𝑟+𝑛−2(𝑥), 𝑛 ≥ 2, (38)

where

𝑎𝛼𝑛 =
2𝑛 + 𝛼− 1√︀
𝑛(𝑛 + 𝛼)

, 𝑏𝛼𝑛 =
1√︀

𝑛(𝑛 + 𝛼)
, 𝑐𝛼𝑛 =

√︃
(𝑛− 1)(𝑛 + 𝛼− 1)

𝑛(𝑛 + 𝛼)
.
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Remark. Equations (37) and (38) can also be represented as follows:

𝑙𝛼1,𝑛+1(𝑥) = 𝑙𝛼𝑛(𝑥) −
√︂

𝑛 + 𝛼 + 1

𝑛 + 1
𝑙𝛼𝑛+1(𝑥) +

(︂
𝑛 + 𝛼

𝑛

)︂ [︃(︂
𝑛 + 𝛼 + 1

𝑛 + 1

)︂ 3
2

− 1

]︃
for 𝑛 ≥ 1;

𝑟 𝑙𝛼𝑟+1,𝑟+𝑛(𝑥) = �̃�𝛼𝑛𝑙
𝛼
𝑟,𝑟+𝑛(𝑥) +

[︁
𝑥− �̃�𝛼𝑛

]︁
𝑙𝛼𝑟,𝑟+𝑛−1(𝑥) + �̃�𝛼𝑛−1𝑙

𝛼
𝑟,𝑟+𝑛−2(𝑥)

for 𝑛 ≥ 2, where

�̃�𝛼𝑛 =
√︀

𝑛(𝑛 + 𝛼), �̃�𝛼𝑛 = 2𝑛 + 𝛼− 1.
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[16] Pérez T. E., Piñar M. A. and Xu Y. Weighted Sobolev orthogonal polyno-
mials on the unit ball. Int. Math. Res. Notice, 2013, no. 13, pp. 3087–3131.
J. Approx. Theory, 2013, vol. 171, pp. 84–104.
DOI: https://doi.org/10.1016/j.jat.2013.03.004

https://doi.org/10.1007/s00365-004-0578-1
 https://doi.org/10.1016/0021-9045(91)90100-O
https://doi.org/10.1216/rmjm/1181071786
https://doi.org/10.1016/j.jmaa.2005.09.062
https://doi.org/10.1007/BF01294341
 https://doi.org/10.1016/0377-0427(93)90318-6
https://doi.org/10.2140/pjm.2012.257.167
https://doi.org/10.1016/j.exmath.2014.10.002
https://doi.org/10.1006/jath.1993.1029
https://doi.org/10.1016/j.jat.2013.03.004


118 M. S. Sultanakhmedov

[17] Ruiz H. D., Marcellán F., Molano A. Asymptotics of Sobolev orthogonal
polynomials for Hermite (1, 1)-coherent pairs. J. of Mathematical Analysis
and Applications, 2018, vol. 467, iss. 1, pp. 601–621.
DOI: https://doi.org/10.1016/j.jmaa.2018.06.075

[18] Sharapudinov I. I. Asymptotic properties of polynomials, orthogonal in
Sobolev sense and associated with the Jacobi polynomials. Daghestan Elec-
tronic Mathematical Reports, 2016, vol. 6, pp. 1–24.
DOI: https://doi.org/10.31029/demr.6.1

[19] Sharapudinov I. I., Gadzhieva Z. D., Gadzhimirzaev R. M. Systems of
functions orthogonal with respect to scalar products of Sobolev type with
discrete masses generated by classical orthogonal systems. Daghestan Elec-
tronic Mathematical Reports, 2016, vol. 6, pp. 31–60.
DOI: https://doi.org/10.31029/demr.6.3

[20] Sharapudinov I. I. Special series in Laguerre polynomials and their approx-
imation properties. Sib. Math. J., 2017, vol 58, pp. 338–362.
DOI: https://doi.org/10.1134/S0037446617020173

[21] Sharapudinov I. I. Sobolev-orthogonal systems of functions associated
with an orthogonal system. Izvestiya: Mathematics, 2018, vol. 82:1,
pp. 212–244. DOI: http://dx.doi.org/10.1070/IM8536

[22] Sharapudinov I. I. Sobolev-orthogonal systems of functions and some of
their applications. Russian Math. Surveys, 2019, vol. 74:4, pp. 659–733.
DOI: https://doi.org/10.4213/rm9846

[23] Suetin P.K. Classic orthogonal polynomials. M.: Fizmatlit, 2005, 480 p.
[24] Szego G. Orthogonal Polynomials. AMS Colloq. Publ, 1939, vol. 23.

DOI: https://doi.org/10.1090/coll/023

Received November 26, 2019.
In revised form, April 19, 2020.
Accepted May 02, 2020.
Published online May 20, 2020.

Dagestan Federal Research Center of RAS
45, M.Gadzhieva st., Makhachkala, 367000, Russia
E-mail: Sultanakhmedov@gmail.com

https://doi.org/10.1016/j.jmaa.2018.06.075
 https://doi.org/10.31029/demr.6.1
https://doi.org/10.31029/demr.6.3
https://doi.org/10.1134/S0037446617020173
http://dx.doi.org/10.1070/IM8536
https://doi.org/10.4213/rm9846
https://doi.org/10.1090/coll/023



