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AN INTEGRAL ESTIMATE FOR AN OPERATOR
PRESERVING INEQUALITIES BETWEEN POLYNOMIALS

Abstract. Let P, be the class of polynomials of degree at most
n. Rahman introduced a class B,, of operators B that map P,, into
itself. In this paper we prove some results concerning the integral
estimates of such operators and, thereby, obtain generalizations, as
well as improvements, of some well known L, inequalities.
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1. Introduction. Let P, be the class of polynomials P(z) := Z a;z’

of degree at most n with complex coefficients, and P’(z) be its derlvatlve.
Let B be a linear operator mapping polynomials from P, to polynomials
in P,. We say that B is a B,-operator if for every polynomial P of
degree n having all its zeros in the closed unit disk, B[P] has all its zeros
in the closed unit disk. Rahman [10] (see also Rahman and Schmeisser
[11, Lemma 14.5.7|) introduced this class B,, of operators B and observed
that if Ay, A1, and Ay are such that

|
)\0 + O(Tl, 1))\12 + C(TL, 2))\222 7£ O, C(n, 7’) = ﬁ

for Re(z) > %, then the operator B, which maps a polynomial P of degree
at most n to the polynomial

BIPI() = doP(e) + 0 (2) L 4, () 21
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is a B,-operator. This can also be deduced from a result of
Marden [9, Corollary 18.3]. Concerning this class of operators, Rah-
man [10] observed:

|BIP]| < MIB[E,]|, [+ >1, (1)

whenever
|P| < M, |Z| =1,
where |B[P]| = |B[P(2)]| and E,(z) = z".
The famous Bernstein inequality [5] is: for every P € P,

max | P'(z)] < n max|P(2)]; (2)

it is a special case of Inequality (1) and follows from it with a suitable
choice of \;, 2 =0,1,2.
As an improvement of Inequality (1), Shah and Liman [14] proved:
Theorem A.If P € P, and P(z) # 0 in |2| < 1, then, for |z| > 1,

IBIP) < 5 [{IBIE 20l max | P(2) — {| BB -l min P, ()

where E,(z) := 2"

The result of Erdés-Lax [8], Ankeny-Rivlin 2], and Aziz-Dawood [3|
follows from Inequality (3) with a suitable choice of A;,i =0, 1,2 (see for
reference [14]). For every f € P, from now onwards we write:

1 _ v
L, norm of f = ||f|l, = {%/|f(e’0)|pd0} , 1 < p < oo, whereas
0

27 1
1 . g
Ly mean nomm of f = 1 = {5 [ IfePas}’, 0 < p < oo, and
T
0

[[flloe = maxiz=1 [ f(2)].

Concerning the integral mean inequalities for polynomials, there exists
several results proved recently. In this direction, the interested readers
may see [16], [13]. In particular, in connection to L, norm of a B-operator,
Shah and Liman [15] (see also [17]) proved the following:

Theorem B. If P € P, be such that P(z) # 0 in |z| < 1, then for
every R>1landp>1,

|BIEW(R )]+ Ao
11+ Enlly

IBIPI(R ), < ‘||P lp, 12l =1, (4)
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where B € B, and E,(z) := 2".

Recently Rather and Shah [12] obtained the following result and showed
that Theorem B is valid for 0 < p < 1 as well.

Theorem C. Let P € P, and P(z) # 0 in |z| < 1, then for every
R>1,0<p< o0,

| R" Az =+ Ao ||
I BIPI(R ) I, <
: 14215

*
=P

where B € B,, and A := )y + )\1%2 X )\2n3(g_1).
In this paper, we extend Theorem A to the L, mean norm and, thereby,

obtain a refinement of Theorem C. In fact, we prove:

Theorem 1. If P € P,, and P(z) does not vanish in |z| < 1, then, for
every f € C with |f] <1, R> 1, and 0 < p < o0,

Rn/\zn_|)\0‘ ||RnAZn+)\o||*
BIP)(R )+ [ ———— y < 1P, (5
Ip(PI(R ) + (AR gy < B,
where
2 3
-1
B € By m:=min|P() and A= AOH%HZ%. (6)

The result is sharp and the extremal polynomial is P(z) = 2" + 1.
If we make p — oo in (5), we get the following sharp result:

Corollary 1. If P(z) is a polynomial of degree n, which does not vanish
in |z| <1, then, for |z| =1,

IBIPIR e < 5{ (R A+ DD PGl = (R AL Pabm b, ()

where B, A, and m are defined in (6).

The following result, which is an improvement of Theorem B, follows
from Theorem 1 by using the triangle inequality.

Corollary 2. If P € P, and P(z) does not vanish in |z| < 1, then for

every f € C with || <1, R>1and0 < p < oo,

R"A 2" — ’)\0’
2

R A T+ [l
1Pl (8)
11+ =I5 :

P ) + )l <
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where B € B,,, A and m are defined in (6).

The result is sharp and the equality holds for the polynomial P(z) =
=z2" 4+ 1.

Corollary 2 also shows that Theorem A is valid for 0 < p < 1 as well.
Substituting for B[P](z) and assuming that A;, ¢ = 0, 1,2, are same for all
polynomials P(z), we obtain from inequality (5):

P'(R P"(Rz
‘H% (Rz) + M (2 MLJFQ+A(2)RQ ;)}+
2 3 *
e R R
(Mo + A% 4+ M=y Rrgn 4 |15

=PI (9)

h H1+2M
Suppose that Ay = 0 = A\, which is possible, as in this case it is easy to
see that

Mo+ C(n, DAz +CO(n,2)A2* #0 for  Re(z) > %
We get from (9) the following refinement of a result earlier proved by Boas
and Rahman [6] for p > 1 and Rahman and Schemessier [11] for 0 < p < 1.

Corollary 3. If P € P, and P(z) does not vanish in |z| < 1, then for
every f € C with |f]| <1, R>1and 0 < p < o0,

R — 1 |R"2" + 12
P(Rz) + ———m|8||f < ———2
I P(Re) + =55l < =

where m = miny,— |P(2)].

Again, assuming that \g = Ay = 0, which is also possible, we get the
following refinement of de Brujin’s theorem [7]| for p > 1 and a result of
Arestov [1] for 0 < p < 0.

Corollary 4. If P € P, and P(z) does not vanish in |z| < 1, then for
every f € C with |5 <1, R>1and 0 < p < o0,

12P"(2) + nmpl|,

n
< Pl

I P

Remark 1. Similarly, if we choose 5 and \; = 0, 1,2 suitably in Corol-
lary 2, many known polynomial inequalities can be obtained by a fairly
uniform procedure.
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Remark 2. Apparently it seems that Theorem 1 follows from a result
earlier proved by Wali and Liman [16]. But the parameter of z" in this
theorem makes it different and more interesting. The comparison between
the two is also obvious by the corollaries deduced and the lemmas used in
the two papers, besides the methods used to prove the various results.

2. Lemmas. For the proof of the theorem, we need the following
Lemmas. The first Lemma follows from [9, Corollary 18.3]:

Lemma 1. Ifall the zeros of a polynomial P(z) of degree n lie in a circle
|z| < 1, then all the zeros of the polynomial B[P|(z) also lie in |z| < 1.

The next Lemma we require is due to Aziz and Shah [4].

Lemma 2. If L, M, N are non-negative real numbers, such that
M + N < L, then for every real number «

(L — N)+ (M + N)| < |L+e“M|.
Lemma 3. IfP € P, and P(z) #0 in |z| < 1, then for |z| > 1,
IBIP]| < |BIP).
where B € B,, and P*(z) := z”@

The above lemma is due to Shah and Liman [14, Lemma 2.2].

Lemma 4. If P € P, and P*(z) := z"P(%), then we have

|BIP*|(Rz)| = |B(IP*](R2))"| == [(B[P*](R2))"|, for |2| = 1.

Proof. For P € P,, we have P*(Rz) = R"2"P (). This gives
B[P*|(Rz) = B[P*(Rz)] =
= MR"2"P(1/Rz) + A (%) {nR”z"_lP(l JRZ) — R"'2"*P'(1 /RZ)} +

2
+ % (%) [n(n —1)R"2"?P(1/Rz) — 2(n — 1)R" 12" 3 P'(1/Rz)+
2 3 _ .
4 Rr2nipi(] /RZ)} — ()\0 n %)\1 n %DAQ)R%”PO TRZ)—
2 . 2
—{@A1+MA2}R”12”1P/(1 /R2)+%)\2R"’22”’2P”(1 RZ).

2 4
(10)
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Also,
(BIP'|(R2) = = BIPERR)] = (o 3t =5 B ) -
- {gx + %E}Rnlzp’@/}z) + %)TQR"’%QP”(z/R). (11)

From (10), (11) it follows that |B[P*|(Rz)|=|(B[P*|(Rz))*| for |z|=1. O
Lemma 5. If P € P,, then for every p > 0,R > 1 and 0 < a < 2,

/ / | B[P](Re™) + ¢'(B[P*](Re™))*[Pdfdo <

2 27
< / |R™ A €™ 4 X\o|Pda / |P(e)|Pds,
0 0

where B and A are defined in (6).

The above Lemma is due to Rather and Shah [12, Lemma 6].

3. Proof of the Theorem 1. If P(z) has a zero on |z| = 1, then
m = minp,— |P(z)] = 0 and the result follows from Theorem B. We
suppose that P(z) has no zeros on |z| = 1, so that m > 0, and we have
|mpBz"| < |P(z)| for |z| =1 for any g with |3| < 1. By Rouche’s theorem,
the polynomial F(z) = P(z) + fmz" has all its zeros in |z| > 1. By
Lemma 3, we have

|BIF](2)] < [B[F"](2)] for [2] > 1,

where F*(z) = z"F(2). In particular, for every R > 1 we have
BIP(R2) + BmR"=" | < |B [P*(R2) + ] |. (12)
Since P(z) and 2" are of same degree and B is linear in this case,
B[P(Rz) + pmR"z"| = B[P](Rz) + fmB|E,(Rz)],
where [E,|(z) = 2". Also, it can be easily verified that

B[P*(Rz) + pm] = B[P*](Rz) + fmg
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for |z| = 1. Therefore, we have, from inequality (12),
| B[P(Rz) + mBB[E,)(Rz)| < |B[P*](Rz) + mBAo|, |2|=1.  (13)

Choosing the argument of § suitably in the left-hand side of (13) and
using the triangle inequality in the right-hand side, we get from (13):

|B[P](Rz)| 4+ m|B|| B|E,](R2)| < |B[P"](Rz)| + m|B]|Aol-
Equivalently,
|B[P|(R2)| < [B[P*](R2)| — m|BI{|B[E.)(R2)| — Mol }.  (14)

Since |B[E,|(Rz)| = R"| A| for |z| = 1, this gives

L e e (L (15)
<1BP YR - { =R g,

If we take L = |B[P*](R2)|, M = |B[P](Rz)| and N = { A “Ralyy 5|,
so that M + N < L — N < L and we get, by using Lemma 2, for every
real @ and |z| =1,

1B1P (e — {1 Pl
senBrpIRe) |+ { =Rl ] | < BipYRe) e 8P (21

This gives, for each p > 0, 0 < 0 < 27,

/|G(9) + e F(9)[Pdo < / ‘|B[P](Rei9)\ + €| B[P*](Re™)|| db, (16)
where N
F(9) = BLP)(Re")| + { L =10y
and

c(0) = |BlP R - { L =Pl g
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Integrating both sides of (16) with respect to o from 0 to 27w and then
using Lemma 3, we get

2w 27

[ [166)+ @i <

2m 27

< / / B[P](Re™)| + | B[P*|(Rei®)|| dbdar =

P
dfdox.

:/ / | BIP](Re™)| + ¢@|(B[P*](Re™))"|

Using Lemma 5, this gives for every real a and 0 < 6 < 27,
2 27 2 2
/ / IG(6) + e F(0)[Pdfda < / R™ A ™ + AolPdar / P(e)Pdd. (17)
00 0 0

Now, we know that for every real o and r > 1

|r + em| > |1+ em|.

This implies, for each p > 0,

2m 2w
/|7‘+€m|pda>/\l+em|pda (18)
0 0

Now, if F'(f) # 0, then from (15) for r:% > 1, we have, by using (18),

[166)+eF@raa=For [ ‘% t e

P
da =

21

p
da > |F(9)|p/\1—|—em|pdoz:
0

~[mtpiceny 4 {1 =0l g

2

p
/\1 + ePda. (19)
0
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Clearly, Inequality (19) is trivial in the case F'(6) = 0. Now, integrating
the two sides of (19) with respect to 6 and then using (17), we get

/‘ 0 +{R”|A|2— IAol}m

< /|R" A e + )\g|pda/ |P(e)|Pdb,

2
p
d9/|1—|—em]pda<

for every 5 with |5] < 1, R > 1, and p > 0, where A is defined by (6), «
is real, and 0 < # < 27. This, in particular, gives

/‘ PI(Re) {R”|A\2—|Ao|}m

2m
f |Rn A ela + )\O|pda 2
<2 o= |P(e)|Pdb.
11 +eepda o
0

p
do <

And this, in turn, gives the desired result.
For the equality case, note that for the polynomial P(z) = 2™ + 1,
m =0, and || 1 4+ 2" ||,=| 1 + 2 ||»; so that

I BIPJ(R.) + (B"Az" — |Xo|)m|B] |l,=

n? n%(n—1
:H ()\0+)\1?+)\2 ( 3 ))ann+>\0 ||p:
| R*AZ"™ 4+ Ao ||,
=|| R"AZ" + N\ ||,= P, .
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