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1. Introduction. The Chebyshev polynomials T, (x), U,(x), V,(x)
and W, (z), n > 0, of the first, second, third and fourth kinds are respec-
tively defined by the following formulas:

T, (cos @) = cos(nf), U,(cos@) = W
cos(n +1/2)6 sin(n 4+ 1/2)0
e ey M0 T iy

where x = cos 6, 6 € [0, 7]. (For more details see [9], [10]).
The resulting polynomials, T),(z), U,(x), V,(x) and W, (x) are multi-
1 1
ples of the Jacobi polynomials. In fact, T, (z) = P 2)(x), Un(x) =
= PP (), Vi(z) = P72 (), Wa(z) = P2 2(2), n > 0, where
{Péa”g)}@o, (o, B # —m, a+ [ #—m—1,m > 1), is the Jacobi polyno-
mials given by the following explicit expression [7], [15]

—_ =

Rgm@%:i:CDWHTM+a+ﬁ+u+UHn+B+Du_1V

p— IF'n+a+p+1)Iv+5+1)
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There is the following simple relations between the Chebyshev polynomials

Tia(e) = (n+)UM(), 0 >0
Vo(z) = Uy(z) —Uyp_1(x), n > 0.
Wyp(xz) = Up(x)+ Up_1(z), n > 0.

It is well known that Chebyshev polynomials are orthogonal, symmetric
and satisfy the following Three-Term Recurrence Relation (TTRR)

Buia(2) = 2P (1) = Y1 Pa(2), n 2> 0, (1)

with initial conditions Py(z) =1, Pi(z) =

In the following table, we give for n > 0, the explicit expression of the
parameters involved in (1) of the monic Chebyshev polynomials (for more
details, see [11], [12]).

P, (x) TTRR Tnitial conditions
Tu(x) | Tuaa(x) = 2T (@) — 22T (2) | To(w) =1, Ti(x) =2
Un(®) | Unsa(x) = 2Un(x) — 2UL() | Uslx) =1, Ui(z) = w
Vi) | Vaga(a) = 2Voia () — 222V, (x) | Volz) =1, Vi(x) =2
W) | Waga(x) = 2Woia () — $Wal(2) | Wolz) = 1, Wa(z) =

Table 1: Some characteristic of Chebyshev polynomials.

It can be easily seen from the (1) that the generating functions for
T.(z), U,(z), Vo () and W, (x) are respectively given by (see [9], [10], [13])

1 —at > 1 >
= Un tna
T— 20t + 2 Z L T 2wt 2 nz; (=)
1—t > 1+t >
VTL bl — Wn tn
1—2at+ 2 nz 1— 20t + £2 ; ()

Now, we recall the notion of d-orthogonal polynomials. A remarkable
characterization of the d-monic orthogonal polynomial sequence is that



54 H. Merzouk, B. Aloui, A. Boussayoud

those sequences satisfy a (d + 1)-order recurrence relation, which we write
in the form

WV

Priai(z) = (2 — Bntd) Prra( Zﬁlfd_,, mtd—1-v(2), m =0,

with the initial conditions Py(x) =1, P_i(z) =0 and if d > 2

n

—2
Po(z) = (x = Bpe1) Poca(z) =Y ATV P s (), 2< n < d,
0

v=

and the regularity conditions 79, ; # 0, m > 0.

The 2-orthogonal monic Chebyshev polynomial (2-classical) of first the
kind {7}, },>0 studied in [8], and defined by the next relations where a and
7 are constants (see also [14])

{ fo(x) =1, fl(x) =, @(w) =2’ —a
Ths(z) = xfnﬂ(x) — Oéfn+1($) — ATy (z), n >0, v 0.

Definition 1. An d-orthogonal polynomial sequence { P, },>¢ is called d-
classical d-orthogonal polynomial sequence if both { P, },>¢ and its deriva-
tive { P!}, are d-orthogonal.

Note that is the 2-classical 2-orthogonal polynomial sequence analou-
gous to the Chebyshev orthogonal polynomial sequence of the first kind

{To}uso (see [8]).

Lemma 1. [I]. For n € N, the generating function of the monic 2-
orthogonal Chebyshev polynomial sequence is given by

~ 1
T, "= . 2
; (v) 2 1 —zz+ az? + 23 )

In this paper, we use the new generating function of the 2-orthogonal
monic Chebyshev polynomial sequence (2-classical) to give some new ge-
nerating functions related to the product of the 2-orthogonal Chebyshev
polynomials and k-Fibonacci numbers, k-Pell and k-Jacobsthal numbers.
We also, use this to derive some new symmetric properties of the gener-
ating function of the product of the 2-orthogonal Chebyshev polynomials
and other Chebyshev polynomials.
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2. Generating and symmetric functions. Now, we need to intro-
duce a new symmetric function and we give some properties related to this
function. We also, give some more useful definitions from the literature
which are used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called
alphabets, though we shall mostly use commutative indeterminates for
the moment). A symmetric function of an alphabet A is a function of the
letters which is invariant under permutation of the letters of A. Taking
an extra indeterminate z, one has two fundamental series

1
11— za)

a€A

A:(A) = [[(1+ za), 0.(A) =

a€A

The expansion of which gives the elementary symmetric functions A,,(A)
and the complete functions S, (A) :

= A(A)2", 0 (A) =) S (A)z

Start with the following definitions.

Definition 2. Let A and B be any two alphabets, then we give S,,(A—B)
by the following form

bﬁB1_za Zs (A= B)z" = 0.(A— B), (3)

acA

with the condition S,(A — B) =0 forn <0 [2].
Taking A = {0,0,...,0} in (3) gives

[J—2b) = Zs = \.(=B). (4)

beB

Further, in the case A = {0,0,...,0} or B ={0,0,...,0}, we have

> " Su(A = B)2" = 0.(A) x A.(=B). (5)
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Thus,
Su(A=B) =Y S, 1(A)Sk(-B). (6)

Definition 3. |[3| Let g be any function on R", then we consider the
divided difference operator as the following form

8357;377;—0—1 (9) =

£7(3317 . '7:xi7zvi#fl7 ety 1%1) - 57(3717 ey L1, 1%—#17:xi7 a%?%Qa sty ajn)

Ty — Tit1

Definition 4. |[4] Given an alphabet E = {ey,es}, the symmetrizing
operator 6% _ is defined by

erea

el{:-i-n _ eg—t—n

B e} =

€1e2

= Sktn-1(e1 +€2), k,n > 0.
€1 — €9

In this part, the following lemmas is one of the key tools of the proof
of our main results.

Lemma 2. |[2| Given an alphabet E = {ey, e, €3}, we have

N n 1
nZ:;STL (B) "= (1—e12) (1 —e22) (1 —e32)’ (7)

with
(1—e12) (1 —exz) (1 —e32) =
=1—(e1 4+ ey +e3)z+ (eres + eres + ege3)z? — ejegesz® =
=1 —+ Sl (—E) z + SQ (—E) 22 + Sg (—E) 23.

Lemma 3. [2]| Given two alphabets E = {ey, es,e3} and A = {a1, —as},
we have

_ 14 a1a252 (—E) 22 + CL16L2<6L1 - (1,2)53 (—E) 23

[1(1—earz) [T (1+ eazz)

eckE ecE

Lemma 4. |[2| Let A = {a1,—as} and E = {ey,eq,e3} two alphabets,
we have

> Su(E)Sn(A)z"

> Su(E)S1(A)2" =
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_ —Sl (-E) Z — (a1 — (IQ)SQ (—E) 22 - ((Cbl - (12)2 + a1a2)53 (—E) 23
[T(1—earz) T (1+ easz) '

eck ecll
Sl(—E) = —X
Note that, the substitution of ¢ Sa(—FE)=a , in (7) gives the fol-
S3(—E) =~

lowing result:

[e’¢) 1 “+o0o .
Sp(B)Z" = = T,
% ()2 1 —zz+ az? 4723 2 (z)z

which represents the generating function of 2-orthogonal monic Chebyshev
polynomials, with S,(E) = T,,(z), (see [1]).

3. Generating functions of binary products of 2-Chebyshev
polynomials and numbers. In this section, we are going to create
the new generating functions of products of 2-Chebyshev polynomials and
some numbers (k-Fibonacci, k-Pell and k-Jacobsthal) based on Lemmas
2, 3 and 4.

Theorem 1. For n € N, the generating function of the product of 2-
orthogonal Chebyshev polynomial and k-Fibonacci numbers is given by

1 2 4 k~23
ZT Fk e + az® + kyz ’
fi(2)

with

fi(z) = 1—kaz+ ((K* +2)a — 2%)2% + ((k* + 3)ky + kax)z® +
+ ((B* + 2)yz + o?)2* 4 kayz® — 225,

Proof. By [6], we have F , = S, (a1 + [—az]). Then, we can see that

an VEy 2" —ZS (a1 + [—ag]) 2" =

= ot o) (ale (a12) +QQZS —as2) >

In addition, we have

1
Z S (E) (a12)" 1+ S1(—E)arz + Sa(—E)a?z? + S3(—FE)a3z3’
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and

~ 1
. .
nz; S Y 23 PSS ) P P 2

According to Lemma 2, we obtain

> 1 ai
2)Fi (
Z k! a1+a2 1—1—51(—E)alz—i—Sg(—E)a%z2+53(—E)a?1’z3+

a2

Tz S1(—E)agz + So(—E)a3z?2 — S3(—F )a2z3>

Then, by reduce to same denominator, we obtain the following result

B 1+ pi(x)2? + po(x)2®
1+q1(2)z+q2(x) 22 +q3(x) 23+ qa(x) 24+ g5 () 25+ g6 () 26

Pl(ili') :a1a252(—E), p2(9€) :alaz(al _GZ)S3<_E)7 q1 (95) = (al_a2)Sl(_E)a

¢2(7) = Sy (= E) (a1 — az)* — a1a5(S1(-E)* — 285(-F)),
g3(x) = S3(=E) (a1 — a)’ — aras(ar — az)(S1 (= E)Sy(—E) — 353(—F)),
¢a(7) = —a1as(a1 —a2)* S3(— E) Si(— E) +afa3(S2(— E)? —253(— E) S (= E)),
g5(2) = aja3S3(—E)Sa(—E)(a1 — az), gs(x) = —S3(—E)*aja;.

After a simple calculation, of p;(x) and ¢;(x), we obtain the desired re-
sult. O

Theorem 2. Forn € N, the generating function of the product between
2-orthogonal Chebyshev polynomials and k-Pell numbers is given by

— 2022 —~ (4 3
ZT VP = rz — 202 — —i—k’)z7
fa(2)

with

fo(2) = 1—2wz+ (2(k+2)a — kx?)z* + (2v(3k 4+ 4) + 2kax)2® +
+  (2k(k + 2)yr + k%a?)2* + 2K%ary2® — k3220
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Proof. By referred to [6], we have Py ,, = S,,—1 (a1 + [—az]). On the other
hand, we can see that

an(x)Pk,nzn = ZS n 1 Cll +[ ])Zn =
n=0

- (a1+a2)<nz%8n< (012)" isﬂ ~a22) )

n=0

Using the Lemma 3, we can write

) Pe,n
Zo on” Tata <1+51(—E)a12+52(— E)a222+S5(—E)ad2?
- : ). ®
1 — Si1(—FE)asz + Sa(—E)a3z? — S3(—E)a3z%"
Equivalently
0o 5 5
Z D) Py, 2" p1(x)z + pa(2)2” + ps(z)2

=0 1+ (0)2+0a(2) P4 05 (0) 2P+ 4a (1) 2+ 5 () 2P+ g () 25

where

pi(z) = =51(=F), pa(z) = —(a1 — a2)S:(—E),
p3(2) = —((a1 — a2)* + a1a2)S3(=E), q1(z) = (a1 — az)Si(~E),
0(1) = Sa(=E)(ar — a2)® — ara2(S1(—=E)* — 255(~ E)),
g3(x) = 93 (—E) (a1 — a2)® — araz(ay — az)(S) (= E) Sy (= E) — 385 (= E)),
¢a(7) = ar1as(a1 — az)*S3(— E)S1(—E) — aja3(Sa(—E)? — 255~ E) Si(—E)),
gs(x) = aja3Ss(—E)Sy(—E)(ar — as), qo(x) = —S3 (—E)* alaj.
This gives, after a simple caleulation, the following
pi(z) =1, po(r) = =20, p3(x) = —v{4+k), gi(x) = =2, g5 (x) = 2(k+2)a—ka?,
g3(7) = 2v(3k + 4) + 2kax, qu(v) = 2k (k + 2) yr + k*a?,
g5(x) = 2k%ay, gs(x) = =k,
Hence, the Theorem 2 is valid. [J
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Theorem 3. For n € N, the generating function of the product of
2-orthogonal Chebyshev polynomials and k-Jacobsthal numbers is given

by

oo 2 2) .3

rz —kaz® —v(2+k°) z
g T () Ji, n2" = ,
n=0 ()k fS(Z)

with

f3(z) = 1—kaz+ ((K*+4) a —22%) 2% + (kv (K + 6) + 2kazx) 2° +
+ (2 (k2 + 4) v + 4a2) 2+ dkay2® — 84220

Proof. Recall that, we have Ji,, = S,_1 (a1 + [—ag]) (see [6]). We see
that

i x)Jg 2" = ZS ) Sn—1 (a1 + [—ag]) 2" =
N (a1+a2)<n2:05n( (m2)" ZS —022) )

According to Lemma 4, this gives the following equality

- 1 1
) Jk.n —
Z k2" T artas (1—i—Sl(—E)a12+52(—E)&%ZQ—l—Sg(—E)a:fz?’

n=0

Then, by reduce to same denominator, we get

[e.e]

Z D)= p1(7)z + pa(x)2? + p3(x)23
k,m 1+q1(:c)z—|—q2(q:)z2—|—q3(:L‘)z3+Q4(:1:)z4+q5(x)z5+q6(x)z6’

where

pi(z) = =S1(=E), p2(z) = —(a1 — a2)S2(—E),
p3(x) = —((a1 — a2)® + a1a2)S5(—E), qi(x) = (a1 — a2)Si(—E),
@2(7) = So(—E) (a1 — as)? — a1a5(S1(—E)? — 255(—E)),
g3(z) = S3(—E)(a1 — a)’ — aras(ar — a2)(S1(—E)S2(—E) — 353(—EF)),
qa(r) = araz(ay — az)*S3(— E)S1 (= E) — aia3(Sa(— E)* = 2593(—E) S1(— E)),
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g5(x) = afa3S3(—E)Sa(—E) (a1 — a2), gs(x) = —S3(—E)*atas.

This gives, after a simple calculation, the following

p1<£L'> = Z, pQ(x) = —kOé, p3<l‘> = _7<2 + k2)7 ql(x) = —k.ilf,
@(r) = (K +4)a — 227, ¢3(v) = ky(k* + 6) + 2kau,
() = 2(k* + 4)yx + 402, gs5(z) = dkary, gs(v) = —8+°.
Hence, the Theorem 3 is valid. [J

4. Generating functions of binary products of 2-Chebyshev
polynomials and other Chebyshev polynomials. The following lem-
mas (see [2]) are the key tools of the proof of our main results.

Lemma 5. Given two alphabets E = {e1, e2,e3} and A = {2ay, — 2a5},
we have

B 1+ 4&10,282 (—E) 2’2 + 8&1&2(&1 — CLQ)Sg (—E) 2’3
B [T(1—2ea12) I] (1 + 2easz2) '

eckE eceE

> Su(E)Sy(A)z"

n=0

Lemma 6. Let A = {2a;,—2as} and E = {ej,es,e3} two alphabets,
we have

D Su(B)Sua(A)2" =

_ —Sl (-E) Z — 2(&1 — CLQ)SQ (—E) 22 - 4(((11 — CL2>2 —+ a1a2)53 (-E) ZS
[T(1—2eai2) [T (1 + 2eazz) '

eck eclk
Based on the last lemmas, we can state the following theorems which
represent the new generating functions of products of 2-Chebyshev poly-
nomials of the first kind with the other Chebyshev polynomials.

Theorem 4. For n € N, the generating function of the product of
2-orthogonal Chebyshev polynomials and monic chebyshev polynomials
of the second kind is given by

11— az® —2yy2?
f1(2) ’

S L) Un(y) "

with
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fa(z) =1=2zyz+ (2 (2> — 1) a + 2%) 2* + (2(4y* — 3)yy — 2azy)z*—
—(2(2y* — 1)z — a?)2* + 2ayy2® + 220

Proof. By using [5], we have U,(y) = S, (2a1 + [—2as]). Then, we can
easily seen that

Z )2" —ZS w (201 + [—2as]) 2" =

n=0

1 o0 oo
- (s S, (E)(2ay2)" + 2 S, (E)(—2as2)") =
o Ty (20 2 S E)2)" 4200 3 5,(E) (202"
B 1 ( 2aq +
© 2(ay 4 ag) 14281 (—=FE)ayz + 4Sy(—F)a22% 4 8S3(—E)a3 23
2
- = )

1 —2S1(—F)agz + 4S2(—F)a3z? — 853(—FE)a3z3""
by using the Lemma 5. Equivalently, we get

s 0 1+ fi(2)2% + fo(2)2®
;T"@U"(y)z 1+ i) 2+ ga(2) 22+ g3 (@) 23 — ga(2) 24 + g5 (1) 25 — g6 () 26

where
fl (l‘) = 4@10,252(—E), fg(l’) = 8a1a2(a1—a2)53(—E), g1 (l’) = 2((11—(12)31 (—E),

92(x) = 455 (= E) (a1 — a3)* — 4a1a5(Sy (—E)* — 25, (—E)),
g3(x) = 893 (—E) (a1—a2)’ —8aras(a1 —as)(S1 (= E) Sy (— E) =35 (—F)),
ga(x) =16a1a5(a1 —a2)*S5(— E) S1 (- E)—16aja3(S:(— E)*2593(~ E) S (- E)),
g5(2) = 32a%a2S5 (—E) Sy (—E) (a1 — a3), ge(z) = 6455 (—E)* d3a
After a simple calculation of f;(x) and g;(x) we obtain the desired result. [J

Theorem 5. For n € N, the generating function of the product of 2-
orthogonal Chebyshev polynomials and Chebyshev polynomials of the first
kind is given by

+oo
~ n l—azyz4+a(2y® —1) 2+ (4y* - 3)y2°
> T@)Tu(y)z" = f(2) :
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with

f5(2) = 1—2zyz+ (22 — Da + 2%)2* + (2(4y* — 3)yy — 2axy)2® —
(22 — D)yr — a®)2* + 20yy2® + 220

Proof. By [5], we have T,,(y) = S, (2a1 + [—2as]) — ySn_1 (2a1 + [—2a2)]).
In addition, we can see that

D Tu(2)Tu(y)2" =
ZS Su(2a1 + [—2a2]) — yS,_1(2a1 + [~202))) 2" =
:Z S (21 + [~2ay])2" —yZS St (2ay + [—2a,)) =

)

ZT m(z Sn(E)(Zalz ZS 2@22 >
n=0
which gives

BT, 002" =3 T

n=0

Mg

3
I
o

Y 1
2 (ay + ag) <1 + 251 (—E)ayz + 4S3(—E)a22? 4+ 8S3(—F)a3z3
_ 1 )
1—251(—F)agz + 453(—FE)a32? — 8S3(—E)a3z?

After reduce to same denominator, we obtain the following result

> (@) Tu(y)2" = Tu(x)U,

—y( fi(x)z — fox)2? — f3(x)2? )
L+ g1(%)2 + ga(7)2% + g3(7)2® — ga()2* + g5(7)2° — go(x)2°

where

fi(z) = =Si1(=E), fa(z) =2(a1 — a2)S2(—E),
f3(z) = 4((ay — az)* + a1a2)S3(—F), g1(x) = 2(a; — az)S1(—E),
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g2(z) = 4S5(—E)(ay — a)* — 4a1ay(Sy(—E)* — 295(—E)),
g3(2) =8S3(—E)(a; — az)® —8ajas(a; — az)(S1(—E)Sy(—E)—3S3(—F)),
94(@) = 16a1a5(a1 —az)*S3(~ E) S\ (— E)-16a7a5(Ss (— E)? —253(~ E) S (- E)),
g5(2) = 32a2a3S3(—FE)Sy(—E) (a1 — ay), gs(v) = 64S5(F)*a’as.
After a simple calculation of f;(z) and g;(x) we obtain the result. [J

Theorem 6. For n € N, the generating function of the product between
2-orthogonal Chebyshev and Chebyshev polynomials of the third kind is
given by

I n_1—xz—|—oz(2y—1)22+7(4y2—2y—1>23
ZTn(x)Vn(y)z = fo(2) ’

with
fo(z) = 1-2xyz+ (2 (2y2 — 1) a+ xQ) 22+ (2 (4y2 — 3) Yy — 2aa:y) 23—
— (2 (2y2 - 1) yr — oz2) 2+ 2a’yy25 + ~228
Proof. By referred to [5]|, we have
Vo(y) = Sn (241 + [—2a2]) — Sni1 (241 + [—24a5]) .

By using the Lemma 6, we obtain

o0

> Ta(@)Va(y)2 —ZS Su(2a1 + [~2aa]) — Su1(2a1 + [~2a5]))2" =

:iS”(E)S (2a1 + [—2az))2" —ZS Sn—1(2a;1 + [2ay]) =

n n=0

oo R . 1 o
:Z w(2)U,(y)2 —m<nz:05n(E)(2alz ZS —2a9%) )

1
2(ar + a) <1 + 251 (—E)ayz + 4Sy(—E)a22? + 8S3(—E)a3z?
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1
1 —28,(—E)ayz + 45,(—E)a22? — 853(—E)a§z3>’

which gives, after reduce to same denominator, the following result

S Tu(@)Valy)2" = Tul2)Unly)2"—

B fi(x)z — folx)2? — f3(2)23
L+ g1(2)z + g2(2) 2% + g3(2) 2% — ga(2)2* + g5(2)2° — go()25’

where

filz) = =S1(=E), f2(x) = 2(a1 — a2)S2(—E),
fa(x) = 4((a1 — a2)® + a1a2) S3(=E), g1(x) = 2(a1 — a)Si(—E),
g2(2) = 4S5 (—E) (a1 — a3)? — 4aya5(S, (—E)* — 25, (—F)),
g3(2) =883(—E) (a1 —az)* —8aras (a1 —az)(S1(—E)Sy(—E)—3S3(—E)),
91(@) =16ajas(a; —ay)*S3(—E)Si(—E) —16a3a3(Sz(— E)*—255(—F) S, (—E)),
g5(z) = 32a3a353(—E)Sy(—E) (a1 — az), gs(v) = 64S3(—E)*a’as.

Hence, after a simple calculation of f;(x) and g;(z), we can obtain the
result. UJ

Theorem 7. For n € N, the generating function of the product between
2-orthogonal Chebyshev and Chebyshev polynomials of the fourth kind is
given by

14wz —a@y+ 1) -y (AP +2y—1)2°
f2(2) ’

+oo
D To(a)Wa(y)2"
n=0

with

fr(z) =1 —=2zyz + (2(2y° — D+ 2°)2* 4+ 2(4y° — 3)yy — 2amwy)2’—
— (2(2¢% — V)yz — ®)2* 4 2ayy2® + 7225,

Proof. According to [5], we have

W, (y) = Sn(2a1 + [—2as]) + Sp—1(2a; + [—2as)).
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We, easily, see that

if y)z —ZS Sn(2a1 + [—2as])+Sn-1(2a1 + [—2a9])) 2" =

Sy (E) Sy (2a1 + [—2as]) 2" + i Sy (E) Sp-1 (2a1 + [—2as]) =

n=0

1 oo
n(x)Un(y)z”—i—m(; Sn(E)(2a12)" ZS —2a52) )

which implies that

[
WE

Il
=)

I
e .
)

S
o

= an(x)U

n=0

NE
:>

S
I
o

1 1
+2(a1 + as) (1 + 251 (—E)ayz + 45,(—E)a22? + 8S3(—E)a3z3
_ 1 )
1 —2S1(—F)ayz + 4S2(—F)a3z? — 853(—FE)a3z3 /)’

since we have the Lemma 6. Then, by reduce to same denominator, we
get
o
L =2 Tl
n=0

N flz)z = Fla)2? — fla)2®
L+ gi(z)z + g2(2)2° + g3(2)2° — ga(2)2" + g5(2)2° — go(2) 2"
where

Mg

i
o

fix) = =Si1(=E), fo(z) =2(a1 — az)S:(—E),
fa(x) = 4((a1 — a2)* + @1a2) S3(—=E), g1(x) = 2(a1 — a)S1(—E),
g2() = 485 (=E) (a1 — a2)” — daras(Sy (—E)* — 25, (= E)),
g3(x) = 8S3(—F) (a1 —a2)’ —8araz(ar —as)(S1 (—E) Sy (—E) =353 (—E)),
91(0) =16a1as(a1—as)*S3(— E)S1 (— E)—16a3a3(Sy(—E)* —2S5(— FE) S, (- E)),
gs(x) = 32a1a355(—E)Sa(—E) (a1 — az), gs(x) = 64593(—E)*ajas.

This gives, after a simple calculation of f;(x) and g;(x), the desired re-
sult. O
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Conclusion. In this paper, the new theorems has been proposed in order
to determine the generating functions. The proposed theorems is based
on the symmetric functions. The obtained results agree with the results
obtained in some previous works.
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