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Abstract. Here first we derive a general reverse Minkowski inte-
gral inequality. Then motivated by the work of E.R. Love [4] on
integral inequalities we produce general reverse and direct integral
inequalities. We apply these to ordinary and left fractional integral
inequalities. The last involve ordinary derivatives, left Riemann-
Liouville fractional integrals, left Caputo fractional derivatives, and
left generalized fractional derivatives. These inequalities are of
Opial type.
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1. Introduction. This paper deals with ordinary and left fractional
integral inequalities. We are motivated by the following results:

Theorem 1. (Hardy’s Inequality, integral version [3, Theorem 327|) If f
is a complex-valued function in L" (0,00), || - || is the L" (0, 00) norm and
r > 1, then

1§jf@w<rrlf. (1

Theorem 2. [4]If s 2 r > 1,0 < a < b < oo, v is real, w(x) is
decreasing and positive in (a,b), f (z) and H (x,y) are measurable and
non-negative on (a,b), H (x,y) is homogeneous of degree —1,

(1) (@) = [ H(z.0) f () dy ®)
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and
T —(/f Y >dx) , 3)
then
LTI < C UL (1)
where

ca/lﬂ(u)t?(/btﬁlw () dxf_idt. (5)

Here ¢ is to mean 0 if a = 0 or b = oo or both; and bt is to mean oo if

b= o0
An application of Theorem 2 follows:

Theorem 3. [4/Ifp>0,¢>0,p+qg=r=>1,0<a<b<oo,y<r,
w (z) is decreasing and positive in (a,b), f(x) is measurable and non-
negative on (a,b), I* is the left Riemann-Liouville operator of fractional
integration defined by

xT

(I°f) (z) = / % F(t)dt fora >0, (6)

I°f (z) = f (z), where I is the gamma function, and I° f is defined simi-
larly for > 0, then

b b
/ (I )) @)% ) (@)=~ () dr < C / f(a) 2 w(w)de, (7)
where

o= (rrry) (roi ) )

Also Theorem 2 implies Theorem 1 (by [4]), just take a = 0, b = ¢
y=1,s=r>1lLw(x)=1and H (z,y) = -

2. Main Results. We start with a general result, see also [2].

Theorem 4. (Reverse Minkowski integral inequality) Let (X, A, 1) and
(Y,B,v) be o-finite measure spaces and let 0 < p < 1. Here f is a
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nonnegative function on X x Y with f(z,y) > 0 for almost all x € X,
almost all y € Y and [ (f (z,y))" dv (y) < oo for almost all z € X.
Y

Then

(/ /f zy) du ) 2/(/(f(x,y))pdy(y)>’l’du(x),

X v
(9)
if left-hand side is finite.

Proof. Notice that [ f (z,y)du (x) > 0, for almost all y € Y and
X

/(/f(x,y)du(fr)) d
We observe that

/(/f(x y)du(x)>pdy<y) _

:/{/fxydu /fa:yd,u 1}dvy)=
—/[/f:vy /fxydu ) dn (@) }du()—

Y
(by Tonelli’s theorem)

/[/fxy /fxydu ) v ) ]du<x>>

(by applying the reverse Holder’s inequality in the inside we get)

o oo

X Y (10)

:qu [ eamioo]
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p—1

Finally, divide both ends of (10) by [f (f z,y)dp (z ))pdV (y)} >0
Y
to obtain (9). O

We continue with a reverse analog of Theorem 2. The proof involves
a special kind of variation of reverse Minkowski integral inequality which
we establish completely.

We present

Theorem 5. Let 0 < r < 1,0 < a < b < oo, f(z) and H (x,y) are
measurable and non-negative on (a,b), (a,b)?, respectively, H (x,y) is ho-
mogeneous of degree —1,

/H 2.9) f (v) dy. (11)

and suppose that

b
1

1o = [ (H) ) dx) <, (12)

a

and | f],. (. is defined similarly.
We assume that H (1,t) f (x,t) > 0, for almost allt € [%,1], for almost

all z € [a,b], and 201 ||fH (apr) < 00, for almost all t € [4,1].
Then .
H(1,t)
R e LA (13
%

Proof. For a < x < b the homogeneity of degree —1 of H gives

_ /H(x,xt)f(:z:t)xdt: /H(l,t)f(a:t) .

wheret = 2. Asa <y < o, then 0 <t < 1. We will prove first (0 <r < 1)

1

IH Ny = </b </1H(1,t)f(xt) dt)rda:>’" > (14)
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1 b )
>/</H(1,t)Tf(xt)de>rdt: (+).

Indeed we observe that

b 1

/ /H 1,0) f (xt) dt d:c—/ /x )f(:ct)dt)rdx:

a a 0
.’1)

(where x is the characteristic function)

1 1

_ /b {( / e (OB (L 1) (at)dt) ( / M (F)H (L 1) f(xt’)dt’)r_l}dx
_ /b { /1 Xie (6) H (1,¢) f (at) ( /1 Xie (#) H (1,t) f (at') dt’)”dt}dx

(by Tonelli’s theorem)

j{/bxw y (8) H(1,t) f (at) /1x )f(xt’)dt’)r_ldx}dt:
:/1 [/bH(l,t)f(wt) (/IH(l,t’)f(xt’) dt'>”dx]dt>

(by reverse Holder’s inequality applied inside)

:</(/(H(1,t)f(xt) % ></ /IH F (t) dt) dx)r.

H (1) f (xt) dt)rdx > 0 and

b
r—1

b 1
/ H(L1) f(atydr)" ( / ( / H(Lt) f(etydt') d)

]dt = (15

a a
T

Clearly here, by the assumptions, it holds f (

a

Bla—

all we did they make sense.
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r—1

1
Finally, we divide both ends of (15 ( [([H flat)dt)" dx) " >0, to

validate (14), which is a particular case of a reverse Minkowski type integral
inequality.
By (14) we continue

b
*) = Hii’t)(/f(xt)rtd:cydt: 2 /f dy = (16)

1
H(1,t
:/ il )Her,[a,bt]dta

proving (13). O
We give a reverse left fractional inequality.

Corollary 1. (to Theorem 5) Let 0 < r < p withr < 1, 0<a < b< o0,
f is measurable and non-negative on (a,b) such that f (x) > 0 almost ev-
erywhere on [a, b]. Here I* is the left fractional Riemann-Liouville integral
operator of order o > 0, defined by

T

e = [ %mda Pf@)=f@, 17

V z € [a,b], and suppose that ||z=*I*f ()|, .4 < 0o. We assume that
1 f1l, a0 < 00, for almost all t € [¢,1]. Then

/ oY p r—p,.—Qap 1 (1_t)a71 ? r—p
a/ (1 @)oo > o ([ gaat) 11
(13

a—1
Proof. In Theorem 5, let H (z,y) = - (> )
el («

which is homogeneous of degree —1. Then (H f) (z) = x~*I*f (z), and so

forx >y > aand a > 0,
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by (13)
[ H (1.4) L
HHer,[a,b} Z /T Her,[a,bt] dt = r (Oé) / t% Her,[a,bﬂ dt.
b b
(19)
Here 0 < r < p, hence 0 < £ < 1, also ;= < 0, and f(z) > 0 almost
everywhere in [a, b]. Next we apply the reverse Holder’s inequality:
b
[ @ @) ¢ @y >
b » b rp
>([eeaney ) ([ewre) -
19 1 ; (1— t)oc—l p
_ P r—p r—p
11 117 2 g ([ S W) 197
%
(20)

proving the claim. [J
Next we present a reverse Opial type [5] inequality.

Corollary 2. (to Corollary 1) Let 0 < r < p with r < 1, m € N,
0<a<b<oo, f:[a b — R such that f™~1) is an absolutely continuous
function over [a, b], where f (a) = f'(a) = ... = f™ Y (a) = 0, and f™ is
non-negative, with f™ (z) > 0 almost everywhere over [a,b]. We assume
that ||z~ f ()], (5 < 00, and 1], b < 00, ace. fort € [%,1]. Then

[ @ (0 @) e s

1 (1 —t)m_l (m) p S
= ((m_l)!)p(/ 1 If ||r,[a,bt]dt) NP (21)

T

b
Proof. By Taylor’s formula with integral remainder we have

flx) = / % FO @)y dt = (") (z), Vo €lab]  (22)

a
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then apply Corollary 1 for f™. 0O
We need

Definition 1. Let a > 0, n = [«a] ([-] is the ceiling), f € AC" ([a,b])
(i.e. f™=1 is absolutely continuous function). The left Caputo fractional
derivative is given by

1

D f(z) = Tn—a) / (@ —6)" "7 (t) dt (23)

a

and exists almost everywhere for x in [a,b], D%, f = f, see [1, p. 394].
We mention

Corollary 3. [I, p. 395] Let o« > 0, n = [«], f € AC™([a,]]), and
f®(a)=0,k=0,1,...,n — 1. Then

T

f () = ﬁ / (0 — ) DO (t) dt = I°D2, (), Vo € [ab]. (24)

a

We give a reverse left fractional Opial type [1] inequality.

Corollary 4. (to Corollary 1) Let 0 <r <p withr < 1,0 < a < b < oo,
a>0,n=[al, f € AC"(|a,b]), and f®(a) =0, k=0,1,... n—1. Assume
here that D¢, f is non-negative over (a,b) such that D2, f > 0 almost every-
where on [a, b]. Suppose that [|z=*f (z) [|.[a) < 00 and || D, f|[, u < 00

for almost all t € [%,1}. Then

1 (1—t)*t o
> I (a)p (/ 1 ||D*af|‘r,[a,bt] dt) ||D*af||r . (25>

Proof. By Corollaries 1, 3, see also (23). O
We need
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Definition 2. [I, pp. 7-8] Let v > 0, n := [v] || the integral part, and
a:=v—n (0<a<l)x x € [a,b CR such that x > g, x¢ is fixed.
Let f € C([a,b]) and define

(20 ) () = ﬁ / (e — 0" f6)dt, zo<a<h  (26)

z0

the left Riemann-Liouville integral. We define the subspace Cy ([a,b]) of
C" ([a, b)) :

C¥ (la,b]) == {f € C"([a,b]) : J7°, D" f € C* ([o,b]) } . (27)

For f € Cy ([a,b]) we define the left generalized v-fractional derivative of
f over [z, b] as

Dy, f = DI f" (= D"f). (28)
Notice D}, f € C ([zo,b]).

We also need

Theorem 6. [I, from Theorem 2.1, p. 8] Let f € CY ([a,b]), zo € [a, b]
fixed.

DIfv > 1, and f9(z) = 0, i =

f(z)=(JDy  f)(z), allz € [a,b] : z >«

2) If 0 < v < 1, then f(z) = (J2DY . f) (z), Hx € [a,b] : x> x.

O,l,...,n — 1, then

That is, in both cases we have

xT

f(x)::féﬁl/kx——®”4(Lzﬁjj(ﬂdu <z <h  (29)
If xo = a, we get

f@ﬁ:FLL/@—wwqﬂmfﬂﬂ — (DY, f) (2), alla<z<b.

a

(30)

We give another reverse left fractional Opial type inequality:.
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Corollary 1. (to Corollary 1) Let 0 <r <p withr < 1,0 < a < b < o0,
v>0,n=[;feC(ab]), such that fV (a) =0,i=0,1,...,n — 1
for only the case of v > 1. Assume here that Dy f is non-negative over
(a,b) such that D, f > 0 almost everywhere on [a,b]. Suppose that
|27 f (2) |rjay) < 00 and || DY, fllrjapy < oo, for almost all t € [%1].
Then \

/ (f @) (D2, f (@) 2*Pda >

a

1
= <1 — t)”*l v : v r—p
g I'(v)” (/ tr (LoAg Mr” dt) [DefI " (D)

SalS]

Proof. By Corollary 1, Theorem 6, see also (28). O
We need the following representation result.

Theorem 7. [I,p. 395 Let v =25+ 1,7 > 0. Calln = [v], m = [7].
Assume f € AC™([a,b]), such that f*) (a) =0, k = 0,1,...,n—1, and
D;,f € L (a,b). Then D}, f € C([a,b]), D7, f (z) = I"7 " (z), and
_ 1 ’ ~ _
DI f (z :—_/ x—t)7 DY f(t)dt = (I"TDY, f) (z), (32
@) = = [ =1 (t)dt = (I" DL, 1) (@), (32)

V&€ [a,bl.
Remark 1. (to Theorem 7) By Corollary 3 we also have

x

F@) =7 [ =07 DL Ol = (PPN @) (33)

a

Ve lab.
It follows left fractional direct Opial type integral inequalities.

Theorem 8. Ifp>0,¢>0,p+qg=r>1,0<a<b<oo,v<r, w(z)
is decreasing and positive in (a,b). Let v > 5+ 1,75 > 0, call n = [v],
feAC™([a,b]) : f®)(a) =0,k =0,1,...,n —1; D, f € Ly, (a,b), with
DY . f > 0 over (a,b). Then

b
[ 0@ (087 @) et () de <
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b

<C / (D% f) (@) " () d, (34)

a

(s (i) @

Proof. Directly from Theorem 3. Notice that

where

b
J 1Dz @ (D) @] a7 (2 do L

b

- / (f @) (DLf ()" 2P0 (2) de (36)

So, in applying (7), now instead of f we take DY f. O]

Theorem 9. If p > 0,¢>0,p+qg=r>21,0<a<b<oo,v<r,
w (x) is decreasing and positive in (a,b). Let v > 7+ 1, % > 0, i =
1,2, call n = [v], f € AC"([a,b]) : f®(a) =0, k = 0,1,...,n — 1;
DY . f € Ly (a,b), with DY, f > 0 over (a,b). Then

b
[ 025 @) (0Ff @) 0t ) de <
a b

<c / (D% f) () 27w () d, (37)

a

“~(rporriy) (emsm—g) - @

Proof. Use of Theorem 7 and similar to Theorem &. [J

where

Corollary 1. All as in Theorem 8. Then

b
[ L@y (@) e <
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where

Proof. By Theorems 3, 7. [J

We need
Remark 2. [I,p. 26] Let v > 75+ 1,57 > 0, n = [v], 2y € [a,b] fixed,
fECx”O([a,b]):f(i) (rg) =0,i=0,1,...,n— 1. Then

_ 1 _
_ (v="-1 (v
(D3 ) @) = 5= [ =077 (P 0) e, (@0
which is continuous in x on [zg, b].

We continue with

Theorem 10. If p > 0,¢>0,p+qg=r>1,0<a<b<oo,y<r,
w (z) is decreasing and positive in (a,b). Let v > 5+ 1,5 > 0, n = [v],
fecy(a,b): f9(a)=0,i=0,1,...,n— 1. Assume that Dy f>0on
(a,b). Then

b
[ (O @) (D f @) a7 @) o <

<Gy / (DY, f (2) 27w (2) d, (41)

a

where

I'(1-2) P
C, = — = :
r (u —-F+1- %)
Proof. By Theorem 3 and see Remark 2. []
We make

Remark 3. By [4], see Theorem 2, let s = r > 1,0 < a < b
v is real, w(x) is decreasing and positive in (a,b), f(r) and Hy (z,y)

S|
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(k =1,...,n) are measurable and non-negative on (a,b), Hy (x,y) is ho-
mogeneous of degree —1,

b

(Hof) (a) = / He(e,y) f ) dy, k=1,....n, (42)
and
T </f Yot >dw) , (13)
then
|Hfll, < Cill £, (44)
where
Ck:/Hk(u)tldt, k=1, (45)

oo

Here § means 0 if a = 0 or b = oo or both; and bt means oo if b = oo
Let now py > 0 such that »_ pp =r.
k=1
We notice the following (apply generalized Holder’s inequality)

p Pk
J T s @y o <T1( [ / B @) 7 i)
7 k=1 k=1

- (44) n n il’k
=H||ka||’i’“<HC£’“HfH’£’“=<HC£k> A = )
k=1 k=1 k=1

(HC"”“)HfH—C(/f e o) de ),

=[] (47)
k=1

where

We have proved
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Theorem 11. Let 0 < a < b < 00, v is real, w(x) is decreasing and
positive in (a,b), f(x ) and Hy (z,y) (k = 1,...,n) are measurable and
non-negative on (a,b), Hy (x,y) is homogeneous of degree —1,

(Hif) ( /Hk z,y) f(y)dy, k=1,. (48)

Let pi, > 0 Zpk—r 1. Then
k=1

b

/b ]i[(ka (2))P* 27w (2) do < 5( / f ) " w (x) dx), (49)

a

where
R n ! 5 Pk
c=1] </Hk (1,1) t‘rdt) . (50)
k=1 \%

Next we give an application.

Theorem 12. Herep, >0: > pr=r>1. Let 0 <a<b< oo,y <,
k=1
w (z) is decreasing and positive in (a,b), f(x) is measurable and non-

negative on (a,b), I** is the left Riemann-Liouville operator of fractional
integration defined by

xT

(I f) (2) = / % F(t)dt, for ap > 0, (51)
and
I%f(z)=f(x), foray=0;k=1,...,n
Then
b R b
/ [T @y e’ =" (@) de < 5( / Fla) 2w (z) d:v),
a - a (52>
where
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Proof. Here we apply Theorem 11. Inequality (52) derives from (49)
directly. We let

(z—y)*

T (o) for z >y > a and ay > 0.

Hy (zy) =

Then Hyf (z) = a1 f (x), k € {1,...,n}. Notice that

1 1
U O
H, (1.t)t ~dt = ——t7rdt <
/ k( 7) / F(ak)
b

a
b

(54)

! - Oék;—]. _
0

for ke {1,...,n}.
Therefore

O

Next we give general left fractional direct Opial type integral inequal-
ities.

j=2,...,N,n=[v], f e AC™([a,b]) : f(k (a)zO,
and DY f € Ly (a,b), with DY, f > 0 over (a,b). Then

Z (v—"7)p;—1

b N
J @ Lo @) =" @ e <

J=2

< K%)pﬁ (r (yr_%i)— %))p]} '

< / (Diuf () &~ () ) (55)

a
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Proof. By Theorem 12, use of Theorem 7 and (33). O
Theorem 14. All as in Theorem 13. Then

/ al 5 (-7ps -1
= pi =2 (r=)ps—
[ s @ T (v @)% o () de <
a J=2
(11 (=) ) |
< S [ 0ur @y o). 6o
=2 F(V_7j+1_%) o
Proof. By Theorem 12, use of Theorem 7. [J
Corollary 1. All as in Theorem 13, and 7% = 73 = ... = 7y,
Tl =Mt2=-.. =Y, and Y31 = Y42 = ... = Y. Then
A I3 N
g Z P, 2 P

/ (D2, (2))" (DB ()7

v—@—ﬂ)(ﬁ)m) —(v— w)( S Pj>—(V—W)<.§: 7’]’>_1
Y i= j=at1 j=n+1 w(z)dr <

A
< (oD _)E(_LUoD)
F(v—m+1-2) IF(v—9,+1-12)

N

(e (Jomrormme). @

Proof. By Theorem 14. [J
We finish with

N
Theorem 15. Here p; > 0 : > p; =r > 1. Let 0 < a < b < oo,
i—1

v < r, w(z) is decreasing and positive in (a,b). Let
j=2. . N,on=1, feC(at]): [P (a) =0,
Assume that D? f >0 on (a,b). Then

EAN

N
v—2- (v—5)p;—1

b N
/ mH(DZJJFf )jx i=2 w(z)de <

Jj=2
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b

< (ﬁ (5 (Vli(%:r%l)— 5) ) (] errer o e@ar). 6

=2 "

Proof. By Theorem 12, use of (40). O

Comment. With the exhibited methods above one can derive all kinds
of variation of left fractional Opial type integral inequalities, as well as of
ordinary differentiation ones, due to lack of space we omit this task.
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