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REFINEMENTS AND REVERSES OF FEJER’S
INEQUALITIES FOR CONVEX FUNCTIONS ON LINEAR
SPACES

Abstract. In this paper, we establish some refinements and re-
verses of the celebrated Féjer’s inequalities for the general case of
functions defined on linear spaces. The obtained bounds are in
terms of the Gateaux lateral derivatives. Some applications for
norms and semi-inner products in normed linear spaces are also
provided.
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1. Introduction. Let X be a real linear space, x, y € X, = # v,
and let [z,y] := {(1 — A) z 4+ Ay, A € [0, 1]} be the segment generated by x
and y. We consider the function f : [z,y] — R and the attached function

Py (0,1 = R, 9y () := (1 =)z +ty], t € [0, 1].
It is well known that f is convex on [z, y] iff p(z,y) is convex on [0, 1],
and the following lateral derivatives exist and satisfy

(1) Spli(xyy) (S) = V:I:f(lfs):J:Jrsy (y - x)v s € [071)7
(ii) @;(z,y) (0) = Vife(y—2),
(i) @’ 4y (1) = V_fy (y — ),

where V4 f, (y) are the Gateaur lateral derivatives. Recall that

f @+ hy) — f(x)

Vifely) = hll%l_i_ h , T,y € X,
V_fi(y) = kh%lf(xM?z) —f@ L ex
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The following inequality is the well-known Hermite-Hadamard integral
inequality for convex functions defined on a segment [z,y] C X :

f(x;y)g/f[(l—t)x+ty]dt<w, (HH)

which easily follows by the classical Hermite-Hadamard inequality for the
convex function p(z,y) : [0,1] — R

1
! o) (0) + Pl (1)
Ply) <§> < /w(z,y)(t)dt < F@) . (@)
0

For other related results, see the monograph on line [6]. For some recent
results in linear spaces see [1], [2] and [8] - [11].

We have the following result 4], related to the first Hermite-Hadamard
inequality in (HH):

Theorem 1. Let X be a linear space, x,y € X,z #y and [ : [z,y] > R
be a convex function on the segment [x,y] C X. Then, for any s € (0, 1),
one has the inequality

1
2 [(1 - 3)2 Vifa—s)etsy (y —m) - 52V,f(1_s)m+sy (y — 33')} <

</f[(l—t>x+ty]dt—f[<1—s>x+sy]<

<= sPVofyly—2) - Vifuly—2)]. (1)

N | —

The constant % is sharp in both inequalities. The second inequality also
holds for s =0 or s = 1.

If f:[z,y] — Ris as in Theorem 1 and Géteaux differentiable at
c:=(1—=XNz+ Ay, A € (0,1) along the direction y — z, then we have the
inequality:

1

<§—A>Vfc(y—x)</1f[(1—t>w+ty]dt—f<c)- (2)
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If f is as in Theorem 1, then

1

0<
8

[V fop (v - o)~ VS - n)] <

V- fyly—2)=Vifaly—2)]. (3)

The constant % is sharp in both inequalities.
Also, we have the following result [5] related to the second Hermite-
Hadamard inequality in (HH):

Theorem 2. Let X be a linear space, x,y € X,z #yand f : [z,y] = R
be a convex function on the segment |x,y] C X. Then for any s € (0,1)
one has the inequality

[(1 - 5)2 V—i—f(l—s)x—&-sy (y - CL’) - 82V—f(1—s)a:+sy (y - I)] <

(NN

<(IT—=s)f(x)+sf(y /f (1—t)x+ty]dt <
0

(L= V_f,(y—2) = *Vifuly—2)] . (4)

l\DIn—~

The constant % is sharp in both inequalities. The second inequality also
holds for s =0 or s = 1.

If f:[z,y) - R is as in Theorem 2 and Géateaux differentiable in
=(1—=X) x4+ Ay, A € (0,1) along the direction y — , then we have the
inequality:

(5-A)Vhly—2) < (1= N F (2 +AF (y /f (1= t)z +ty] dt. (5)
If f is as in Theorem 2, then

0< g [Vifep -0V fen (v )] <
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gw—/f[(l—t)erty]dté

V_fyly—2) =Vifely—2)]. (6)

OOI»—

The constant % is sharp in both inequalities.
By the convexity of f, we have, for all ¢ € [0, 1], the inequality

f(a:‘—i—y) A=tz + fFIA-t)y+ta] _ f(2)+f )
2 ) 2 h 2 '

If we multiply this inequality by p : [0, 1] — [0, 00), a Lebesgue integrable
function on [0, 1], and integrate on [0, 1] over ¢t € [0, 1], then we get

1(55) fowas

FRIQ =ttty p@yde+ [ FI0— 1)y + ta] p () dr
<0 0

N

By changing the variable s =1 — ¢, we get

/f (1—t)y +tx]p /f sy+ (1 —s)x]p(l—s)dt;
0 0
and by (7) we obtain
(Y [pwa< [rla-e+upa <
0 0
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where § (t) := 1 [p(t) + p(1 — t)], t € [0,1].
If p is symmetric on t[0, 1], namely p(t) = p(1 — t) for t € [0, 1], then
(8) becomes the Féjer’s inequality

1

() [otwde< [ 710 -+ @yar <

0

L0 [

Motivated by the above results, we establish in this paper some refine-
ments and reverses of Féjer’s inequalities (9). Some applications for norms
and semi-inner products are also provided.

2. Refinements and Reverse Féjer Inequalities. We have:

Theorem 3. Let f be an convex function on a convex set C and x,y € C
with x # y. If p : [0,1] — [0, 00) is Lebesgue integrable and symmetric,
namely p(1 —t) = p(t) for all t € [0, 1], then

1

<[Vl - 2) = Vo fea )] [ e glpierae <

il y) /1p(t)dt <

1

< hly-a) - Verw-a) ([ |- 3poa). o

0

l\DI»—t

/f (1 — )z + ty)p(t)dt — (2
0

Proof. Let x, y € C, with x # y. Since ¢, ) is differentiable everywhere
on [0, 1] except a countable number of points, by using the integration by
parts formula for the Lebesgue integral, we have

1 1

/ (/ p(s) d5>90'(x,y> (t)dt =

12t
— </1p(5)d8> P(z,y) (t)} ;2 + //le () Pay () dt =

1
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=7\ ) pledds f<$ +y> + [ p(t) oy (t)dt
1/2 2 o
an(i/2 |
/ ( p(s) ds) Pl ()t =
= (/tp(s)d5> So(x,y)@)} :/2 — 721) (t) Qo) (D)t =
- (1// 2p <S)d8) Paw(1/2) - 7229(15)%,@,) (t)dt =
1/2 12

= ([0 )12 - [0en o

Subtracting the second identity from the first, we get

/1 (/1 p<8)d$> Ploa (E)dE = 1// 2(/t p(s)ds) Pl (Bl =
VRN )\

- /lp(t)SD(x,y)(t)dt + 1//2P(t)90(;c,y)(t)dt—
1/2 /
_ (l//zlp(S)ds)f<x—2ky> B ( ://Qp(sms)f(x;y)

p(s)ds p<5)d3_11p<s>ds (1)
Ty
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and, then, we get the following identity, which is of interest itself:

j PP (D)t — / pls)asf (FL) =
- / ( / p(s)ds)sozz,w(t)dt—l/m( / o) ) (). (12
12 ¢t 0o 0

By the convexity of ¢, on [0, 1], we have

1
Vife( =) = ¢l (24)(0) < @lu () < 9lipy (5) = V_fenu(y — ),

(13)
for almost every ¢ € [0,1/2]; also
/ 1 / /
Vifew (Y = 2) = ¢lay) (5) S Plag) (1) SP_pyy (D) =V_fy (y = 2),
(14)

for almost every ¢ € [1/2,1].
This implies

t t

([905)Vetct=) < ([ pds)olun (0 <

for almost every t € [0,1/2] and

(/IP(S) ds) Vifep (y —2) < (/lp(s) ds) Pl (1) <

for almost every ¢ € [1/2,1].
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By integrating these two inequalities on the corresponding intervals,
we obtain

1

/1(/117(5) dS) AtV forw (y — ) < /1 (/p(s) ds) Play) () dt <

12t 12t
11
< / (/p(s) ds)dtny (y — )
12t
and

:/”(

o\ﬁ_

p(s)ds)dtv_fz;y( — ) /(/p ds)s%y (t) dt <

1/

/(/p ds)dtmfx( ).

0

Adding these inequalities, we get

1 1 /2 ¢
| //2 ( / ()ds)dtv+ feinly O/ ( p(s ds)dtV fe (y—1) <
1 1 /2t
<J (Jromlraon- [ (foom)sson
/2t 0
1 1 /2t
gl//Q (/ p(s )ds)dtv fy(y !(/p(s)ds)dthrfx(y—x) (15)

for all z, y € C, with x # y.
Further, integrating by parts in the Lebesgue integral, we have

/1(/1]0(5> ds)dt = (/179(8)%)4 ;2+/1tp(t)dt_
VIR J J
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and
[ (Jry= foos) " frns
_ 2 1//2 (s)ds — 1//2p(t)tdt = 1//2@ - t)z?(t)dt
We have
(e (S ()

Since p is symmetric on [0, 1], hence, by changing the variable s = 1 — ¢,
we have

1/2
— / (s - %)p(s) ds = / (t — %)p(t) dt;
1/2 1/2
this shows that
1 1/2 1
/(t—%)p(t)dtz/(%— )p(t)dtZ%/ ‘p
1/2 0 0

By utilising (12), (13), (14), and (15) we obtain (10). O

Remark. Putting p = 1 in (10), we recapture the result (3). Taking
ty=1[t—1 [0, 1], we get
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i4 [V+f% (y—2) = V_for (y_x)] <

1

< [rt-om el Ya (75Y) <

<57V —0) = Vi y— o). (16)

We also have:

Theorem 4. Let f be an convex function on a convex set C' and x, y € C,
with x # y. If p : [0,1] — [0,00) is Lebesgue integrable and symmetric,
namely p (1 —t) =p(t) for all t € [0,1], then

1

% [Vetopn =)= Vo fep =) [ (5|5 ) o<
LOEID [o@a- [ 10 -ne+rwpuns (17)

< % Vdylo=) = Ver o) [ (5-[t= 5 p@rar

O\H
7N
\

él.
V2]
|
N | —
O\H
=3
S~—
QL
V2]
N————
-
S~—
QL
~
|
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We also have

1/2 0
1 1/2
— / < p(s)ds — /p (s) ds> <p/(x - (1) dt—
1/2 0
12 1/2 ¢
[ ([reas= [peds)e, o
0o 0 0
Observe that
t 1/2
/p(s)ds— /p(s)ds >0 forte[l/2,1],
0 0
1/2 ¢
/p(s)ds—/p(s)ds >0 fortel0,1/2].
0 0
By the convexity of ¢, on the interval [0, 1], we deduce
1t 1/2
[ ([psras— [p)as)aiv.po -2 <
12 0 0

</(/b@ww—/p@maﬁwﬂww<
/2

1
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</1(]p(s>ds—1//2 (s)ds )tV f, (y — )
/2 0 0
and
—1//2(1//2p<s>ds—/t () ds ) AtV fesu (y — o) <
/2 1/2
S AYECES [rio

1/2 1/2 t
—/ / /p ds dtV+f

Adding these inequalities, we get

/ ( O]p<s>ds ://2()d8>dtv+f (v— )~ (19)
://2(://2p<s>dso/tp<>ds)dtv Feruly — ) <
<1//:(0/tp<s>ds://2p<>ds) ) () di—

- / ( / p(s)ds - fms) 05) ¢y (1) i <

</ (O]p<s> dsfp(s) ds)dtV_f, (y — =) -

1/2 1/2
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Since

and
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If we change the variable s =1 — ¢, then

:/mtp@)dtj//2<1s>p<1s>dsl//:<1s>p<1s>ds
- / (1=5)p(s)ds. (20)

Therefore

3/ (3l )roa-

1/ Gol=)romed ] (o

- ;://2(;;“)“@61%;”/: (%—tJr%)p(t)dt:

- %1//2@ (tydt + / (1= t)p(t) dt = 1//2@ (t)dt (by 20)

/ s /

and by (18), (13), (14) and (19) we get the desired result (17). O
)

Remark. If we put p = 1 in (17), then we recapture the earlier result

(6). If we takep = ‘t 2! t €[0,1] in (17), then we get
< [mfm( @) = V_fopu (y = )| <
< M—/f((l—t)xjtty)‘t—%‘dté
< 5V Sl Vi Lyl 1)

3. Examples for Norms. Now, assume that (X, ||-||) is a normed

linear space. The function fy (s) = 1 |z||*, z € X is convex and thus the
following limits exist:
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. . ly + tz||” — |lyl?
(iv) (2.9), = Vifoy (2) = lim 5 ;

= Y Tow 50— 95 ;

for any x, y € X. They are called the lower and the upper semi-inner
products associated to the norm ||-||.

For the sake of completeness, we list here some of the main properties
of these mappings that will be used in the sequel (see, for example, [2]
or [7]); assume that p, ¢ € {s,i} and p # ¢

(a)

(aa

T, 1), = ||z||? for all z € X;
om:ﬁy) =af(r,y),ifa, B>0and z,y € X;
o

(aaa < ||z|| |ly]| for all z, y € X;

{
)
)|
(av) ( x+y, z),=alz,z),+(y,z),ifr,y € X and a € R;
V) (—z,9), = —(x,y), forall z, y € X;
(®<I+%> [l =] + (y, 2),, for all z, y, = € X;

)

(vaa) The mapping (-,-), is continuous and subadditive (superadditive)
in the first variable for p = s (or p =1);

(vaaa) The normed linear space (X, ||-||) is smooth at the point 2o € X\ {0}
if and only if (y,x¢), = (y,z0); for all y € X; in general,
(y,2), < (y,z), for all z, y € X;

(ax) If the norm ||| is induced by an inner product (-,-),
then (y,z), = (y,x) = (y,x), for all z, y € X.

The function f,.(z) = ||z||" (z € X and 1 < r < o0) is also convex.
Therefore, the following limits, which are related to the superior (inferior)
semi-inner products,

Ay 4t =yl
Vifry(x) = t1—1>r(%: ; =

ly +tll = llyll _
I, t

=yl Yl (2, v) g

exist for all z, y € X whenever r > 2; otherwise, they exist for any x € X
and nonzero y € X. In particular, if » = 1, then the following limits

o yttal =l @
Veho o) = B == =y
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exist for z, y € X and y # 0.
If we write the inequalities (10) for the function f,(z) = ||« || reX
and 1 < r < 00), we get

y ’ 2 s 4 ’ 2 i
1

1
x/ﬁ—ﬂﬁ%<

0

1 H:L’-i-y
=T

1

</mwﬁ<

0

</H(1—t)x+ty”’"p(t)dt— H

™y — @) =l (y — 2, 2),]

/t—— (22)

for any Lebesgue-integrable and symmetric functionp : [0, 1] — [0, 00).

If r > 2, the inequality (22) holds for any =, y € X. If r € [1,2), the
inequality (22) holds for any =, y € X with x, y, v +y # 0.

If we take r = 2, we get the simpler inequality

l\')l»—l

1

o< [(r-a5), ~ (r-aT3 )] [ o= gl <

0
1 1

g/H(l—t)ijtyHQp( t_HI—i—yH/ t)dt <

0 0
1

<l =), — - wa)) [ 1= 5[p0rd (23)

0

for any x, y € X.
If we write the inequalities (17) for the function f,.(x) = ||z|" (z € X
and 1 < r < o0), for any Lebesgue integrable and symmetric function

p:[0,1] — [0,00), we get

T R (R S P

r+y

o<y
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1

></ ——‘t—— p(t)dt <

0
T r ;
_|_ T
<M/p(t)dt—/n(l—t):c+1ty|| p(t)di <
0

Pyl y = @yd, — e (y — )] %

h)l»—l

x/ ——‘t—— P (1) dt.

0

If » > 2, the inequality (24) holds for any =, y € X. If r € [1,2), the

inequality (24) holds for any z, y € X with =, y, z +y # 0.

If (H;(-,-)) is a real inner product space and p : [0,1] —

[0,00) a

Lebesgue integrable and symmetric function on [0, 1], then from (22) we

have

/|| (1—t)z+ty|| p(t dt—H
<

while from (24) we get

2

1 1
(KM/p@)dt_/uu—t)x+tyH’"p(t>df<
0

0

1
1 - . 1 1
<grlv-all ™y = lal ) [ (5-]i- 5])p0a
0

In particular, for r = 2, we derive the simpler inequalities

1

/Hl—t:c—l—tpr t—H

1 . . 1
ey lol ™y ) 2x>/)t—§p fat
0

p(t)dt

(25)

(26)

t.
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1
1
<ly-al [[e-3lpat (1)
0

while from (24) we get

2+ lol? / >
OgTy/p(t)dt—/HO—t)x%—ty‘ p(t)dt <
0 0
/ 1 1
<ly—alf [ (5= 5 )piera (28)
0

for all z, y € H.

3. Examples for Functions of Several Variables. Now, let
) C R™ be an open convex set in R™. If F' : Q@ — R is a differentiable
convex function on 2, then, obviously, for any ¢ € 2 we have

" OF (¢
VE:(g) =) ax(,)-yi, 7= (y1,...,yn) € R,

i=1

where % are the partial derivatives of F' with respect to the variable z;

(i=1,..",n). )
Using the inequalities (10), we get, for all a, b €  and a Lebesgue
integrable and symmetric function p : [0, 1] — [0,00) on [0, 1], that

) [rows

Al Hpoa) S (20D

0

and by (17) we obtain

0<

F(l—=tya+tb)p(t)dt—F (

O\H

1 1

/p(t)dt—/F((l—t)a+t5)p(t)dt<

0 0

(e S (500

F(a)+ F (b)

0<
2
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For p = 1, we recapture the results obtained in [4] and [5], while for
t)=|t— 3|, t€0,1] we get

_ 1 1 (a+b
F((1—t)a+tb) ’t—i‘dt—ZF(aJr )<

0<
2

O\H

n

<3 (G50 - 2D - (1)

and
1

P R ) /F ((1—t)a+tb) ’t——’dt
0

<<>>

for all @, b€ Q.
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