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AND APPROXIMATION IN WEIGHTED LORENTZ

SPACES BY BOREL AND EULER MEANS

Abstract. Using one-sided Steklov means, we introduce a new
modulus of smoothness in weighted Lorentz spaces. The direct and
inverse approximation theorem for this modulus of smoothness are
proved. Also, we estimate the rate of approximation by the Borel
and Euler means in weighted Lorentz spaces.
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1. Introduction. Let f be a 2π-periodic continuous function
(f ∈ C2π), Tn be the space of trigonometric polynomilas of degree at
most n, n ∈ Z+ = {0, 1, . . .}, ‖f‖∞ = maxx∈[0,2π] |f(x)|. Let us consider
the best approximation En(f)∞ = inf{‖f − tn‖∞ : tn ∈ Tn}, n ∈ Z+, and
the modulus of continuity ω(f, δ) = sup06h6δ ‖f(·+h)−f(·)‖∞. Then the
classical Jackson theorem states that

En(f)∞ 6 Cω(f, (n+ 1)−1), n ∈ Z+,

while the inverse Salem-Stechkin inequality gives

ω(f, 1/n) 6 Cn−1
n−1∑
k=0

Ek(f)∞, n ∈ N = {1, 2, . . .}

(see [6, Ch. 7]). For a 2π-periodic locally integrable function f , we can
consider two variants of Steklov means:

sh(f)(x) = h−1
x+h∫
x

f(u) du, s
(2)
h (f)(x) = (2h)−1

x+h∫
x−h

f(u) du.
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Israfilov, Kokilashvili, and Samko [9] introduced a modulus of smoothness
in a weighted Lebesgue space with variable exponent Lp(·)w of order r ∈ N

Ω∗r(f,δ)Lp
w

= sup
06hi6δ

∥∥∥∥∥
r∏
i=1

(I − s(2)hi )(f)

∥∥∥∥∥
Lp
w

,

where I is the identical operator, and obtained a Jackson-type estimate
En(f)Lp

w
6 CΩ∗r(f, 1/n)Lp

w
, n ∈ N, and the inverse result. For another

modulus of smoothness, direct and inverse approximation theorems were
obtained by Ky [13]. Many mathematicians, such as Akgün, Guven, Is-
rafilov, Kokilashvili, Yildirir, studied the approximation by trigonometric
polynomials in various weighted spaces. We note only the papers [17], [10]
studying the moduli of smoothness defined with help of sh(f) and the pa-
pers connected with Lorentz spaces: [12], [20], [21], [1], [2].

2. Definitions. A Lebesgue measurable 2π-periodic function
w : [0, 2π] → [0,∞) is called a weight function if w−1({0}) has measure
zero. If w(E) =

∫
E

w(x) dx for a measurable subset E of [0, 2π], then

f ∗w(t) = inf{λ > 0 : w({x ∈ [0, 2π] : |f(x)| > λ}) 6 t}.

Let 1 < p, q < ∞, w be a weight. A measurable function f on [0, 2π]
belongs to the weighted Lorentz space Lp,qw , if

‖f‖p,q,w =

( 2π∫
0

(f ∗∗(t))qtq/p−1 dt

)1/q

<∞, f ∗∗(t) = t−1
t∫

0

f ∗w(u) du.

The classical Lorentz spaces were introduced by Lorentz (see [15]). If
p = q, then Lpqw coincides with the weighted Lebesgue space Lpw.

A weight w belongs to the Muckenhoupt class Ap(T), 1 < p <∞, if

|w|Ap = sup

(
|I|−1

∫
I

w(x) dx

)(
|I|−1

∫
I

w1−p′(x) dx

)p−1
<∞,

where p′ = p/(p−1) and the supremum is taken with respect to all intervals
I ⊂ R whose length |I| does not exceed 2π (see [16]).

If w ∈ Ap(T), 1 < p,q < ∞, then the Hardy-Littlewood maximal
operator is bounded in Lp,qw (see [5]). As a consequence, the operators sh
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and s
(2)
h are uniformly bounded in Lp,qw . Now, we define, for r ∈ N, the

following modulus of smoothness:

Ωr(f, δ)p,q,w = sup
06hi6δ, i=1,...,r

∥∥∥∥ r∏
i=1

(I − shi)(f)

∥∥∥∥
p,q,w

(1)

It is clear that Ωr(f, δ)p,q,w is finite for w ∈ Ap(T) and f ∈ Lp,qw . In [12]
and [1], the authors consider another modulus of smoothness Ω∗r(f, δ)p,q,w,
where operators shi in (1) are substituted by s

(2)
hi
. By definition,

En(f)p,q,w = inftn∈Tn ‖f − tn‖p,q,w, n ∈ Z+. For r ∈ N, 1 < p, q <∞, and
w ∈ Ap(T) we denote by W r

p,q,w the collection of all absolutely continuous
on each period functions f (f ∈ AC2π), such that f ′, . . . , f (r−1) ∈ AC2π

and f (r) ∈ Lp,qw .
For a function f ∈ Lp,qw and r ∈ N, we define the Peetre’s K-functiomal

by
K(f, t, Lp,qw ,W r

p,q,w) = inf
g∈W r

p,q,w

{‖f − g‖p,q,w + t‖g(r)‖p,q,w}.

If 1 < p, q < ∞, w ∈ Ap(T), then Lp,qw ⊂ L1
2π := L1,1

w0
, w0(x) ≡ 1, (see the

proof of Proposition 3.3 in [12]) and f ∈ Lp,qw has the Fourier series

a0(f)/2 +
∞∑
k=1

(ak(f) cos kx+ bk(f) sin kx) =:
∞∑
k=0

Ak(f)(x).

Let us consider partial sums Sn(f)(x) =
∑n

k=0Ak(f)(x), the Borel means

Br(f)(x) = e−r
∞∑
k=0

rkSk(t)/k!, r > 0,

and the Euler means

etn(f)(x) = (1 + t)−n
n∑
k=0

(
n

k

)
tn−kSk(f)(x), t > 0, n ∈ N.

More about these means can be found in the monograph by Hardy [7]. It
is well known that for f ∈ L1

2π, the following limit

f̃(x) = (2π)−1 lim
t→0+0

π∫
t

(f(x− u)− f(x+ u)) ctg(u/2) du
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exists a. e. on R (see [3, Ch. VIII, § 7]). The function f̃(x) is called the
conjugate function to f . If f̃ ∈ L1

2π, then its Fourier series has the form
∞∑
k=1

(ak(f) sin kx− bk(f) cos kx).

3. Auxiliary propositions.

Lemma 1. Let 1 < p, q < ∞, w ∈ Ap(T). Then the conjugation
operator is bounded in Lp,qw and the inequalities

‖Sn(f)‖p,q,w 6 C1‖f‖p,q,w, ‖f − Sn(f)‖p.q,w 6 (C1 + 1)En(f)p,q,w, (2)

hold for n ∈ Z+ and f ∈ Lp,qw .

The statement concerning conjugation operator can be found in
[11, Ch. 6, Theorem 6.6.2], while the inequalities (2) can be proved as
in [3, Ch. VIII, § 20].

Lemma 2 is stated in [20] for arbitrary r > 0 with a reference to the
method of Ky [14]. We give another proof for r ∈ N.

Lemma 2. Let 1 < p, q <∞, w ∈ Ap(T), tn ∈ Tn, n ∈ N, r ∈ N. Then

‖t(r)n ‖p,q,w 6 Cnr‖tn‖p,q,w (3)

holds.

Proof. It is sufficient to prove (3) in the case r = 1. Note that for
tn(x) =

∑n
k=0(ck cos kx+ dk sin kx) we have

t′n(x) = −
n∑
k=1

k(Sk(t̃n)(x)− Sk−1(t̃n)(x)) =
n−1∑
k=1

Sk(t̃n)(x)− nt̃n(x).

Since the operators Sk are uniformly bounded in Lp,qw and ‖t̃n‖p,q,w 6
6 C1‖tn‖p,q,w, we obtain

‖t′n‖p,q,w 6 C2(n− 1)‖t̃n‖p,q,w + n‖t̃n‖p,q,w 6 C1(C2 + 1)n‖tn‖p,q,w.

�

Lemma 3 is proved in [1] also for r > 0.

Lemma 3. Let 1 < p, q <∞, w ∈ Ap(T), r ∈ N, f ∈ W r
p,q,w. Then

En(f)p,q,w 6 C(n+ 1)−rEn(f (r))p,q,w 6 C(n+ 1)−r‖f (r)‖p,q,w, n ∈ Z+.
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Lemma 4 is proved in [12, Proposition 3.2].

Lemma 4. Let 1 < p, q < ∞, w ∈ Ap(T) and ϕ(x, y) is a measurable
2π-periodic in each variable function. Then

∥∥∥∥
2π∫
0

ϕ(x, ·) dx
∥∥∥∥
p,q,w

6

2π∫
0

‖ϕ(x, ·)‖p,q,w dx.

Lemma 5. Let 1 < p, q <∞, w ∈ Ap(T), r, k ∈ N, f ∈ W r
p,q,w. Then

Ωr+k(f, δ)p,q,w 6 CδkΩr(f
(k), δ)p,q,w, δ ∈ [0, 2π],

Ωk(f, δ)p,q,w 6 C‖f (k)‖p,q,wδk, δ ∈ [0, 2π].

Proof. It is sufficient to prove the first inequality of the Lemma for k = 1.

Let 0 6 hi 6 δ, 1 6 i 6 r + 1, f ∈ W 1
p,q,w and g(x) =

r+1∏
i=2

(I − shi)(f)(x).

Then we have

r+1∏
i=1

(I − shi)(f)(x) = −h−11

h1∫
0

t∫
0

g′(x+ s) ds dt. (4)

By Lemma 4 and the uniform boundedness of sh in Lp,qw , we obtain

∥∥∥∥ r+1∏
i=1

(I − shi)(f)

∥∥∥∥
p,q,w

6 C1h
−1
1

h1∫
0

t

∥∥∥∥t−1
t∫

0

g′(·+ s) ds

∥∥∥∥
p,q,w

dt 6

6 C2h
−1
1 ‖g′‖p,q,w

h1∫
0

t dt 6 2−1C2h1‖g′‖p,q,w 6 2−1C2δ‖g′‖p,q,w. (5)

It is clear that g′ =
r+1∏
i=2

(I − shi)(f
′) a. e. on R. Taking the supremum

in the left-hand side of (5) with respect to hi ∈ [0, δ], 1 6 i 6 r + 1,
we find that Ωr+1(f,δ)p,q,w 6 C3δΩr(f

′, δ)p,q,w. If we use the equality

(sh − I)(f)(x) = h−1
h∫
0

t∫
0

f ′(x+ s) ds dt instead of (4) similarly to (5), we

obtain the second inequality of Lemma 5 in the case k = 1. The general
case easily follows from this one. �



92 S. S. Volosivets

Lemma 6 is proved in [19].

Lemma 6. Let l ∈ N, q > 0. Then there exists C = C(l, q) independent
of n, such that

n∑
k=0

(
n

k

)
qn−k

(k + 1)l
6 c

(q + 1)n

(n+ 1)l
, n ∈ N.

Lemma 7 was established by Iofina [8].

Lemma 7. Let γn(t) = e−t
n∑
k=0

tk/k!, t > 1. Then γ[t](t) > C > 0, where

[t] is the integer part of t.

4. Direct and inverse approximation theorems. As usually,
A(t) � B(t), t ∈ T , means that there exist C1, C2 > 0, such that
C1A(t) 6 B(t) 6 C2A(t), t ∈ T .

Theorem 1. Let 1 < p, q <∞, w ∈ Ap(T), r ∈ N, f ∈ W r
p,q,w. Then

Ωr(f, t)p,q,w � K(f, tr, Lp,qw ,W r
p,q,w), t ∈ [0, 2π].

Proof. By the uniform boundedness of the Steklov operators sh in Lp,qw
and Lemma 5 for g ∈ W r

p(·),2π, we have

Ωr(f, t)p,q,w 6 Ωr(f − g, t)p,q,w + Ωr(g, t)p,q,w 6

6 C1‖f − g‖p,q,w + C2t
r‖g(r)‖p,q,w. (6)

Taking the infimum in the right-hand side of (6) over g ∈ W r
p,q,w, we obtain

Ωr(f,t)p,q,w 6 max(C1,C2)K(f, tr, Lp,qw ,W r
p,q,w).

For the converse inequality, we use the operator

Θz(f)(x) =
2

z2

z∫
0

t∫
0

f(x+ s) ds dt.

In [18], it is proved that

(Θk
z(f))(k)(x) =

2k

zk
[sz − I]k(f)(x). (7)
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Similar to the proof of Lemma 5, by Lemma 4 we have

‖Θz(f)‖p,q,w 6
2

z2

z∫
0

t‖t−1
t∫

0

f(x+ s) ds‖p,q,w dt 6

6 C1‖f‖p,q,w
2

z2

z∫
0

t dt = C1‖f‖p,q,w. (8)

For the operators A[r]
z = I−(I−Θr

z)
r and Uj = Θ

r(r−j−1)
z by (7) we find

that

‖(A[r]
z (f))(r)‖p,q,w 6

r−1∑
j=0

(
r

j

)
‖(Θr(r−j)

z (f))(r)‖p,q,w =

=
r−1∑
j=0

(
r

j

)
‖(Θr

z(Uj(f)))(r)‖p,q,w =
r−1∑
j=0

(
r

j

)
2r

zr
‖(I − sz)r[Uj(f)]‖p,q,w.

Since sh and Θz commute, by (8) we obtain

‖(A[r]
z (f))(r)‖p,q,w 6 2r

r−1∑
j=0

(
r

j

)
z−r‖Uj[(I − sz)r(f)]‖p,q,w 6

6 C2z
−r‖(I − sz)r(f)‖p,q,w 6 C2z

−rΩr(f,z)p,q,w. (9)

Using (8) and Lemma 4, we have for g ∈ Lp(·)2π :

‖(I −Θr
z)(g)‖p,q,w 6 C3 sup

06t6z
‖(I − sz)(g)‖p,q,w. (10)

(see similar arguments in [18, (4.6)]). Using the equality I−A[r]
z = (I−Θr

z)
r

and applying (10) r times, we obtain

‖f − A[r]
z (f)‖p,q,w 6 Cr

3Ωr(f,z)p,q,w. (11)

From (9) and (11) we deduce

‖f − A[r]
z (f)‖p,q,w + zr‖(A[r]

z (f))(r)‖p,q,w 6 C4Ωr(f,z)p,q,w,

where A[r]
z (f) ∈ W r

p(·),2π. Thus, K(f, zr, Lp,qw ,W r
p,q,w) 6 C4Ωr(f, z)p(·), and

the proof of Theorem 1 is complete. �
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Now we compare our modulus of smoothness with Ω∗r(f,δ)p,q,w used
in [12] and [1].

Corollary 1. Let 1 < p, q <∞, w ∈ Ap(T), r ∈ N. Then

Ω2r(f, δ)p,q,w � Ω∗r(f, δ)p,q,w, δ ∈ [0, 2π]. (12)

Proof. In [1] it is proved that, under conditions of the Corollary,

Ω∗r(f, δ)p,q,w � K(f, δr, Lp,qw ,W 2r
p,q,w), δ ∈ [0, 2π].

Combining this result with Theorem 1, we obtain (12). �

Theorem 2. Let 1 < p, q <∞, w ∈ Ap(T), r ∈ N. Then

En(f)p,q,w 6 CΩr(f, (n+ 1)−1)p,q,w, n ∈ Z+.

Proof. For n ∈ Z+ we choose a function g ∈ W r
p,q,w, such that

‖f − g‖)p,q,w + (n+ 1)−r‖g(r)‖p,q,w 6 2K(f, (n+ 1)−r, Lp,qw ,W r
p,q,w).

By Lemma 3 and Theorem 1, we have, for n ∈ Z+:

En(f)p,q,w 6 En(f − g)p,q,w + En(g)p,q,w 6

6 C1

(
‖f − g‖p,q,w + ‖g(r)‖p,q,w(n+ 1)−r

)
6

6 2C1K(f, (n+ 1)−r, Lp,qw ,W r
p,q,w) 6 C2Ωr(f, (n+ 1)−1)p,q,w.

�

Theorem 3. Let 1 < p, q <∞, w ∈ Ap(T), r ∈ N. Then

Ωr(f, n
−1)p,q,w 6 Cn−r

n∑
k=1

kr−1Ek−1(f)p,q,w, n ∈ N. (13)

Proof. Let tk ∈ Tk be the polynomial of the best approximation for
f ∈ Lp,qw , k ∈ Z+. Using Lemma 5 and Lemma 2, we obtain

Ωr(f, n
−1)p,q,w 6 Ωr(f − t2m ,n−1)p,q,w + Ωr(t2m ,n

−1)p,q,w 6

6 C1(‖f − t2m‖p,q,w + n−r‖t(r)2m‖p,q,w) 6

6 C2

[
E2m(f)p,q,w + n−r

(
‖t(r)1 − t

(r)
0 ‖p,q,w +

m−1∑
i=0

‖t(r)
2i+1 − t(r)2i

‖p,q,w
)]
6
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6 C3

[
E2m(f)p,q,w + n−r

(
‖t1 − t0‖p,q,w +

m−1∑
i=0

2ir‖t2i+1 − t2i‖p,q,w
)]
6

6 C4

[
E2m(f)p,q,w + n−r

(
E0(f)p,q,w +

m−1∑
i=0

2irE2i(f)p,q,w

)]
6

6 C5

2m∑
k=1

kr−1Ek−1(f)p,q,w, n ∈ N.

If n ∈ N is fixed and 2m 6 n < 2m+1, m ∈ Z+, then (13) easily follows
from the last inequality. �

If ω is increasing and continuous on [0; 2π], ω(0) = 0, then ω ∈ Φ.
A function ω ∈ Φ belongs to the Bary-Stechkin class Bα, α > 0, if∑n

k=1 k
α−1ω(k−1) = O(nαω(n−1)), n ∈ N (see [4]).

Corollary 1. Let 1 < p, q < ∞, w ∈ Ap(T), r ∈ N and ω ∈ Br. Then,
the conditions En(f)p,q,w = O(ω((n + 1)−1)), n ∈ Z+, and
Ωr(f, δ)p,q,w = O(ω(δ)), δ ∈ [0, 2π], are equivalent.

Remark 1. The converse inequality from Theorem 3 has the same form
as the classical converse approximation theorem (see [6, Ch. 7, Theo-
rem 3.1]), while (see Corollary 1)

Ω∗r(f, n
−1)p,q,w 6 Cn−2r

n∑
k=1

k2r−1Ek−1(f)p,q,w, n ∈ N.

5. Approximation by the Borel and Euler means.

Theorem 4. Let 1 < p, q < ∞, w ∈ Ap(T), r ∈ N, t > 0 and f ∈ Lp,qw .
Then

‖f − etn(f)‖p,q,w 6 CΩr(f, n
−1)p,q,w, n ∈ N, (14)

‖f − etn(f)‖p,q,w 6 Cn−r
n∑
k=1

kr−1Ek−1(f)p,q,w, n ∈ N. (15)

Proof. By the definition of the Euler means, Lemma 1, and Theorem 2,
we obtain

‖f − etn(f)‖p,q,w = (1 + t)−n
∥∥∥∥ n∑
j=0

(
n

j

)
tn−j(f − Sj(f))

∥∥∥∥
p,q,w

6
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6
C1

(1 + t)n

n∑
j=0

(
n

j

)
tn−jEj(f)p,q,w 6

6
C2

(1 + t)n

n∑
j=0

(
n

j

)
tn−jΩr(f, (j + 1)−1)p,q,w.

Due to Theorem 1, we have the property

Ωr(f, λδ)p,q,w 6 C(λ+ 1)rΩr(f, δ)p,q,w, λ > 0.

By this property and Lemma 6, we find that

‖f − etn(f)‖p,q,w 6
C2

(1 + t)n

n∑
j=0

(
n

j

)
tn−j

(
n+ 1

j + 1
+ 1

)r
Ωr(f,

1

n+ 1
)p,q,w 6

6
C3

(1 + t)n
(n+1)rΩr(f,

1

n+ 1
)p,q,w

n∑
j=0

(
n

j

)
tn−j

(j + 1)r
6 C4Ωr(f,

1

n+ 1
)p,q,w

and (14) is proved. The inequality (15) follows from (14) and Theo-
rem 3. �

Theorem 5. Let 1 < p, q < ∞, w ∈ Ap(T), r ∈ N, t > 1 and f ∈ Lp,qw .
Then

‖f −Bt(f)‖p,q,w 6 C

[t]∑
k=0

tk

k!
e−tEk(f)p,q,w,

where [t] is the integer part of t.

Proof. Let τn ∈ Tn be such that ‖f − τn‖p,q,w = En(f)p,q,w. Then, by
Lemma 1,

‖f −Bt(f)‖p,q,w 6 ‖Bt(τn)−Bt(f)‖p,q,w + ‖Bt(τn)− τn‖p,q,w+

+‖τn − f‖p,q,w 6 e−t
∞∑
k=0

tk

k!
‖Sk(f − τn)‖p,q,w + ‖Bt(τn)− τn‖p,q,w+

+‖τn − f‖p,q,w 6 C1En(f)p,q,w + ‖Bt(τn)− τn‖p,q,w.
Now,

‖Bt(τn)− τn‖p,q,w =

∥∥∥∥ n−1∑
k=0

tke−t

k!
(Sk(τn)− τn)

∥∥∥∥
p,q,w

6
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6 C2

n−1∑
k=0

tke−t

k!
Ek(τn)p,q,w.

By the definition of τn,

Ek(τn)p,q,w 6 Ek(f − τn)p,q,w + Ek(f)p,q,w 6 2Ek(f)p,q,w.

Using the previous inequaities and Lemma 7 and taking n = [t], we obtain

‖f −Bt(f)‖p,q,w 6 C1E[t](f)p,q,w + 2C2

[t]−1∑
k=0

tke−t

k!
Ek(f)p,q,w 6

6 C3

[t]∑
k=0

tke−t

k!
Ek(f)p,q,w.

�

Let us show that the estimate of Theorem 5 gives a clear result on
some subclasses of Lp,qw .

Corollary 1. Let 1 < p, q <∞, w ∈ Ap(T), r ∈ N, t > 1 and f ∈ Lp,qw .
If En(f)p,q,w = O((n+ 1)−α), n ∈ Z+, or Ω(f, δ)p,q,w = O(δα), δ ∈ [0, 2π],
then

‖f −Bt(f)‖p,q,w 6 Ct−α, t > 1.

Proof. Under conditions of Corollary 1, we have, by Theorem 5 and
Theorem 2:

‖f −Bt(f)‖p,q,w 6 C1

[t]∑
k=0

tke−t

k!(k + 1)α
= C1(t+ 1)−α

[t]∑
k=0

tke−t

k!

(
t+ 1

k + 1

)α
.

For m = [α] + 1 and 0 6 k 6 [t], we have(
t+ 1

k + 1

)α
6

(
t+ 1

k + 1

)m
6

2mtm

(k + 1)m

and

‖f −Bt(f)‖p,q,w 6 C2(t+ 1)−αe−t
[t]∑
k=0

tk+m

k!(k + 1)m
6
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6
C2

(t+ 1)αet

∞∑
k=0

tk+m

(k +m)!

(k + 1) . . . (k +m)

(k + 1)m
6

6
C2m!

(t+ 1)αet

∞∑
k=0

tk+m

(k +m)!
6

C3

(t+ 1)α
.
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