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ESTIMATES FOR SOBOLEV-ORTHONORMAL
FUNCTIONS AND GENERATED BY LAGUERRE
FUNCTIONS

Abstract. In this paper, we consider the system of functions Ay, ()
(n =0,1,...), a > —1, r € N, orthonormal with respect to a
Sobolev-type inner product and generated by the system of La-
guerre functions. Using asymptotic formulas for the Laguerre poly-
nomials, we obtain estimates for functions Ay, (z), = € [0, 00).
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1. Introduction. Recently, the theory of polynomials orthogonal
with respect to a Sobolev-type inner product has been intensively devel-
oped [2], [4], [5], [10], [11], [14], [16], [17]. In particular, this is due to
the fact that Fourier series by Sobolev orthogonal polynomials (Fourier-
Sobolev series) is a useful tool for solving initial-value problems for ordi-
nary differential equations [17]. Note that the most representative results
in this theory are associated with the following inner product:

Fghs = S 70000 + [ 1@ @uis, )

where w(x) is the weight function. One of the methods for constructing
systems of functions orthogonal with respect to the inner product (1)
was developed in the works of Sharapudinov I. I. [16], [17]. A system of
functions

)\fn(x):n— n=01,...,r—1,
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A () '/ Y TLLe(tydt, n=0,1,..., (2)
0

orthonormal on [0, c0) with respect to the inner product

Zf(y) +/f x)dx
0

and generated by the system of Laguerre functions £%(z) = i “(x)

was introduced in [7| using this method. Here h® = L(ntatl)

NCESIRE and by
L%(x) we denote the Laguerre polynomial of degree n. In the same paper,

asymptotic properties were investigated and estimates were obtained for
>\(11,1+n(x)7 S [O,W]Z

O(;), 0<z<y,
)\a — v v
N S

where w is a fixed positive real number, v = 4n+2a+ 2. In this paper, we
obtain estimates for A\* , (x), x € [0,00). The following theorem holds:

r,r+n

Theorem 1. Let a > —1, r € N. Then the following estimates hold:

.3
/\?H—n(x)_ O<(x ;1%>7 %<(L‘<V—I/1/3,
O @1, v—uvt? <z

Remark. Estimates for the function A}, (x) were obtained in [8].

To prove this theorem, we need some properties of Laguerre polyno-
mials given in the next section.

2. Some properties of Laguerre polynomials. Let o be a real
number. Then the following relations hold for Laguerre polynomials:

e Rodrigues’ formula [18]:
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e Orthogonality relations [18]:
/L plx)de = Spmhy, o> —1,
0

where p(x) = e 2%, dpp, is the Kronecker delta.

e Equalities for derivatives [18]:

d” a—r __ rro

L 0) = oy ey e o) ()

e Equality [15, p.623, formula 6]:

— kL (x) LR (y) a +y
2: — @ r 0<z<y, (5
—~ a—l—l Jk(k+1) (a:y)ae Y w)lay), 0<z<y ()

where y(a,x) and T'(«a, y) are incomplete gamma functions defined by

Y(a,x) = /t”letdt, Do, x) = /to‘letdt.
0 T

e Asymptotic formulas [3], [12]:
i) Let a>—-1,0<z<br,0<b< 1, n>ngp then

ii) Let a > —1, av < x, a > 0, n > ng; then

Lo(g) = SUImEZE N ok [Ai(—vg) + O(Mﬂ o

X

In (6) and (7) above N =n+ (a+1)/2, v =4n+2a+2,t =z /v,

Y =(t) = <m+ar081n(\/_)>,0<t<l,
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Jo () is the Bessel function of the first kind, for which the following asymp-
totic formula holds [18, p.15, formula 1.71.7]:

o) = (2) (o T 0 () e, (8

w

b= o(t) = [% arCCOS\/_ \/17—25} }2/3 0<t<l, o)

_ [%(m— arcoshv/t) 1<t
arcosh(t) = In(t + V2 — 1),

Ai(u) and Bi(u) are Airy functions; if u > 0 the following estimates
hold [9, pp. 508-511]:

|Ai(—u)| = O (u™*), (10)

|Bi(—u)| = O (u'*), (11)

i(u)| = O exp ( %W?)), (12)

Ai(u) = {Ai@’ , =0 (13)
(|Ai(w)]? + [Bi(w) )2, u <0.

Also, note the estimates for Laguerre functions L£&(z), which were
obtained in [1], [13]:

(O(LE%V%), Oéxgi,
O(V iy~ %> L rgvy
£3(x) o (14)
n 1 1
O(V1V3—|x—1/]) Z), <z <,
—z 3v
\O ), 7<£L’

In (14) for n =0 and —1 < a < 0 we will assume v = 2.
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3. The proof of Theorem 1. First, we obtain an asymptotic repre-
sentation for Ay, (z), 0 < 2 < bv in terms of the Bessel function J, ().

To this end, we use formula (6) and write

Arrnl2 >:j (X—h_; / . E(i’;w[ o) 40 Tt =

_z Vi [
0

l\.‘)\»ﬂ

»

[}
2

(r—1)! t2 ()2

v

/ Lol 1¢2 Ju(vib)dt.

0
Further, we note that (1) = 71/2(1+ O(7)), 7 = £ and

£3/2

vip =v/1(140(7)) = \/_+O< 1/2>

Then
vp <1 if 0<t<

tl*—‘

1
vp>1 if t>—.
v

Using the definition of the function .J,(u), we find:

/N
| —
N—
0
|
=
3
<
Qkuz
<
<
S~—
Q
~
—~
Q
—
N—
0
|
=
s
L
<
Q
&
Il

S Nk (L
[ (o=t eh ey 5+
:O(Va_l)o/(x(y ?t); ;) ar=
~o(v )=o) nces
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So, we have

2047% he y (ZL’ _ t)r—le
A® _Z Vi VR g (wd)dt + RO (x), (15
o) = Sy | e R @), 05)
0
where
O(u%’%x”%Jr%), 0<z<2,
Ry (x) =

il (16)
O( ;”Zl), Lor<bv
v2(v—x)4 v

Now we estimate the function A\

2 (@) for0 <z <bv. Let 0 <2 < L
Then from (2) and (14) it follows that

T

) /(x —t)"t2dt = O (v2a"t2) . (17)

0

[N]1)

)‘?,rﬁ-n(x) = O (1/

Consider the case L < <bv, 0 <b< 1. From (15)—(17) and (8) we
obtain

Kle) = O( L) 4 2 VI

X
44 y%_% (7‘ — 1)'

_ f\r-1,%
g I T G SR o)

r—&-i
-+ RS’T(QZ) = ]1 + IQ + O(%), (18)
va(v—ux)1
where

xT

Iz=O<%>/%dt:O< 11)/Mdt:

1/v
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I 2°\/he /x (z —t)" " cos (v — & — 7) "
! Vrvz(r—1)!

1/v

atd fha (=14t
- ot | o (e o=
1/v

Using the second mean-value theorem |6, p.600], we have:

p)1/4 ; am
%/(x—t)“ Y (:j) cos <V¢—7—Z> dt+

I =0(1)
1/v
rl/4 h 1 om
s fie oo (e -l
3
=0(1) (V(i/ll//):j/;/él —1/v)"~ /¢ cos mb — % — Z>dt+
1/v
1
+(x—§)r_1/w (t> oS <VQ/J— Og - Z) dt)
pt/4 L f am
o [(E) s - -2 -
3
- O((?f}i) + O((Vx:;)i) -
:0<(V‘”:—_;)i) %<y<£<7<x. (20)

From (18) and estimates (19), (20) we deduce

r—3 1
V—Xx)4

Agr—kn( ) = O<
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Now let v — v3 < 2 < co. From (17) and (21) we get

Xy nle) // / / Lot
1/v
:O(%)-FO(VTI)—F -1 \/_ / (x —t)" 1t5e” 2La( )dt.

We use formula (7):

(=1)"r226 NV+s
X
(r—1)!InleNy/h

o [ G [aewio s oM - o)

1
v—r3

)\37“+n( ) = O (1/7"*1) +

T

(~D)rs2i NN (:c—t)r—l

r—l'n'eN\/hO‘ E
1
v3

_|_

—Ai(—vig)dt + VO (x),  (22)

where

V(g - (SRR <x—t> <Az< mqﬁ))dt.

EERENES )3 ] (23)

For v — v'/3 < 2 < v from (9)—(11) and (13) it follows that
M S (55) olis). e
o(Mi ) = =) ) e

Further, from the Stirling formula n! = n"e~"v/2mn(1 + O(1/n)) we have

1 5 1
7226 NN*5

nleN \/he

= O(n*/9). (26)
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From (23), (25) and (26) we get

Ver(z) = (1) / Lf"”(;?t)l dt —
- <($ —v+ VS()VT_IVV;)};Z_ (v — x)i)) _ O(y%) (27)

For v < & < 0o, from the definition of the function ¢ = ¢(7), 7 = L it

follows that
VT - 1
2\1v—¢

- 2/3
3 (—1)%(1/2)s
—¢=0-1 [ZZ ((k:JZZ%/é)k:! (= l)k] |

k=0

_¢’

and

This series is of the Leibniz type, therefore,

—6>(r—1) E <§ _ %(T _ 1))]2/3 —(r—1) [210(13 _ 37)}2/3.

Then from (12) and (13) we obtain

Ai(=ig) O =0) e~ Fu(-0))
_¢/ _¢/

- of ! ) (=) <

~ W) (=) T = ) exp(r(—0))

1 +1/4
< O(y1/6> (t — v)/4exp (3_10(1%71/)3/2<13V — 3t))’ (28)
Ai(—2Be) - Ai(—1g)
o(==") -0 =")<
1 1
< O<y1/6> £3/4(t — )T exp (& (E2)32(13v — 3t)) (29)

Taking into account estimates (27) and (29), we deduce
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+0(1) / (z =) ! dt <

t5/4(t — v) V4 exp (4 (£2)3/2(13v — 3t))

v vl/2

s K _ -1
SO (V ’ > +0 (1/51/4> / (t— y)lgfexg)(%(t”)g/z) dt =

o—p)1/4
( ) r—1,,2

:o(zf?‘)ju()(ﬁ) 0/ (x_”_y? Yay.  (30)

ex (257

Forv <z < V+V1/37 we have

(z—v)1/4

o ANr—1,2
/ (x—v yﬁ) Yy <
0 eXp <33T/2>

<(z—v) Ha - V)l/Q(x — y)1/4 =(x—v)"

N
N
<

w3

S

(31)

When v + '3 <z < 37”, we get

(:1}—1/)1/4
(x — - y4)’r‘ 1y2
" dy <
0 €xXp (31/1/2)
(z—y)1/4 )
r_1 _ y-dy
<ys 4 (x v — V1/3)r 1 <
Y
/12 exXp (31/1/2)
(ac—u)?’/2
/2
r 1 11 t3
Lvs 4 syt —e ldt =
te
173
(z—r/)3/2
3u1/2

3712 4 / —etdt =0 (VT_%> . (32)
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Let x > 22, In this case, we can write
(z—v)1/4 (z—v)1/4
r—1,,2 4\r—1,,2
xr— UV — T —U —
/ ( yG) Yy _ o) + ( yG) Yy <
0 eXp (351/2> wiyps P (33T/2>
(z—1)3/2
3,1/2

2
&va
3 3\ 1V6V2 _ v s
<O(v 4)+(x—?> 7 e w2 =0(V1) (33)

Therefore, from (27) and (30)—(33) we have

O(VT34), v—uv? < <v+ v,
Vi (z) = (34)
O(V“2), T > v+ /5.

So, from relation (22) and estimates (34) we obtain the following
asymptotic representation for Ay (), v — Vi < x < oo

‘o (=1)"r226 NV+s (z —t)!

. Y % r—1
r?‘Jrn( >_ (T—l)!n!eN\/@ 1 t%(_¢/)% AZ< v (b)dt‘i‘O(V )

In turn, from (24), (26), (28) and (31)—(34) we deduce the estimate

67
)\r ,r+n

(z)=0 "), v—1i <z <00

Theorem 1 is proved.

Note another important property of functions A7, (x) for a = 0
and » = 1. As noted in the introduction, Fourier-Sobolev series are a
convenient tool for solving initial-value problems for ordinary differential
equations. In [17], an iterative method for solving the Cauchy problem
for ODEs was developed. It was shown that if the system of functions
{p1.n(x)}22, orthonormal with respect to the inner product (1) for r =1
satisfies the condition of the form

/Z ©1n(T (x)dx < 00,
n=1
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then the iterative process converges. When a = 0, r = 1, we get
- /76_2(1z /\(1) 1+n
0 n=0

The following statement holds:
Theorem 2. Let % < a € R. Then the following estimate holds:

o] o) 1

—2ax /\0 2d S ——
/6 z%( 1,1+n<x)) X (2a — 1)2a
0 "=

Proof. We use the second mean-value theorem |6, p. 600]:

T T

€
/e—t/QLg(t)dt = /L%(t)dt+e‘x/2/L2(t)dta 0<E<u.
0

I
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L1 — e e S 1)), 0

YN
(n+1)2 S
Further, from the formula (5) (for a = 1) it follows that
L, Sy (1,01, x) =
> G IO = T 1.9T0.2)
13 00
= egﬂ/e_tdt/e_tdt — el —e e =(ef 1), 0L
0 T

Then we have

Z()‘(lJ,1+n('r))2 = (1 - 67%)2(65 — 1) +e e =1+
n=0
+2(1—e2)e2(ef —1) <e® — 1.
Thus,
i —2azx S [ —2az ([, x 1
[ e < [ e =

0

O
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